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Veǉko �irovi�
Kombinatorika u programima redovne i dodatne nastave matematike u xkolama
u Republici Srbiji . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 73

Beata Fa lda
Algebraic features of the means classification . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 74

Konstantinos Fokianos
Auto-Distance Covariance Function for Time Series Analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 74

Stanislav Harizanov, Peter Boyvalenkov
The Bulgarian experience in international mathematical competitions . . . . . . . . . . . . . . . . . . . . . . . . . . . 75
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Elvir Čajić, Violeta Nikodinović
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Apstrakt. P-vrednosti predstavljaju jednu od osnova pri statističkom zaključivanju hipoteza nastalih

kao finalni proizvod statističkih testova. Med-utim, veoma često u praksi se pronalaze pogrešne ili nepotpune

interpretacije koje proizilaze iz nekritičkog sagledavanja i razumevanja finalnih rezultata ovih testova. Ovo je

naročito uočljivo u društvenim naukama, videti npr. [ 2] . Posledice mogu biti takve da se celokupno istraživanje

može dovesti u pitanje po različitim osnovama. Stoga, uočljiva je potreba za detaljnijim i sveobuhvatnim

pristupom rada sa p-vrednostima. U prilog ovome može se primetiti da se povećava broj časopisa koji predlažu

metodološke smernice pri radu sa ovom vrstom problema, videti npr. [ 1], [ 2] i [ 3]. Prateći istu ideju,

predstavićemo različite pristupe koji mogu doprineti sveobuhvatnom razumevanju i adekvatnoj interpretaciji

p-vrednosti statističkh testova.

Ključne reči: p-vrednost; značajnost; kritična oblast; metodika; interpretacija.
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U-statistics-based approach for testing the MCAR assumption
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Abstract. We present a novel test for assessing whether data follow a pattern of being missing completely

at random that was introduced in [ 1]. The test’s asymptotic properties are derived using the theory of non-

degenerate U -statistics. Notably, the novel test statistic aligns with the well-known Little’s statistic when

applied to multivariate data with univariate nonresponse. An extensive simulation study evaluates the test’s

performance in terms of maintaining type I error rates and statistical power across various scenarios, including

different underlying distributions, data dimensions, sample sizes, and alternatives. Little’s MCAR test serves as

a benchmark for comparison, revealing that the novel test consistently outperforms it in preserving type I error

rates and exhibiting higher empirical power across all studied alternatives.

Keywords: missing data, novel test, covariance, asymptotic distribution.
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[1] D. Aleksić. A Novel Test of Missing Completely at Random: U -statistics-based Approach.
arXiv:2310.19189v1, 2023.
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Onlajn dodatna nastava matematike

Vojislav Andri�
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Apstrakt. Uqeǌe na daǉinu nije izum nu�nosti proisteklih iz pandemije 2020 - 2022, jer razni
oblici uqeǌa putem posredne razmene informacija na relaciji uqiteǉ - uqenik datiraju jox od
18. veka. U ovom veku uqeǌe na daǉinu dobija pun zamah zahvaǉuju�i mogu�nostima koje pru�a
savremena internet komunikacija i tehnologija. Neki autori za masovni poqetak onlajn nastave
smatraju 2005. godinu kada se u SAD, skoro 3,2 miliona studenata odabralo makar jedan onlajn
kurs na univerzitetu. U Srbiji neki elementi nastave na daǉinu datiraju jox iz 1996. godine kada
se u realizaciji seminara geografije u Istra�ivaqkoj stanici Petnica korix�eni onlajn u
benici.

Javnost u Srbiji se u periodu 2020 - 2022. znaqajno podelila u vezi sa realizacijom onlajn
redovne nastave skoro svih nastavnih predmeta u naxim osnovnim i sredǌim xkolama i na
univerzitetima, pri qemu je, qini se, ve�insko izjaxǌavaǌe javnosti bilo (u nekim sluqajevima
do nivoa frustriranosti) okrenuto protiv onlajn nastave. Ciǉ ovog saopxteǌa je da prika�e
neka nesumǌivo, pozitivna iskustva u realizaciji onlajn dodatne nastave matematike. Izlagaǌe �e
biti ilustrovano na primerima letǌih i zimskih xkola mladih matematiqara koje je realizovalo
Druxtvo matematiqara Srbije u periodu 2020 - 2023, iz prakse nekoliko kontinuiranih godixǌih
xkola za mlade matematiqare i jox nekih korisnih matematiqkih aktivnosti (me�unarodna
takmiqeǌa, revijalna takmiqeǌa, seminari ...) koje su se odvijale onlajn putem. Posebna pa�ǌa
u izlagaǌu bi�e posve�ena pitaǌima motivacije uqenika i interaktivnosti uqenik - nastavnik i
uqenik - uqenik, koja su va�na pitaǌa svake nastave.

Kǉuqne reqi: Onlajn nastava; nastava na daǉinu; dodatna nastava.
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Bounded and Compact Toeplitz operators on Harmonic Mixed-Norm Spaces

Miloš Arsenović

Department of Mathematics, University of Belgrade, Studentski trg 16, Belgrade, Serbia
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Ivana Savković

Faculty of Mechanical Engineering, University of Banja Luka, Bosnia and Herzegovina

e-mail: ivana.savkovic@mf.unibl.org

Abstract.

We obtain criteria for boundedness and compactness of Toeplitz operators on weighted mixed norm spaces

Bp,q
α (Ω). In the proofs we use characterizations of Carleson measures and vanishing Carleson measures for such

function spaces.
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Photomath i ChatGPT – primjeri netačnih rješenja

Damir Bajrić

Gimnazija ”Meša Selimović” Tuzla
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Irma Ibrǐsimović
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Julija Šehanović
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Valentina Banović Klisara

Osnovna škola ”Vuk Karadžić” Novi Grad

e-mail: banovicvalentina@yahoo.com

Apstrakt. Posljednjih nekoliko godina, sa globalnim širenjem društvenih mreža i platformi za komunikaciju

te dostupnosti različitih sadržaja, istaknuta su pitanja i konstatacije od učenika i studenata na račun nastave,

potrebe za učenjem i savladavanjem odred-enog nastavnog sadržaja, dostupnosti različitih IT pomagala za

rješavanje odred-enih zadataka i problema. Iskazuju svoju nezainteresovanost za sudjelovanje u nastavnom procesu

jer ne vide svrhu obrazovanja s obzirom na to da postoje alati i vještačka inteligencija koji bi bili u mogućnosti

uspješno rješavati zadatke i probleme. U ovom radu smo za potrebe demonstriranja neuspješnog ili netačnog

rješavanja matematičkih zadatka iskoristili, med-u učenicima i studentima najčešće korǐstenu, mobilnu aplikaciju

Photomath a za predstavnika vještačke inteligencije smo iskoristili ChatGPT. Kroz primjere netačno rješenih

ili ”lošeg pokušaja“ rješavanja zadataka od strane mobilne aplikacije i vještačke inteligencije smo pokazali

važnost znanja koje se stiče u školi i da su ljudi još uvijek ispred aplikacija i vještačke inteligencije u rješavanju

matematičkih i logičkih zadataka

Ključne reči: Photomath; ChatGPT; vještačka inteligencija; mobilna aplikacija.
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Polinomi u osnovnoj i sredǌoj xkoli – metodiqki pristup

Vladimir Balti�
Matematiqka gimnazija, VIXER
e-mail: balticvladimir@gmail.com

Apstrakt. O ovoj izuzetno bitnoj temi mogli bi detaǉno da izla�emo materiju nekoliko meseci,
sa osvrtima na osetǉiva mesta. Pokuxa�emo da u ovom izlagaǌu predstavimo sve znaqajnije aspekte
rada sa polinomima u osnovnoj i sredǌoj xkoli. Prvo �emo dati kra�i teorijski pregled svih
znaqajnijih pojmova i tehnika, a zatim �emo se osvrnuti na teme vezane za polinome na takmiqeǌima
(i u osnovnoj i u sredǌoj xkoli), a onda �emo sve to ilustrovati na mnoxtvu takmiqarskih zadataka,
kao i zadataka sa prijemnih ispita. U temi �emo dati poseban osvrt na slede�e teme:

• zbir koeficijenata polinoma,

• racionalne nule polinoma sa celobrojnim koeficijentima,

• Bezuov stav,

• faktorizacija polinoma,

• vixestruke nule polinoma,

• dokaza�emo da je broj n
√

r iracionalan za svaki prost broj r,

• Hornerova xema (kao algoritamski najefikasniji postupak za odre�ivaǌe vrednosti polinoma,
morala bi da se radi i u osnovnoj i u sredǌoj xkoli),

• Vietove formule (iako zvaniqno nisu u programu prijemnih na velikom broju fakulteta mogu
znaqajno ubrzati rexavaǌe zadataka),

• polinomi vixe promenǉivih,

• simetriqni polinomi.

Kǉuqne reqi: Polinomi; Bezuov stav; Hornerova xema; faktorizacija polinoma; Vietove
formule; simetriqni polinomi.
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Automatsko rexavaǌe konstruktivnih problema u geometriji

Milan Bankovi�
Matematiqki fakultet, Beograd

e-mail: milan.bankovic@matf.bg.ac.rs

Vesna Marinkovi�
Matematiqki fakultet, Beograd

e-mail: vesna.marinkovic@matf.bg.ac.rs

Apstrakt. Konstruktivni problemi u geometriji su problemi kod kojih je potrebno pomo�u
leǌira i xestara konstruisati neku geometrijsku figuru, pod pretpostavkom da su zadati neki ǌeni
elementi. Pored znaqaja u matematiqkom obrazovaǌu, ovakvi problemi u posledǌe vreme postaju
znaqajni i u raqunarstvu, pre svega u kontekstu automatizacije procesa ǌihovog rexavaǌa. Sa
raqunarskog aspekta, ovakvi problemi spadaju u probleme pretrage, te je za ǌihovo rexavaǌe pogodno
koristiti metode i alate vextaqke inteligencije.

U ovom izlagaǌu razmatramo dva razliqita pristupa ovom problemu. Prvi pristup podrazumeva
razvoj specifiqnog algoritma pretrage za rexavaǌe konstruktivnih problema. Ovaj pristup nam
pru�a mogu�nost prilago�avaǌa domenu primene, kao i upotrebe specifiqnih efikasnih heuristika
prilikom pretrage. Kao ilustracija ovog pristupa, bi�e razmotren konstrukcijski rexavaq
ArgoTriCS [ 1], razvijen u programskom jeziku Prolog. Drugi pristup podrazumeva upotrebu postoje�ih
alata vextaqke inteligencije koji su veoma efikasni u rexavaǌu problema kombinatorne pretrage
uopxte. U ovom pristupu na nama je samo da konstruktivne probleme modelujemo na odgovaraju�i
naqin i ǌihovo rexavaǌe prepustimo gotovom alatu. Kao ilustraciju ovog pristupa, razmotri�emo
upotrebu rexavaqa ograniqeǌa nad konaqnim domenima, kao i modelovaǌe konstruktivnih problema
na jeziku MiniZinc [ 2]. Ova dva pristupa bi�e upore�ena na Vernikovom korpusu [ 3] konstruktivnih
problema, kod kojih je ciǉ konstruisati trougao, pod pretpostavkom da su date lokacije triju
znaqajnih taqaka trougla.

Kǉuqne reqi: konstruktivni problemi; algoritmi pretrage; rexavaqi ograniqeǌa
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Papusovi i Xtajnerovi lanci sa zajedniqkim krugom

�or�e Barali�
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Vladimir Bo�ovi�
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e-mail: vladobozovic@gmail.com
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Apstrakt. U radu prikazujemo nove rezultate koje se odnose na Papusove i Xtajnerove lance
krugova u koji svi dodiruju dva fiksna kruga, a svaki krug u lancu dodiruje svog prethodnika.
U zajedniqkom radu smo istra�ivali konfiguracije i teoreme incidencija koje nastaju kada se
posmatraju parovi lanaca koji imaju zajedniqki krug u lancu. Otkrivene su nove zanimǉive klase
krugova koje prolaza kroz dodirne taqke krugova u konfiguracije i pokazano je da centri krugova
svake familije pripadaju krivoj drugog reda.

Kǉuqne reqi: Papusovi lanci; Xtajnerovi lanci; ortogonalnost; inverzija.
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The role of open-ended tasks in learning and teaching mathematics

Nives Baranović

Faculty of Humanities and Social Sciences in Split, Croatia
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Jasmina Milinković
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Abstract. Mathematical tasks are a key means of interaction between students and teachers, and solving

tasks is the most common activity, especially in elementary and high school mathematics classes. Therefore,

the mathematical task has a significant role in learning and teaching mathematics, as well as in evaluating the

students’ mathematical knowledge, skills and habits. By using a variety of tasks, the teacher has the opportunity

to provide an environment in which students can adopt and develop different strategies and methods of solving

tasks, research, analyse, make assumptions, conclude, etc. By knowing the different types of tasks and their

characteristics, choosing tasks with a specific purpose and the way of implementation in class, the teacher can

influence the development of the mathematical competences of his students, but also what kind of attitude

towards mathematics his students will develop.

Open-ended tasks are of particular importance because they can serve to recognize and develop students’

creativity and various mathematical processes. Open-ended tasks are usually tasks with higher cognitive

demands, because solving them requires appropriate conceptual knowledge, and the solutions of which there

can be more than one (finite or infinitely many) are usually reached by different methods and strategies. The

aim of this paper is to point out their possibilities in learning and teaching mathematics through appropriate

examples of open-ended tasks.

Keywords: Open tasks; problem-solving process; tasks classification; task solving strategies.
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Problemi povrxine i zapremine u Geogebra okru�eǌu
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Uqiteǉski fakultet, Univerzitet Edukons, Sremska Kamenica,

Gimnazija Svetozar Markovi�, Novi Sad
e-mail: radoslav.bozic@gmail.com

Apstrakt. Izuqavaǌe povrxine geometrijskih figura i tela, odnosno zapremine tela, poqiǌe u
razrednoj nastavi i zastupǉeno je, u maǌoj ili ve�oj meri, tokom qitavog matematiqkog obrazovaǌa.
Praksa je pokazala, kao i istra�ivaǌa u ovoj oblasti, da znaqajan broj uqenika ima potexko�a ve�
kod usvajaǌa pojma povrxine i zapremine, ali i tokom ǌihovog kasnijeg izuqavaǌa. Neke od ovih
potexko�a mogu biti prevazi�ene uz pomo� obrazovnog softvera Geogebra. Ovaj softver omogu�ava
kvalitetnu vizuelizaciju matematiqkih sadr�aja, ukuǉuquju�i i vizuelizaciju geometrijskih tela,
u trodimenzionalnom radnom okru�eǌu. Me�utim, iako veoma korisna, Geogebra je samo alatka
u rukama nastavnika. Za ǌenu uspexnu primenu, neophodno je osmisliti i odgovaraju�i pristup.
Sluxaocima �e biti predstavǉene mogu�nosti primene obrazovnog softvera Geogebra u izuqavaǌu
povrxine i zapremine, kroz primenu problemske nastave. Bi�e prikazani primeri za osnovnu i
sredǌu xkolu, ukǉuquju�i primenu odre�enog integrala na izraqunavaǌe povrxine i zapremine.

Kǉuqne reqi: Geogebra; Povrxina; Zapremina.
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Abstract. A group representation in which the number of defining relationships is equal to the number of

generators is called balanced. A balanced representation of the fundamental group of a closed 3-manifold occurs,

for example, if the manifold is given by a Heegaard splitting.

A group is said to be cyclically presented if it has such a balanced representation that all defining relations

are obtained from one by cyclic permutations of generators. Thus, if some group is cyclically presented, then it

has a cyclic automorphism. The well-known class of cyclically presented groups is a class of Fibonacci groups,

the question of finiteness of which was raised by Conway in 1965.

We will discuss some classes of cyclically presented groups and and present results on the realizability of

these groups as fundamental groups of closed 3-manifolds [1, 2].

Following the coset construction from [3,4], we will use cyclic automorphisms of cyclically presented groups

to define corresponding n-valued groups.

The research was done in the frame of the agreement between HSE and TSU about mirror laboratories.

Keywords: cyclically presented groups; n-valued groups; 3-manifolds.

References

[1] A. C. Kim, A. Vesnin. Fractional Fibonacci groups and manifolds. Siberian Math. J., 1998, 39, 655 - 664.
[2] A. Szczepanski, A. Vesnin. On generalized Fibonacci groups with an odd number of generators. Commun.

Algebra, 2000, 28, 959 - 965.
[3] V. M. Buchstaber, E. G. Rees. Multivalued groups, their representations and Hopf algebras. Transform.

Groups. 1997, 2, 325 - 349.
[4] V. M. Buchstaber. n-Valued groups: theory and applications. Moscow Math. J., 2006, 6, 57 - 84.

19



Simpozijum MATEMATIKA I PRIMENE, Matematiqki fakultet, Univerzitet u Beogradu, 2023, Vol. XIII(1)

Statistiqka analiza raspodele povezanosti i neure�enosti proteina
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Apstrakt. Bioloxki sistemi se qesto smatraju mre�ama interaguju�ih blokova. Prirodan
matematiqki model koji proizilazi iz toga jeste graf. Me�u najva�nijim bioloxkim sistemima
nalaze se mre�e proteinskih interakcija, poznate kao interaktomi. U ǌima qvorovi predstavǉaju
proteine, dok svaka neusmerena grana svedoqi o postojaǌu specifiqne fiziqke interakcije izme�u
dva proteina. U ovom radu je analizirano nekoliko interaktoma virusa SARS-CoV-2 . Konkretno,
statistiqkim metodama odre�ene su i ispitane raspodele povezanosti (broja suseda, tj. stepena)
qvorova ovih mre�a, a tako�e su razmotrene i raspodele neure�enosti proteina prema nekoliko
poznatih mera neure�enosti. Utvr�eno je da povezanost podle�e stepenoj raspodeli (engl. power law),
prema kojoj ve�ina qvorova ima mali broj suseda, uz maǌi broj visokopovezanih habova. Raspodele
ve�ine mera neure�enosti su zvonaste, ali najqex�e asimetriqne, budu�i da je vixe ure�enih
proteina. Raspodele pojedinaqnih susedstava jednake su raspodelama celih interaktoma, pri qemu
sredǌa vrednost mere neure�enosti dobro opisuje opxtu neure�enost svakog susedstva. Zajedniqka
raspodela povezanosti i neure�enosti, kao i uslovna raspodela neure�enosti pri poznatom stepenu
qvora, naglaxavaju negativnu korelaciju izme�u ove dve mere u razmotrenim virusnim mre�ama.

Kǉuqne reqi: SARS-CoV-2 ; mre�a proteinskih interakcija; neure�enosti proteina; raspodela
verovatno�e.
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An introduction to sumsets

Ilija Vrećica

Faculty of Mathematics, University of Belgrade, Studentski trg 16, Belgrade 11158, Serbia
e-mail: ilija.vrecica@matf.bg.ac.rs

Abstract. In this presentetation we will look at a few results concerning sumsets. In particular, we present

the Khovanskii theorem, how Ehrhart theory interacts with sumsets, and a few recent developments in the effort

to enumerate the number of elements of a sumset. In the end we will showcase some open problems regarding

sumsets.

Keywords: Lattices; Minkowski theory; sumsets; Khovanskii’s theorem.

Deǉivost brojem 7 i jedan ,,te�ak razlomak”

Dejan Vurdeǉa
ETX ,,Zemun”, Nade Dimi� 4, Zemun

e-mail: dvurdelja@sbb.rs

Apstrakt. U ovom izlagaǌu podseti�emo se uobiqajenih kriterijuma deǉivosti brojevima iz
skupa {2, 3, 4, 5, 6, 8, 9, 10} a zatim detaǉno razmotriti i primerima ilustrovati neke kriterijume
deǉivosti brojem 7.

Prikaza�emo i kako se mo�e rexiti jedan zadatak (,,te�ak razlomak”) sa kvalifikacionog testa
sredǌoxkolaca za ulazak u ameriqki matematiqki olimpijski tim. Zadatak glasi: Uprostiti izraz

(104 + 324)(224 + 324)(344 + 324)(464 + 324)(584 + 324)

(44 + 324)(164 + 324)(284 + 324)(404 + 324)(524 + 324)
.
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Stohastičke metode u veštačkoj inteligenciji
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Zvezdan Stojanović
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Dario Galić
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e-mail: galic@etfos.hr

Apstrakt. Ovaj rad istražuje primene stohastičkih metoda u oblasti veštačke inteligencije (VI), fokusirajući

se na njihov doprinos optimizaciji, učenju i donošenju odluka. Koristeći stohastičke modele, omogućavamo VI

da efikasno obradi nesigurnost, nepredvidljivost i varijaciju u podacima. Analiziramo kako stohastički procesi

mogu pobolǰsati konvergenciju algoritama u treniranju dubokih neuronskih mreža i optimizaciji parametara.

Takod-e, istražujemo primene stohastičkih simulacija u oceni performansi algoritama mašinskog učenja u realnim

uslovima. Kroz ovu studiju, ukazujemo na ključne prednosti i izazove stohastičkih metoda u domenu veštačke

inteligencije. Uz to, istražujemo kako stohastičke metode omogućavaju modelima veštačke inteligencije da se

bolje prilagode promenljivim okolnostima i nepredvidivim situacijama, čime se povećava njihova robustnost

i primenljivost u stvarnom svetu. Analiziramo i uticaj stohastičkih elemenata na procese donošenja odluka,

istražujući kako ova svojstva doprinose adaptivnosti sistema u dinamičkim okruženjima. Kroz pregled relevantnih

studija i eksperimenata, ova istraživanja pružaju uvid u to kako stohastičke metode doprinose evoluciji veštačke

inteligencije, čime se otvaraju nove perspektive za razumevanje i unapred-enje performansi modela u realnim

scenarijima. Ovaj rad doprinosi širem razumevanju uloge stohastičkih procesa u oblasti veštačke inteligencije,

naglašavajući potencijal za dalji razvoj i primene u različitim domenima.

Ključne reči: Stohastički procesi, Veštačka inteligencija, Optimizacija, Učenje pod nesigurnošću, Duboko

učenje..
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Schwarz-Pick lemma for (α, β)-harmonic functions in the unit disc

Jelena Gajić

Faculty of Natural Sciences and Mathematics, Banja Luka, Republic of Srpska
e-mail: jelena.gajic.mm@gmail.com

Abstract. We prove Schwarz–Pick lemma for (α, β)-harmonic functions u in the disc, where α and β are

complex parameters satisfying ℜα + ℜβ > −1 . We prove sharp estimate for the Du(0) for such functions in

terms of Lp norm of the boundary function. Also, we give asymptotically sharp estimate of ∥Du(z)∥. Estimates

of ∥Du(z)∥ are extended to higher order derivatives. Our results extend earlier results for α-harmonic and Tα-

harmonic functions. This is joint work with Miloš Arsenović and this is work in progress.

Keywords: (α, β)-harmonic functions; Schwarz lemma; (α, β)-Poisson integral.
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University of Belgrade, Faculty of Education, Kraljice Natalije 43, Belgrade, Serbia

e-mail: olivera.djokic@uf.bg.ac.rs

Abstract. The mathematics textbook is of a great value to teachers when planning lessons, so its analyses are

significant for understanding students’ achievements in international research projects such as TIMSS (Trends

in International Mathematics and Science Study) [1]. The aim of the research is to identify the tendencies in

structuring pedagogical situations in different domains of textbooks for the 2nd grade of primary school by

Zavod za udžbenike [3]. Pedagogical situations represent a dynamic characteristic of a textbook with activities,

explanations (narrations), example exercises that offer educational opportunities for introducing mathematical

concepts and revealing and understanding mathematical ideas. The suggested list of structural blocks within

TIMSS methodology 2011 research with certain categories and sub-categories was extended with the list of Jelić

and -Dokić [2]. The analysed mathematics textbook for the 2nd grade consists predominantly of exercises in

comparison to other dynamic structural elements of the textbook. The results of the research show that it is

necessary to plan more carefully a coherent structure of the mathematics textbook, leading students to form

the concepts of number gradually, including geometrical concepts and concepts of measurement, as well as to

achieve higher levels of knowledge in the 2nd grade (students’ reasoning).

Keywords: TIMSS; pedagogical situations; 2nd grade mathematics textbook; Zavod za udžbenike; Serbia.
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Hölder and Lipschitz continuity of quasiconformal harmonic mappings in space
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Abstract. We consider the properties of quasiconformal and harmonic mappings from the unit ball B ⊂ Rn

to a spatial domain with boundary of a certain smoothness.

An affirmative answer to the question of Lipschitz continuity is obtained in the case of spatial domains

with C1,α boundary, for some α ∈ (0, 1), and on the question of uniform Hölder continuity when the image is a

domain with C1 boundary. Additionally, Lipschitz continuity is also proven in the case when the condition that

the mapping is harmonic is replaced with the condition that the Laplacian of the function belongs to the space

Lp(B,Rn), for p > n.

A significant role in proving these results plays the Hardy-Littlewood theorem. The theorem gives the

connection between the coefficient of µ-Hölder continuity on sphere at η ∈ S of the harmonic function u = u(x),

i.e.

sup
ξ∈S,ξ ̸=η

∥u(ξ)− u(η)∥
∥ξ − η∥µ ,

and of the value

sup
x∈[0,η)

∥∇u(x)∥(1− ∥x∥)1−µ.

Keywords: Harmonic mappings, quasiconformal mappings, Hölder continuity, Lipschitz continuity
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Abstract.

Broad Absorption Line (BAL) quasars are one of the most clear manifestations of active galactic feedback

in action and are associated with strong AGN-driven winds that can inject energy and momentum into the

interstellar medium of the host galaxy and affect its evolution along cosmic time. With large-scale surveys such

as the Vera C. Rubin Observatory Legacy Survey of Space and Time (LSST) on the way, it is crucial to implement

effective algorithms that can identify these objects within large photometric datasets. The aim of this master’s

thesis work is to build such an algorithm using Deep Learning (DL). Here, we present our progress on the

processing of spectra of a pure sample of human-selected BAL QSO from the seventh data release of the Sloan

Digital Sky Survey. We extract features from QSO spectra by applying projection and manifold dimensionality

reduction methods such as Principal Component Analysis (PCA) and Locally Linear Embedding (LLE). We

explore which of these methods can accurately represent BAL QSOs in a lower-dimension space more effectively.

These features will be fed into our yet-to-build DL algorithm and hopefully improve performance. Here, we

present initial results as well as a brief comparison of these dimensionality reduction methods.

Keywords: Quasars; Spectra; Dimensionality Reduction; Machine Learning
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Matematika u itvining projektima
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Apstrakt. Prezentacija je primer kako mogu da se razvijaju matematiqke vextine kod uqenika
putem itvining (virtuelnog) projekta. Najpre je ukratko predstavǉen itvining portal koji je 2005.
godine pokrenula Evropska Komisija, kǉuqne kompetencije i projekat ”Divno putovaǌe”. Zatim se
kroz itvining projekat ”Divno putovaǌe” daje prikaz kako su uqenici razvijali matematiqke i
druge vextine. Poqetak 21. veka je doneo nagli razvoj informaciono-komunikacionih tehnologija
(IKT) xto je olakxalo me�unarodnu komunikaciju i saradǌu izme�u nastavnika i uqenika. Tako�e,
izumi i otkri�a u nauci i tehnici su nam pru�ili ogromnu koliqinu dostupnih informacija.
Informacije i znaǌa su postali kǉuqni termini za opisivaǌe savremenog druxtva. Ovakva situacija
predstavǉa izazov ne samo za danaxǌe druxto, ve� i za obrazovni sistem pa i same xkole. Za vreme
u kome �ivimo je vrlo va�no na koji naqin postupamo sa informacijama i znaǌem te je neophodno
promixǉati na koje sve naqine naxi uqenici mogu da steknu i primene svoje znaǌe. Tako�e, kako da
steknu vextine i iskoriste ih, odnosno budu sposobni da ih svrsixodno upotrebe xto se naziva
kompetentnox�u. Izme�u ostalog u tome im mogu pomo�i i itvining projekti koji su najqex�e
multidisciplinarni te uqenika stavǉaju u razliqite pozicije i podstiqu na saradǌu sa vrxǌacima
iz drugih xkola/zemaǉa.

Kǉuqne reqi: itvining; projektno uqeǌe; kompetencije.
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Sonification: how to present astronomical data and images with sounds
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Abstract. Sonification is the process of conveying data using non-verbal sound (Kramer, et al. 1999). We

briefly present two examples of sonification in astronomy: spectral audification (Trayford, et al., 2023) and image

shape sonification (Deandra, et al., 2022). We take a closer look into an example method of direct sonification

using a commonly used Python module. In this deep dive, sonification of a simulated tick-tock signal is presented.

The sonification is done with two methods: direct signal sonification and induced envelope. The direct signal

sonification method assumes the tick-tock signal is an audio waveform, while on the induced envelope method,

the tick-tock signal acts as the envelope to a 440 Hz sine waveform. We conclude the presentation with a

suggestion that sonification is beneficial for improving accessibility of science.

Keywords: Accessibility; Sonification ; Tick-tock signal.
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Abstract. We obtain the rectifiability of the graph of a bounded variation homeomorphism f in the plane

and relations between gradients of f and its inverse. Further, we show an example of a bounded variation

homeomorphism f in the plane which satisfies the (N) and (N−1) properties and strict positivity of Jacobian

of both itself and its inverse, but neither f nor f−1 is Sobolev.

Keywords: Geometric Function Theory; Mappings of finite distortion.
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On Beltrami equations with inverse conditions and hydrodynamic normalization
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Abstract. A Beltrami equation with two characteristics is a differential equation of the form

fz = µ(z) · fz + ν(z) · fz , (1)

where µ = µ(z) and ν = ν(z) are given measurable functions with |µ(z)| < 1 and |ν(z)| < 1 a.a. Let µ : D → D
and ν : D → D be functions such that the relation |µ(z)| + |ν(z)| < 1 holds for almost any z ∈ D. We will

consider that µ(z) = ν(z) ≡ 0 for any z ∈ C \D. Fix n ⩾ 1 and set

µn(z) =

{
µ(z), z ∈ C,Kµ,ν(z) ⩽ n,

0 , otherwise in C ,
νn(z) =

{
ν(z), z ∈ C,Kµ,ν(z) ⩽ n,

0 , otherwise in C .
(2)

Let fn : C → C be a homeomorphic solution of the equation (fn)z = µn(z) · (fn)z + νn(z) · (fn)z. Set gn(z) :=

f −1
n (z). Observe that fn is conformal at the neighborhood of the infinity, so there is a continuous extension

fn : C → C. Thus fn(C) = C and fn(∞) = ∞. Note that, gn : C → C is quasiconformal, in particular, gn

is almost everywhere differentiable in C. It may be showed that, fn(z) = anz + bn + o(1) as z → ∞, where

an, bn ∈ C and an ̸= 0. We may consider that an = 1 and bn = 0 for any n ∈ N. Note that such a function fn is

unique.

Let

Kµgn
(w) =

|(gn)w|2 − |(gn)w|2

(|(gn)w| − |(gn)w|)2
, KI,p(w, gn) =

|(gn)w|2 − |(gn)w|2

(|(gn)w| − |(gn)w|)p
. (3)

Theorem. Let D be a domain in C such that D is a compact set in C, let µ : C → D and ν : C → D be

Lebesgue measurable functions vanishing outside D such that the relation |µ(z)| + |ν(z)| < 1 holds for almost

any z ∈ D. In addition, let µn, νn, fn and gn as above, n = 1, 2, . . . , . Let Q : C → [1,∞] be a Lebesgue

measurable function. Assume that the following conditions hold: 1) for each 0 < r1 < r2 < 1 and y0 ∈ C there

is a set E ⊂ [r1, r2] of positive linear Lebesgue measure such that the function Q is integrable over the circles

S(y0, r) for any r ∈ E; 2) there exist a number 1 < p ⩽ 2 such that, for any bonded domain G ⊂ C there

exists a constant M = MG > 0 such that
∫
G

KI,p(w, gn) dm(w) ⩽ M for all n = 1, 2, . . . , where KI,p(w, gn) is

defined in (3); 3) the inequality Kµgn
(w) ⩽ Q(w) holds for a.e. w ∈ C, where Kµgn

is defined in (3). Then the

equation (1) has a continuous W 1,p
loc (C)-solution f in C such that f(z) = z + ε(z), where ε(z) → 0 as z → ∞.

Corollary. In particular, the conclusion of Theorem holds if, in this theorem, we abandon condition 1),

accept condition 3), and replace condition 2) with the requirement Q ∈ L1
loc(C). If G is some bounded domain

in C and K is a compactum in G, then there is some domain G ′ ⊂ C and a function Q ′ equal Q in G ′ and

vanishing outside G ′ such that Q ′ is integrable in C and the relation |f(x) − f(y)| ⩽ C

log1/2
(
1+

r0
2|x−y|

) holds

for any x, y ∈ K, where C = C(K, ∥Q ′∥1, G) > 0 is some constant depending only on K, G and ∥Q ′∥1, ∥Q ′∥1
denotes L1-norm of Q ′ in Rn, and r0 = d(K, ∂G).

Keywords: Beltrami equations, quasiconformal mappings, mappings with a finite distortion

30



Simpozijum MATEMATIKA I PRIMENE, Matematiqki fakultet, Univerzitet u Beogradu, 2023, Vol. XIII(1)

Zakon trostrukog reciprociteta za tvistovan drugi moment
Dirihleovih L-funkcija nad racionalnim funkcijskim poǉima

Dragan �oki�
Univerzitet u Beogradu, Matematiqki fakuletet, Studentski trg 16, 11000 Beograd

e-mail: dragan.djokic@matf.bg.ac.rs

Apstrakt. Raspodela prostih brojeva je usko povezana sa raspodelom nula i raspodelom
veliqine Dirihleovih L-funkcija na kritiqnoj liniji. Pretpostavka da se sve netrivijalne nule
ovih funkcija nalaze na kritiqnoj liniji je Uopxtena Rimanova hipoteza, najznaqajniji otvoren
problem u matematici. Zato je izuqavaǌe momenata L-funkcija tj. ǌihovih sredǌih vrednosti u
nekim dobro definisanim familijama jedan od kǉuqnih ciǉeva analitiqke teorije brojeva. Naroqito
je zanimǉiva veza momenata sa quvenom Lindelefovom hipotezom, kao i sa Teorijom sluqajnih
matrica koja je originalno razvijena za potrebe modeliraǌa u fizici.

Posebno �e biti razmatran normalizovan drugi moment nad racionalnim funkcijskim poǉima
po familiji svih (ne)parnih primitivnih karaktera po prostom polinomnom modulu Q:

S±(H,K;Q) =

√
|Q|

φ±(Q)

∑±

χ (modQ)
χ̸=χ0

∣∣∣∣L(1

2
, χ

)∣∣∣∣2 χ(H)χ(K),

u koji su dodatno ,,upletena‘‘ jox dva polinoma H i K. Zakon trostrukog reciprociteta daje
simetriju izme�u tri pomenuta modula. Preciznije, u [ 1] je pokazano da za proste polinome H,
K i Q takve da je degH + degK ⩽ degQ va�i

S±(H,K;Q) = S±(K,±Q;H) + S±(H,±Q;K) +O

(√
|Q|

|HK| degQ

)
,

pri qemu je grexka iz O-qlana eksplicitno izraqunata u oba sluqaja. Sam naziv reciprocitet
predstavǉa analogiju sa Gausovim zakonom kvadratnog reciprociteta za Le�androve simbole.

Kǉuqne reqi: Dirihleove L-funkcije; funkcijska poǉa; tvistovan moment; zakon reciprociteta.
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On polynomial entropy of induced maps on symmetric products
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Abstract. If X is a compact metric space, then its hyperspace 2X is the set of all closed non-empty subsets

of X, and the k-fold symmetric product X∗k is the set of all finite subsets with at most k elements. Given a

dynamical system f : X → X one can naturally define induced maps 2f : 2X → 2X and f∗k : X∗k → X∗k. In

the last fifteen years or so, the interaction between the dynamical properties of f and its induced maps f∗k and

2f has been studied.

One of the classical tools to measure the complexity of a system is the topological entropy. It is concentrated

on the non-wandering set. For systems with low complexity (i.e. when the topological entropy is zero), the

polynomial entropy can make a difference between them. Unlike topological entropy, the wandering points are

visible for polynomial entropy.

We compute a lower bound for the polynomial entropy of f∗k for any homeomorphism f with a wandering

point, i.e. hpol(f
∗k) ⩾ k. Then we prove that hpol(2

f ) = ∞ if the system f has a wandering point.

Keywords: polynomial entropy; induced map; hyperspace; symmetric product.
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The influence of the application of teaching aids in mathematics teaching on learning
outcomes
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Abstract. This paper presents the results of research into the justification of the application of teaching

aids of one subject in the teaching of another. The impact of the application of several physics teaching aids

in mathematics teaching was examined. In this presentation, the focus is on the application of demonstration

scales in algebra lessons in the sixth and seventh grade of elementary school. The research was conducted in

four elementary schools in Belgrade. The results support the fact that the application of demonstration scales

in the teaching of mathematics improves the learning outcomes not only in the subject of mathematics, but

also creates a positive impact on the teaching of physics. This research also highlights the importance of the

acquisition and use of teaching aids in the education system of each country.

Keywords: mathematics teaching, learning outcomes, teaching methodology

Harmonic mappings in technical designs
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Abstract. Many properties of technical solutions can be described by selection of an appropriate technical

parameters that characterize them. Their authors receive a form of protection for their solutions, called a patent.

Studying them it is easy to see that they are not always characterized by the extreme value of parameters in

relation to the utility function. This element is often overlooked in the patenting process. It also happens that it

is very difficult to choose the right tools and mathematical methods that would allow to solve such a problem.

In the presented lecture, several technical solutions as patents will be shown, with extreme features of the

parameters, which were obtained with the help both new and known mathematical methods.

Keywords: harmonic mappings; technical parameters; utility function.
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Primena teorije grafova u rexavaǌu logiqko-kombinatornih
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Apstrakt. Logiqko-kombinatorni zadaci su oduvek privlaqili pa�ǌu uqenika kako zbog svoje
jednostavnosti u postavci tako i zbog svoje dubine matematiqkog znaǌa i razmixǉaǌa. U rexavaǌu
odre�enih logiqko-kombinatornih zadataka, teorija grafova zauzima znaqajno mesto zbog razoja
generalizacije razmixǉaǌa kod uqenika. Pod grafom G podrazumevamo ure�eni par (V,E), pri
qemu je V neprazan skup i E binarna relacija definisana na skupu V . Elemente skupa V zovemo
qvorovima, a elemente skupa E granama grafa G. Pojam grafa dobija svoju punu vrednost kada se
graf geometrijski predstavi kao skup taqaka (qvorova) povezanih neprekidnim linijama (granama).

U naxem izlagaǌu bavimo se stepenom qvora i lemom o rukovaǌu, zatim o Ojlerovim i
Hamiltonovim grafovima, usmerenim grafovima, minimalnim razapiǌuju�im stablima kao i o
najkra�im putevima u grafu. Poseban osvrt je na analizi i primeni pomenutih pojmova teorije
grafova na rexavaǌe logiqko-kombinatornih zadataka u osnovnoj i sredǌoj xkoli.

Kǉuqne reqi: logiqko-kombinatorni zadaci; grafovi; Ojlerovi grafovi; Hamiltonovi grafovi;
stabla
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Bringing new dimensions to active galactic nuclei (AGN) studies with the Legacy
Survey of Space and Time (LSST)
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Abstract. Here we will present the research activities of the Serbian AGN Group (SER-SAG) and its

contribution to the development of one of the most important and innovative world astronomical facility - Vera

C. Rubin Observatory, which will conduct the biggest ten-year survey - the Legacy Survey of Space and Time

(LSST).

We will describe the results of SER-SAG team in preparation for the studies of tens of millions active galactic

nuclei (AGNs) with LSST. AGNs are nested in the center of a small fraction of galaxies, but should be a phase

in evolution of every larger galaxy, which makes this objects particularly important for understanding of galaxy

evolution. From one side we show our progress in development of innovative algorithms to detect and caracterize

variability properties of AGNs. Whereas, the other aspect is the preparation for the follow-up observations of

bright sources using 1.4m Milankovic telescope, the biggest astronomical observational facility in Serbia.

Keywords: Active Galactic Nuclei (AGN); time-domain astronomy; observational facilities.
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Rešavanje problema p-rezervnog centra pomoću genetskog algoritma
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Apstrakt. Razmatran je lokacijski problem p-rezervnog centra, čiji je cilj odabir lokacija za uspostavljanje

uslužnih centara i dodeljivanje svakog korisnika glavnom centru i rezervnom centru, tako da se minimizuje najveća

udaljenost od korisnika do glavnog centra i glavnog centra do rezervnog centra. Data je matematička formulacija

problema koja je korǐsćena u okviru CPLEX rešavača na instancama sa brojem čvorova u intervalu [10, 900].

S obzirom da je problem NP-težak, optimalna rešenja nisu dobijena za sve instance. To je bila motivacija za

implementaciju metaheuristike - genetskog algoritma (GA) u cilju dobijanja rešenja za instance problema sa

većim brojem čvorova. Elementi genetskog algoritma (reprezentacija rešenja, računanje funkcije prilagod-enosti

i genetski operatori) prilagod-eni su osobinama problema p-rezervnog centra. Primenjeni su operator selekcije

zasnovan na rangu, operator jednopozicionog ukrštanja i operator proste mutacije. Dobijeni su rezultati genetskog

algoritma za svaku instancu i pokazuju efikasnost ove metaheuristike pri rešavanju razmatranog problema.

Prikazani rezultati ukazuju na mogućnost hibridizacije genetskog algoritma sa drugom metaheuristikom, ali i

pravljenje modela mašinskog učenja za podešavanje parametara GA sa ciljem dobijanja još boljih rešenja.

Ključne reči: genetski algoritam; problem p-rezervnog centra; metaheuristika.
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Contraction property of certain classes of log-M-subharmonic functions in the unit
ball
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Abstract. We prove a contraction property of certain classes of smooth functions, whose absolute values

of elements are log-subharmonic functions in the unit ball, thus extending the results of Kulikov to higher-

dimensional space (GAFA (2022)). Moreover, by applying those results we get some new results for harmonic

mappings in the complex plane.

Keywords: harmonic mappings, log-subharmonic functions
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Apstrakt. StemCo je med-unarodno takmičenje na kome učestvuje oko 40 država i sastoji se iz četiri

kategorije. Nama relevantne su Secondary Junior za učenike od sedmog razreda osnovne škole do prvog razreda

srednje škole i Secondary Senior za učenike od drugog do četvrtog razreda srednje škole. U obe kategorije postoje

4 različita takmičenja: PhysiCo, ChemiCo, MathematiCo i BioCo – takmičenja iz fizike, hemije, matematike i

biologije.

Gradivo zahteva razumevanje, analitičko razmǐsljanje i brzinu rada.

Svako takmičenje biće organizovano u školi, radiće se na školskim računarima i trajaće dva sata. Dozvoljeno je

korǐsćenje ugrad-enog AI ChatGPT u okviru takmičarskog okruženja. Zadaci se dele na lak, srednji i teži nivo i

svaki ima 4 ponud-ena odgovora, od kojih je samo jedan tačan.

Ključne reči: Takmičenje, matematika, zadaci
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GraphEbra - interaktivna, korisnički orijentisana, veb aplikacija za rad sa grafovima
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Apstrakt. Predstavljamo mogućnosti nedavno razvijenog softvera, GraphEbra, dizajniranog za unapred-enje

naučnog istraživanja u teoriji prostih grafova, težinskih grafova i usmerenih grafova. Posebno je dizajnirana za

rad sa označenim grafovima. GrpahEbra je korisnički orijentisana veb platforma koja koristi moderne alate i

tehnologije veb programiranja.

Platforma je:

• interaktivna (korisnik ima mogućnost da kreira graf i odmah dobije niz njegovih strukturalnih ili

spektralnih invarijanti ili odred-enih svojstava),

• nadogradiva (korisnik ima mogućnost da je nadogradi implementiranjem računanja novih invarijanata ili

svojstava) i

• kreirana pod uslovima GNU Opšte javne licence (licenca garantuje svakom korisniku slobodu da

pokreće, proučava i modifikuje softver).

Ostale funkcionalnosti uključuju importovanje grafova i modifikovanje istih putem interfejsa za crtanje.

Ovaj softver je dizajniran da zameni postojeće alate poput new-GRAPH i sličnih softvera. Razvijen je u okviru

nacionalnog istraživačkog projekta, delimično podržanog sredstvima EU fondova.

Ključne reči: grafovi; invarijante; veb aplikacija.
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Abstract. Suppose α > −1 and 1 ⩽ p ⩽ ∞. Let f = Pα[F ] be an α-harmonic mapping on D with

the boundary F being absolute continuous and Ḟ ∈ Lp(0, 2π), where Ḟ (eiθ) := dF (eiθ)
dθ

. We investigate the

membership of fz and fz in the space Hp
G(D), the generalized Hardy space. We prove that if α > 0, then both

fz and fz are in Hp
G(D). If α < 0, then fz and fz ∈ Hp

G(D) if and only if f is analytic. Finally, we investigate a

Schwartz Lemma for α-harmonic functions.

Keywords: Poisson integral; Hardy spaces; Bergman spaces; Harmonic functions.
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Polyhedral products: new results, problems, and applications
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Abstract. Toric topology is a new rapidly developing area of Mathematics in the crossroads of algebraic

geometry, homotopy theory, equivariant topology, homological algebra and combinatorics [ 1]. The main object

of study in toric topology is polyhedral product.

Given any topological pair (X,A) and simplicial complex K on [m] := {1, 2, . . . ,m}, the polyhedral product
(X,A)K is a subset in Xm s.t. an m-tuple (x1, . . . , xm) is in (X,A)K iff there is a σ ∈ K: i /∈ σ ⇒ xi ∈ A.

Particularly important and useful example here is the moment-angle complex ZK := (D2, S1)K of K.

Various applications of toric topology are based on the theorem by Baskakov, Buchstaber and Panov stating

that cohomology H∗(ZK ; k) of ZK with coefficients in a PID with unit k is isomorphic as a k-algebra to the

Tor-algebra Tork[m](k[K], k) of K (homology of the Koszul complex of K), where k[m] := k[v1, . . . , vm] and the

Stanley-Reisner ring k[K] is its quotient by the monomial ideal generated by all non-simplices in K.

By the Hochster decomposition theorem, the latter Tor-algebra is additively isomorphic to the direct sum of

all reduced simplicial cohomology groups of all full subcomplexes in K. This string of powerful results establishes

a new deep connection between topology, algebra and combinatorics, on which toric topology is largely based

and which we explore further in this talk.

Namely, we shall introduce three equivalent definitions (geometrical, algebraic and topological ones) of a

new differential acting on the singular (co)chain complex of ZK and define the double cohomology of ZK w.r.t.

the arising bicomplex [ 2]. Then we shall discuss a couple of calculations and general results. Finally, we shall

show applications in combinatorics and TDA, as well as open problems accessible for graduate students.

The talk is based on the recent projects j.w. Anthony Bahri (Rider University, USA), Taras Panov (HSE

University, Russia), Jongbaek Song (Pusan National University, Korea) and Donald Stanley (University of

Regina, Canada).

Keywords: polyhedral product; Koszul complex; double cohomology; Stanley-Reisner ring; Hochster

decomposition.
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O postojaǌu algebarskog tenzora krivine za date Jakobijeve operatore
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Apstrakt. Krivina je najprirodnija i najva�nija invarijanta Rimanove i pseudo-Rimanove
geometrije. Iako tenzor krivine poseduje veliki broj simetrija, lakxe je raditi sa Jakobijevim
operatorima za koje je poznato da u potpunosti odre�uju tenzor krivine. Prirodno se postavǉa
pitaǌe da li postoji tenzor krivine za date Jakobijeve operatore na koje je odgovoreno u definitnom
sluqaju u [ 1], a potom je u [ 2] izvrxeno uopxteǌe u nedefinitnom sluqaju. Za familiju samoad-
jungovanih endomorfizama KX , pri qemu X ∈ V, na prostoru sa skalarnim proizvodom (V, g) ka�emo
da je kompatibilna ako za svako X,Y ∈ V va�i g(KXY, Y ) = g(KY X,X). Va�i teorema: Ako KX za
sve neizotropne X ∈ V qine kompatibilnu familiju samoadjungovanih endomorfizama na prostoru
sa skalarnim proizvodom V koja zadovoǉava KXX = 0, onda postoji jedinstven algebarski tenzor
krivine na V qiji su KX Jakobijevi operatori.

Kǉuqne reqi: tenzor krivine; Jakobijevi operatori; nedefinitan prostor.
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e-mail: bojana@matf.bg.ac.rs

Abstract. The primary objective of this presentation is to showcase several recent developments in testing

methodologies for change point analysis. We propose employing a novel approach inspired by the concept

presented in [1], utilizing different integral transforms. To underscore the real-world significance of the novel

tests, we apply them to analyze the latest cryptocurrency data. The financial applications we emphasize are

applicable in the context of algorithmic trading of volatile assets.

Keywords: integral transforms; change point; financial markets.
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Metodologija sastavǉaǌa kontrolnih zadataka u nastavi matematike
kroz primere

Milena Mari�
Deveta gimnazija ,,Mihailo Petrovi� Alas”
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Maja Kostadinovi�
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e-mail: maja.kostadinovic@deveta.edu.rs

Apstrakt. U okviru ovog izlagaǌa bi�e predstavǉeni kǉuqni aspekti metodologije sastavǉaǌa
kontrolnih zadataka u nastavi matematike s ciǉem unapre�eǌa kvaliteta obrazovnog procesa.
Ciǉ izlagaǌa je identifikovaǌe efikasnih pristupa i smernica koje nastavnici matematike mogu
primeniti kako bi stvorili relevantne, izazovne i pedagoxki opravdane kontrolne zadatke, koji
prate ixode plana nastave i uqeǌa i koji su kreirani od zadataka osnovnog, sredǌeg i naprednog
nivoa.

U okviru rada posve�uje se pa�ǌa kreiraǌu zadataka koji nisu xablonski, i na taj naqin
podstiqe nastavnike da ukǉuqe elemente inovacije u proces sastavǉaǌa kontrolnih zadataka. Iako
su xablonski zadaci korisni i svakako ih treba prezentovati uqenicima kod osnovnog koncepta
nastavne teme , predla�e se i da zadaci budu dizajnirani tako da podstiqu uqeniqku kreativnost i
dubǉe razumevaǌe matematiqkih koncepata. Na taj naqin se dolazi do zadataka koji su izazovni i
pru�aju uqenicima mogu�nost da razvijaju kritiqko rasu�ivaǌe i primeǌuju matematiqke vextine
u razliqitim �ivotnim kontekstima.

Kǉuqne reqi: nastava matematike, kontrolna ve�ba, dizajniraǌe zadataka, nivoi zadataka
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Hardy and Littlewood theorem in a general setting

Marijan Marković

University of Montenegro, Džordža Vašingtona bb, 81000 Podgorica, Montenegro
e-mail: marijanmmarkovic@gmail.com

Abstract.

Let D ⊆ C be the unit disk and let α ∈ (0, 1]. A Hardy–Littlewood theorem says that an analytic function

f on D satisfies

|f ′(z)| ≤ C(1− |z|)α−1, z ∈ D,

if and only if it satisfies the Hölder condition

|f(z)− f(w)| ≤ C′|z − w|α, z, w ∈ D,

where C and C′ are constants (may depend only on the function f). Moreover, if f satisfies the second condition,

then C ≤ C′; if f satisfies the first condition, then C′ ≤ α−1AC, where A is an absolute constant.

We consider this result for the class of regularly oscillating mappings between metric spaces.

Keywords: Hardy and Littlewood, regularly oscillating mappings; analytic functions, the unit disc, the

distance function.
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The Constraint Satisfaction Problem Dichotomy Conjecture: History, Proofs and
Generalizations

Petar Marković
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Abstract. The Constraint Satisfaction Problem was defined in the 1990s inspired by certain topics in

Descriptive Complexity. At that time, the Dichotomy Conjecture on the complexity of the Constraint Satisfaction

Problem was posed. The Dichotomy Conjecture was proved a quarter of a century later, in 2017, independently

by Andrei Bulatov and Dmitriy Zhuk. In this lecture I will define the Constraint Satisfaction Problem, motivate

the Dichotomy Conjecture, and survey the main ideas in the proofs by Bulatov and Zhuk. In the final part, I

will briefly describe the two most popular generalizations which are a focus of research by numerous teams since

the proof of the Dichotomy Conjecture, introduce a third possibility of generalizing the Dichotomy Conjecture

and argue why this third topic should also be in the focus of research.

Hyperbolic, Euclidean, Minkowski geometry and theory of special relativity

Miodrag Mateljević

Serbian Academy of Sciences and Arts / University of Belgrade, Faculty of Mathematics
e-mail: miodrag@webmail.matf.bg.ac.rs

Abstract. We give a brief overview of the geometries mentioned in the title. In particular we outline short

proof of The Pythagorean (or Pythagoras’) Theorem based on the statement which are equivalent to The Parallel

Postulate and as an application we derive Lorentz transformation.

Although most physicists accept the theory of relativity, there is a significant number of scientists who

criticize this theory. Bearing these criticisms in mind, we try to make a mathematical model motivated by the

special theory of relativity,in particular without using the second postulate of Einstein, and to consider it. First

principle of relativity (without the second) along with homogeneity of space and time and isotropy of space

naturally gives rise to two possibilities, either we have Galilean transformation where space and time is absolute,

or general Lorentz Transformation which includes Lorentz Transformation with a boost invariant speed c as the

upper limit of all speeds. Most physicists believe that reality corresponds to LT, but pure mathematics from our

assumption cannot decide that. Light seems to have supernatural properties (god particle).
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Lipschitz Continuity for Harmonic Functions and Solutions of the ᾱ-Poisson
Equation

Miodrag Mateljević
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Adel Khalfallah
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Abstract. In this paper we investigate the solutions of the so-called ᾱ-Poisson equation in the complex plane.

In particular, we will give sufficient conditions for Lipschitz continuity of such solutions. We also review some

recently obtained results. As a corollary, we can restate results for harmonic and (p, q)-harmonic functions. The

Poisson equation is a fundamental problem in classical literature. For example, the book [ 1] considers elliptic

partial differential equations of the second order, which are uniformly strongly elliptic. Since the operator Lα is

not uniformly elliptic, we can not apply these classical methods; see for example [ 2], where the first two authors

of this paper showed that the corresponding analogue of the Hopf lemma is false.

Keywords: Poisson’s kernel; Green function; harmonic functions; gradient estimate; lipschitz continuity
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Površina i zapremina - neki interesantni fenomeni

Miodrag Mateljević

Univerzitet u Beogradu - Matematički fakultet
Srpska akademija nauka i umetnosti

e-mail: miodrag@matf.bg.ac.rs

Marek Svetlik

Univerzitet u Beogradu - Matematički fakultet
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Miljan Knežević
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Apstrakt. U ovom izlaganju razmatraćemo pojmove površina figura u ravni i površi u prostoru, kao i

zapremina tela u prostoru. Posebno ćemo obraditi površinu mnogougla i kruga, kao i površinu i zapreminu

valjka, kupe, lopte i torusa. Videćemo koje se od formula za površine i zapremine mogu izvesti elementarno, a za

koje to nije moguće učiniti. Ukazaćemo i na neke interesantne fenomene koji se mogu uočiti prilikom izvod-enja

odgovarajućih formula. Formulisaćemo izoperimetrijsku nejednakost. Konačno, pokazaćemo i da postoji ,,telo”

koje ima konačnu zapreminu i beskonačnu površinu.

Ključne reči: Površina; zapremina; odred-eni integral; izoperimetrijska nejednakost.

Primene Jensenove nejednakosti u trigonometriji

Bojana Mati�
Matematiqka gimnazija, Kraǉice Natalije 37, 11000 Beograd

e-mail: bojanamate@gmail.com

Apstrakt. Neka je f : (a, b) → R konveksna funkcija. Tada za x1, . . . , xn ∈ (a, b) va�i Jensenova
nejednakost

f
(x1 + . . .+ xn

n

)
⩽

f(x1) + . . .+ f(xn)

n
.

Na ovom predavaǌu prikaza�emo neke primene Jensenove nejednakosti u trigonometriji. Na primer,
pokaza�emo da ako su α, β i γ uglovi trougla onda va�i nejednakost

sin
α

2
sin

β

2
sin

γ

2
⩽

1

8
.

Kǉuqne reqi: Jensenova nejednakost; trigonometrijske nejednakosti.
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Primena diferencijalne privatnosti na agregirane vremenske serije
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Bojana Miloxevi�
Matematiqki fakultet, Univerzitet u Beogradu

e-mail: bojana.milosevic@matf.bg.ac.rs

Apstrakt. Napredak modernih tehnologija rezultirao je rasprostraǌenom upotrebom velikog
broja senzora za prikupǉaǌe podataka, koji se potom koriste za istra�ivaǌe xirokog spektra
fenomena i formiraǌe mnogobrojnih statitika. Centralni izazov ovakvih sistema jeste istovremeno
oquvaǌe privatnosti individualnog korisnika i relevantnosti objavǉenih statistiqkih rezultata.
Koncept diferencijalne privatnosti, detaǉno opisan u [ 1], predstavǉa jednu od najqex�e
korix�enih metoda perturbacije podataka prilikom objavǉivaǌa agregiranih vremenskih serija
s ciǉem oquvaǌa privatnosti pojedinca. U ovom radu implementiran je diferencijalno privatni
algoritam baziran na diskretnoj Furijeovoj transformaciji [ 2] i primeǌen na vremenske serije
s razliqitim karateristikama. Istra�en je uticaj veliqine statistiqkog uzorka na oquvaǌe
privatnosti i upotrebnu vrednost podataka.

Kǉuqne reqi: agregirane vremenske serije; diferencijalna privatnost; oquvaǌe privatnosti
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Strong convergence theorems for general quasi-variational inequalities using
high-order approximation methods

Nevena Mijajlović
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Abstract. The objective of this paper is to study the convergence of two-step and three-step approximation

methods for quasi-variational inequalities in the general case. First, we propose two -step and three-step

dynamical system and carry out an asymptotic analysis for the generated trajectories. The explicit time

discretization of those systems results into two-step and three-step iterative methods, which we prove to converge

also when it is applied to strongly-monotone quasi-variational inequalities. In addition, we show that linear

convergence is guaranteed under strong-monotonicity.

Keywords: quasi-variational inequalities; dynamical system, iterative method, convergence.
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Me�upredmetno povezivaǌe nastavnih sadr�aja iz matematike i
fizike u radu sa uqenicima sa posebnim sposobnostima za matematiku

Aleksandar Milenkovi�
Prirodno-matematiqki fakultet Univerziteta u Kragujevcu
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Apstrakt. Me�upredmetno povezivaǌe nastavnih sadr�aja je od velike koristi za uqenike
jer sa jedne strane ima potencijal da pozitivno utiqe na motivaciju uqenika za usvajaǌe novih
znaǌa i umeǌa, dok primenom usvojenih znaǌa iz matematike, na rexavaǌe konkretnih problema
iz drugih nauqnih oblasti, uqenici razvijaju me�upredmetne kompetencije za rexavaǌe problema.
Dodatno, adekvatnim izborom odgovaraju�ih problema nastavnik pru�a mogu�nost uqenicima da
ostvare is-hode uqeǌa koji mogu pripadati naprednom nivou postignu�a uqenika. Me�upredmetno
povezivaǌe nastavnih sadr�aja nastavnik mo�e samostalno da planira i realizuje, ali i sa
kolegom (kolegama) koji predaju druge nastavne predmete. Imaju�i u vidu da me�upredmetno
povezivaǌe sa drugim nastavnim predmetom, u radu sa uqenicima sa posebnim sposobnostima
mo�e biti komplikovano i priliqno zahtevno za nastavnika, prirodno se name�e ideja da je
me�upredmetno povezivaǌe smislenije realizovati u saradǌi sa nastavnikom (kolegom) koji ima
drugaqije inicijalno obrazovaǌe. U skladu sa time, osmixǉen je i realizovan ugledni qas u
Prvoj kragujevaqkoj gimnaziji na temu primene diferencijalnog raquna sa uqenicima 4. razreda
sa posebnim sposobnostima za matematiku. Rexavaǌem pa�ǉivo odabranih zadataka uqenicima je
pru�ena mogu�nost da dodatno prodube i proxire znaǌa iz fizike, ali ujedno i da steknu uvid u
primenu diferencijalnog raquna za rexavaǌe konkretnih problema.

Kǉuqne reqi: uqenici sa posebnim sposobnostima za matematiku; diferencijalni raqun; fizika;
analiza sa algebrom.
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On self-maps of complex flag manifolds
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Abstract. It was conjectured by Glover and Homer that for a complex flag manifold F every endomorphism

φ : H∗(F ;Z) → H∗(F ;Z) is either a grading endomorphism (Adams map) or a projective endomorphism. In this

talk, we present the paper in which we verified this conjecture for a new class of complex flag manifolds, which also

captures all cases for which the conjecture was previously proven to be true. Furthermore, this classification of

endomorphisms enables us to calculate the noncoincidence index for these manifolds, an invariant that generalizes

the fixed-point property.

Keywords: complex flag manifolds; cohomology; fixed-point property.
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Orthogonality on the unit semicircle in the complex plane, Part II: Orthogonal
Laurent-Gegenbauer systems

Gradimir V. Milovanović
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Abstract. This is a continuation of our lecture given last year at 12th Symposium “Mathematics and

Applications”. Let w be a suitable weight function on the open interval (−1, 1), with possible singularities at ±1,

and which can be extended to a holomorphic function z 7→ w(z) in the half disc D+ = {z ∈ C : |z| < 1, Im z > 0}.
One kind of nonstandard orthogonality on the semicircle w.r.t. the complex moment functional L[zk] = µk =∫ π

0
eikθw(eiθ)dθ, k = 0,±1,±2, . . ., can be considered for introducing Laurent orthogonal polynomials (functions)

on the semicircle. In particular, in this lecture we consider the Laurent-Gegenbauer systems on the semicircle,

including the zero distribution and other properties, as well as the corresponding quadratures of Gaussian type

on the Laurent space Λ−n+1,n.

Numerical simulations: application in galactic dynamics

Stanislav Milošević

Matematički fakultet, Studentski trg 16, Belgrade
e-mail: stanislav.milosevic@matf.bg.ac.rs

Abstract. In the standard hierarchical model large, massive galaxies are formed through mergers of smaller

galaxies. In the local universe, we can observe stellar streams, shelves, and other tidal structures formed in

galaxy mergers and disruptions of satellite galaxies in the gravitational potential of their hosts. The timescale

of these events is usually larger than a billion years. To investigate these events and describe the formation of

tidal structures we need to construct N-body models and run numerical simulations. In this work, we present

the way of solving the differential equation of motion of the system of particles influenced by the gravitational

force and implications for describing galactic dynamics.

Keywords: N-body models, galaxy mergers
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DataFlow SuperComputing for BigData DeepAnalytics

Veljko Milutinović

Visiting Professor of the University of Belgrade, Faculty of Mathematics, member of MASA
e-mail: vm@etf.rs

Abstract. This presentation, possibly followed by an on-site or an on-line mini-course or a full-blown course

on DataFlow Programming, analyses the essence of DataFlow SuperComputing, defines its advantages and sheds

light on the related programming model. The stress is on issues of interest for Applications of Mathematics.

The DataFlow paradigm (which itself represents an application of graph theory), compared to the ControlFlow

paradigm, offers: (a) Speedups of at least 10x to 100x and sometimes much more (depends on the algorithmic

characteristics of the most essential loops and the spatial/temporal characteristics of the Big Data Streem, etc.),

(b) Potentials for a better precision (depends on the characteristics of the optimizing compiler and the operating

system, etc.), (c) Power reduction of at least 10x (depends on the clock speed and the internal architecture, etc.),

and (d) Size reduction of well over 10x (depends on the chip implementation and the packiging technology, etc.).

The bigger the data, and the higher the reusability of individual data items (which is typical of ML), the higher

the benefits of the dataflow paradigm over the control flow paradigm. However, the programming paradigm

is different, and has to be mastered. The ongoing research of the speaker has been highly influenced by four

different Nobel Laureates: (a) from Richard Feynman it has been learned that future computing paradigms will

be successful only if the amount of data communications is minimized; (b) from Ilya Prigogine it has been learned

that the entropy of a computing system could be minimized if spatial and temporal data get decoupled; (c) from

Daniel Kahneman it has been learned that the system software should offer options related to approximate

computing; and (d) from Tim Hunt it has been learned that the system software should be able to trade latency

for precision.
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Diferencne jednačine kao jedna klasa dinamičkih jednačina
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Tatjana Bajić
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Apstrakt. Poslednje dve decenije počeo je razvoj teorije dinamičkih jednačina na vremenskim skalama, čija

primena omogućava istovremeno proučavanje funkcija neprekidnog i diskretnog tipa, a samim tim i istovremeno

rešavanje diferencijalnih i diferencnih jednačina. Na taj način se izbegava dvostruko dokazivanje rezultata za

oba tipa jednačina. Osim toga, često se ne može dobiti rešenje kako diferencijalnih tako i diferencnih jednačina

klasičnim metodima, već se to može uraditi na Time Scale. U ovom radu se razmatra Time Scale na skupu celih

brojeva, tj. razmatraju se diferencne jednačine, čija se rešenja dobijaju iz rešenja dinamičkih jednačina u skupu

celih brojeva. Dat je pregled po poglavljima linearnih dinamičkih jednačina prvog reda, drugog reda, dinamičkih

jednačina sa nekonstantnim koeficijentima, Euler-Cauchy-jeva jednačina, zatim, metod redukcije reda jednačina,

faktorizacioni metod.

Ključne reči: Time Scale; dinamičke jednačine; diferencne jednačine.
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Abstract. In this paper, we determine the characteristics of the cost function for a class of single-server

queueing systems with k phases of customer service under FIFO discipline. In stationary mode, the explicit

form of the cost function is obtained and the points at which the function reaches an absolute minimum, are

found. In the rest of the paper, additional sensitivity analysis of the parameters in the cost function is done,

as well as statistical analysis of the parameters. At the end, some conclusions from the conducted analysis are

presented and directions for future research are given through a comparative analysis of different types of service

disciplines.

Keywords: queueing system; k phases; cost function; sensitivity analysis.
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Abstract. Every process of learning (whether it is on a conscious or unconscious level) has its purpose that

can be achieved only when the participants of this process understand what they have learned and become able

to apply gained knowledge in solving new problems. The constructivist way of teaching requires the student’s

activity in researching problems, asking questions, setting up hypotheses, solving problems, collaborating during

the process of teaching and learning not only with teacher but also with other students too. Learning mathematics

through a constructivist approach enables students to build conceptual understanding, independently solve

problems and draw conclusions about the concepts that are being learned. In this paper we will present examples

of the constructivist learning approach to the consideration of the speed problem in physics from a mathematical

point of view.

Keywords: constructivist learning; application of mathematics; speed problem.
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Abstract. The Asymptotic Plateau Problem in the hyperbolic space is the problem of existence of minimal

surfaces with a prescribed Jordan curve as a boundary ”at infinity”. Since the work of Anderson in the 1980s, it

is known to have a solution, which is in general not unique. In this talk, I will present an example of a Jordan

curve bounding uncountably many minimal discs. I will also present some criteria for uniqueness. This is joint

work with Zheng Huang and Ben Lowe.
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Apstrakt. U ovom radu su opisani i implementirani algoritmi linearnih i nelinearnih metoda konjugovanih

gradijenata prema [1] i [2]. Ovi algoritmi se koriste za rešavanje sistema linearnih i nelinearnih jednačina i imaju

primenu u mašinskom učenju. Razmatrani su metod najbržeg spusta, metod konjugovanih pravaca uz Gram-

Šmitov postupak ortogonalizacije, metod konjugovanih gradijenata i metod nelinearnih konjugovanih gradijenata

sa Njutn-Rafsonovom i Flečer-Rivsovom formulom. Svi pomenuti metodi su implementirani u programskom

jeziku Python [3] u okviru Jupyter sveske [4], uz ispis kompletnog postupka. Korǐsćene su biblioteke NumPy

[5] i SymPy [6]. Prikazana je primena pomenutih metoda u rešavanju sistema jednačina Ax = b, gde je A

kvadratna, simetrična, pozitivno-definitna matrica. Ulazni parametri funkcija u okviru kojih su implementirani

metod konjugovanih pravaca i metod konjugovanih gradijenata su matrica A, vektor b i početna vrednost x.

Funkcija u okviru koje je implementiran metod najbržeg spusta, pored prethodno navedenih argumenata, sadrži

i argument koji odred-uje maksimalni broj iteracija. Ulazni parametri funkcije u okviru koje je implementiran

metod nelinearnih konjugovanih gradijenata jesu nelinearna funkcija koju je potrebno minimizovati, početna

vrednost x, maksimalni broj iteracija i maksimalna greška metoda, kao i maksimalni broj iteracija i maksimalna

greška Njutn-Rafsonove formule. Kao izlaz ove funkcije ispisuju kompletan postupak rešavanja korak po korak za

svaku iteraciju algoritama. Razvijeni apleti su jednostavni za rad i ispisuju celokupan postupak izračunavanja,

pa se mogu koristiti u edukativne svrhe.

Ključne reči: metod najbržeg spusta; metod konjugovanih pravaca; metod konjugovanih gradijenata; metod

nelinearnih konjugovanih gradijenata; Jupyter sveske.
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[6] A. Meurer, C. Smith, M. Paprocki, O. Čert́ık, S. B. Kirpichev, M. Rocklin, et al. SymPy: symbolic computing
in Python. PeerJ Computer Science, 2017, vol. 3, p. e103.

57



Simpozijum MATEMATIKA I PRIMENE, Matematiqki fakultet, Univerzitet u Beogradu, 2023, Vol. XIII(1)

Cleaning CMB for Precision Cosmology

Aliza Mustafa

Department of Astronomy, Faculty of Mathematics, University of Belgrade, Studentski trg 16, 11000 Belgrade, Serbia
e-mail: aliza.mustafa@students.uniroma2.eu

Marina Migliaccio

Physics Department, Tor Vergata University of Rome, Via della Ricerca Scientifica 1, 00133 Rome, Italy

e-mail: migliaccio@roma2.infn.it

Alessandro Carones

Physics Department, Tor Vergata University of Rome, Via della Ricerca Scientifica 1, 00133 Rome, Italy

e-mail: alessandro.carones@roma2.infn.it

Bojan Arbutina

Department of Astronomy, Faculty of Mathematics, University of Belgrade, Studentski trg 16, 11000 Belgrade, Serbia
e-mail: arbo@matf.bg.ac.rs

Marko Stalevski

Astronomical Obsrvatory, Volgina 7, 11000 Belgrade, Serbia

e-mail: mstalevski@aob.rs

Simon Prunet
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Abstract. This talk explores the importance of foreground cleaning of Cosmic Microwave Background (CMB)

observations to unlock the Universe’s secrets. I will specifically focus on the extraction of information from CMB

polarization anisotropies, which provide a unique window into the early conditions of the Universe. However,

the primordial signal is obscured by polarized emission from our own Galaxy mainly due to synchrotron and

thermal dust radiation. Accurate characterization of these emissions requires tight control of complex physics

within the Milky Way and upcoming multi-frequency observations will be key to further our understanding of

the involved processes.

In this context, I will show that the Internal Linear Combination (ILC) method enables the separation of the

CMB signal from foreground contamination with minimal assumptions on their properties. This is an extremely

important feature given the uncertainties in the foreground modeling.

Keywords: Cosmic Microwave Background; polarization anisotropies; cleaning techniques; ILC.
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Abstract. Blockchain technology and its applications are among the hottest contemporary directions with,

still, a large number of open challenges. We consider the blockchain pool mining where a pool manager operates

an alliance of the miners in order to jointly perform the blockchain consensus protocol and contribute to the

blockchain ledger updates. In the considered pool mining scenario the pool manager and the miners have certain

opportunities for selection a number of parameters regarding the management and mining scenario, respectively.

This talk shows an approach for selection of these parameters in order to optimize the expected gain of the

parties that jointly work in the system. In the first part of the talk, the architecture of the considered blockchain

system, and the employed consensus protocol are described in a manner suitable for blockchain non-experts.

The second part of the talk is dedicated to an approach for optimization of the pool manager and the miners’

working strategies in order to perform their missions in the system with a desired gain.
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Abstract. Quasar light curves exhibit intrinsic stochastic variability, which in combination with observational

technical limitations, such as frequent observational gaps and irregular cadences, creates significant challenges for

their analysis. To effectively address these challenges, in order to explore quasar underlying physical processes,

the common incorporation of deep learning stands out as a key method for efficiently modeling quasar light

curves. Here, we present our Python package, now available as ”QNPy” on the PyPI platform, which represents a

groundbreaking tool for modeling quasar light curves using meta-learning algorithms which are called conditional

neural processes. We demonstrate the first application of the QNPy Python package on two case-study samples

sourced from the Data Challenge of the LSST AGN Science Collaboration [ 1] and the GAIA space mission.

Keywords: quasars; time series modeling; computational astronomy; deep learning.
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Abstract. A Riemann surface equipped with its conformal hyperbolic metric is parabolic if and only if the

geodesic flow on its unit tangent bundle is ergodic. Let X be a Cantor tree or a blooming Cantor tree Riemann

surface. Fix a geodesic pants decomposition of X and call the boundary geodesics in the decomposition cuffs.

Basmajian, Hakobyan, and Saric proved that if the lengths of cuffs are rapidly converging to zero, then X is

parabolic. More recently, Saric proved a slightly slower convergence of lengths of cuffs to zero implies X is not

parabolic. In the paper, we interpolate between the two rates of convergence of the cuffs to zero and find that

these surfaces are not parabolic, thus completing the picture.

Problem odred-ivanja krivine proizvoljne bilinearne forme na diferencijabilnoj
mnogostrukosti
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Apstrakt. Poznato je da linearna povezanost koja očuvava proizvoljnu bilinearnu formu b na diferencijabilnoj

mnogostrukosti M nije jedinstvena. Razmotrićemo na koje sve načine je moguće odrediti takvu povezanost, koja

bi se mogla iskoristiti za odred-ivanje krivinskog tenzora [ 3]. Zatim ćemo dati osvrt na slučaj bilinearne forme

b = g+ω, gde je g simetrična i nedegenerativna, a ω je kososimetrična bilinearna forma. Tada se radi o uopštenom

Rimanovom prostoru u Ajzenhartovom smislu (M, b = g+ω) i u tom slučaju linearna povezanost se može odrediti

tako da zadovoljava uopštenu Kožulovu formulu. Postavlja se pitanje da li bi pored nedegenerisanosti simetrične

bilinearne forme g bilo korisno uvesti još neke dodatne pretpostavke za b = g + ω i kako bi takve pretpostavke

uticale na povezanosti i na krivinske tenzore date u radovima [ 1, 2]?

Ključne reči: bilinearna forma; linearna povezanost; krivinski tenzor; uopšteni Rimanov prostor.
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Abstract. We will present estimates for spectral norm bounds of the geometric circulant matrices whose

entries are the Chebyshev polynomials of the first and the second kind. Some of the obtained results were verified

by applying them to some known results on matrices involving various integer sequences, such as Fibonacci,

Lucas, Pell and Jacobsthal integer sequences.

Keywords: Chebyshev polynomials, geometric circulant matrix, matrix norms
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Apstrakt. Neka je k proizvoljan kompleksan broj. U ovom radu analiziramo k-cirkularne matrice. To su

matrice koje pripadaju klasi Teplicovih matrica koje karakterǐse osobina da imaju isti element duž glavne dijago-

nale, što važi i za svaku dijagonalu paralelnu glavnoj dijagonali. Analiza je posvećena k-cirkularnim matricama

sa prvim redom (L0, L1, . . . , Ln−1), kao i k-cirkularnim matricama sa prvim redom
(

1
L0

, 1
L1

, . . . , 1
Ln−1

)
, gde je

Ln n-ti Lukasov broj, i to normama (1-norma, ∞-norma, Euklidska i spektralna norma) navedenih matrica. Za

neke od navedenih normi odred̄ene su gornja i donja granica tj. interval u okviru kojih se može naći njihova

vrednost, dok su za neke norme odred̄ene njihove tačne vrednosti. Dobijeni rezultati su ilustrovani primerima.

Ključne reči: k-cirkularne matrice; Lukasovi brojevi; norme matrica.
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Abstract. We present an upgraded version of the QNPy algorithm, which is a publicly available algorithm for

quasar light curve deep learning modelling. The algorithm is augmented with a procedure for the stratification of

quasar light curves based on diverse topological features including changes in gradient, cadence gaps, ridges, etc,

By effectively clustering light curves in distinct sets, our QNPy algorithm could better capture more nuanced

behaviors in the quasar light curves.

At the core of this enhancement is the integration of an improved clustering mechanism based on Self

Organizing Maps (SOMs). SOMs utilize a competitive unsupervised algorithm for effective dimensionality

reduction and clustering, making them well-suited for application on large and uneven astronomical datasets.

We present the application of our algorithm to quasar light curves in the LSST AGN Data Challenge and the

variability analysis of the detected clusters.

Additionally, we discuss the implementation of Attentive Conditional Neural Processes in our QNPy code.

The addition of attentive mechanisms allows the processes to prioritize temporal connections in the light curve,

thus enhancing the capability to model and interpret the complex dynamics of quasar light curves.

Keywords: Quasars; Clustering with Self Organizing Maps; Legacy Survey of Space and Time; Neural

Processes
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Abstract. Time domain variability of quasars provides important insights into the processes occurring in

the surrounding environment of active supermassive black holes (SMBH) residing in the quasar’s core. It is

anticipated that the synergy between large time-domain surveys and upcoming gravitational wave observatories

could facilitate the detection of close binary (subparsec) SMBH, even a few years before they merge. Such

binary systems are expected to emit a ’tick-tock’ electromagnetic signal – a sinusoid with damped amplitude

and frequency – which has been elusive to detect. In this context, we experiment with Bayesian modeling

of artificially simulated quasar light curves, incorporating various cadences and containing distinct ’tick-tock’

signals.

Our statistical inference approach uses nested sampling and Gaussian process regression to construct detailed

probabilistic models of quasar variability. By modeling a synthetic light curve that combines red noise with the

aforementioned ’tick-tock’ signal, we demonstrate the potential for detecting the signatures of close-to-merging

binary SMBH. The hyperparameters of a combined kernel are inferred using the dynesty algorithm, offering a

more accurate fit and a lower marginal log-likelihood than traditional Hamiltonian Monte Carlo (HMC) inference

methods.

Keywords: Quasar variability; Nested Sampling; Gaussian Processes
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Rana inicijalizacija konteksta Java virtuelne mašine
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Apstrakt. Virtuelne mašine su zbog svojih mnogobrojnih prednosti široko rasprostranjen medijum za

izvršavanje programa. Na primer, koriste ih neki od najpopularnijih programskih jezika (Java, JavaScript).

Za razliku od kompilacije unapred (AOT ), virtuelne mašine koriste kompilaciju ,,u trenutku” (JIT ) [ 1].

Stoga pokretanje programa zahteva i pokretanje nove instance (konteksta) virtuelne mašine, kao i ponovnu

inicijalizaciju radnog okvira virtuelne mašine. Na primer, pokretanje Java virtuelne mašine (JVM ) podrazumeva

učitavanje i inicijalizaciju oko hiljadu klasa Java okvira za razvoj (JDK ) pre klasa samog programa, što povlači

nezanemarljivo vreme inicijalizacije čak i za jednostavne programe.

U ovom izlaganju biće predstavljena implementirana rana inicijalizacija konteksta JVM, omogućena

revolucionarnom platformom GraalVM [ 2] i posebnom implementacijom JVM pod nazivom Espresso [ 3].

Modifikovan je proces kompilacije virtuelne mašine Espresso dodavanjem podrške za inicijalizaciju konteksta

koristeći platformu GraalVM. Implementirano je obogaćivanje konteksta meta-podacima koji se koriste prilikom

učitavanja JDK okvira. Takav kontekst se onda koristi kao domaćin za izvršavanje programa, smanjujući vreme

inicijalizacije od 24% do 47%, u zavisnosti od verzije specifikacije JVM. Biće prikazani rezultati implementirane

rane inicijalizacije konteksta na moderne Java aplikacije, i biće pokazano da ona može doprineti i značajnom

smanjenju ukupnog vremena izvršavanja programa.

Ključne reči: Java virtualna mašina; GraalVM; Espresso; Inicijalizacija JVM
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Vanishing Carleson measures for weighted harmonic mixed-norm spaces
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Abstract. We characterize Carleson measures for weighted harmonic mixed norm spaces Bp,q
α (Ω) of harmonic

functions on smoothly bounded domains in Rn for a certain range of parameters p, q and α, which is an extension

of earlier characterization obtained in [ 1]. Also, we characterize vanishing Carleson measures for these spaces. We

give necessary and sufficient condition on measure µ for the embedding Bp,q
α (Ω) ↪→ Lp,q(Ω, dµ) to be compact,

in terms of corresponding averaging function. The talk is based on joint work with Miloš Arsenović.

Keywords: vanishing Carleson measures; weighted mixed norm spaces; harmonic functions.
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Smaǌivaǌe veliqine izvrxive datoteke kompresijom koda
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Apstrakt. Jedan od osnovnih ciǉeva kompilatora GraalV M Native Image [ 1] za jezike zasnovane
na Javinom bajt kodu je efikasno izvrxavaǌe Java aplikacija u oblaku [ 2]. U okviru izlagaǌa
predstavi�emo optimizaciju koju razvijamo u okviru ovog kompilatora a koja ima za ciǉ smaǌivaǌe
veliqine izvrxive datoteke uz minimalan uticaj na brzinu izvrxavaǌa aplikacije.

Optimizacija se zasniva na opa�aǌu da mali procenat ukupnog koda jedne Java aplikacije
predstavǉa suxtinsku logiku aplikacije i taj deo koda se qesto izvrxava tokom �ivotnog veka
aplikacije, dok najve�i deo koda obra�uje specijalne sluqajeve i grexke i izvrxava se ponekad.
Pra�eǌem rada aplikacije (prikupǉaǌem profila) mo�emo dobiti podatke o izvrxavaǌu na osnovu
kojih mo�emo podeliti kôd aplikacije na kôd koji se qesto izvrxava i kôd koji se retko izvrxava
(hladan kôd). Na osnovu prikupǉenih profila, izdvajamo hladan kôd i ǌegove prate�e podatke u
zasebenu sekciju koju u izvrxivoj datoteci quvamo u kompresovanom formatu. Hladan kôd �emo tokom
izvrxavaǌa aplikacije po potrebi dekompresovati i instalirati vode�i raquna da to minimalno
utiqe na brzinu izvrxavaǌa programa. Na ovaj naqin omogu�avamo smaǌivaǌe ukupne veliqine
izvrxive datoteke u proseku za 40%. Time ubrzavamo ǌeno uqitavaǌe u memoriju, zapoqiǌaǌe
izvrxavaǌa i prenos preko mre�e, xto direktno utiqe i na smaǌeǌe cene servisa koji se izvrxavaju
u oblaku.

Kǉuqne reqi: Kompajleri; Optimizacije; Programiraǌe u oblaku

Bibliografija

[1] Oracle Labs. GraalVM Native Image. https://www.graalvm.org/. 2023.
[2] C. Wimmer, C. Stancu, P. Hofer, V. Jovanovic, P. Wögerer, Peter B, T. Würthinger, et al. Initialize
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Metoda promenljivih okolina za rešavanje jedne varijante problema p-hab
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Zorica Stanimirović
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Apstrakt. Razmatran je problem p-hab maksimalnog pokrivanja neograničenih kapaciteta sa jednostrukim

alokacijama (engl. Uncapacitated Single Allocation p-hub Maximal Covering Problem - USApHMCP) i binarnim

konceptom pokrivanja. Cilj USApHMCP je odred̄ivanje optimalnih lokacija za uspostavljanje tačno p habova,

tako da se maksimizuje ukupan protok po svim pokrivenim parovima snabdevač-korisnik. U slučaju binarnog

pokrivanja, par korisnik-snabdevač se smatra pokrivenim ukoliko cena transporta od čvora-snabdevača do

čvora-korisnika nije veća od unapred zadate maksimalne vrednosti (radijusa pokrivanja). Razvijene su dve

varijante opšte metode promenljivih okolina (engl. General Variable Neighborhood Search - GVNS) za rešavanje

USApHMCP. Predložene varijante GVNS metode koriste različite procedure u fazi pobolǰsanja rešenja:

sekvencijalnu metodu promenljivog spusta (engl. Sequential Variable Neighborhood Descent) i ugnježdenu metodu

promenljivog spusta (engl. Nested Variable Neighborhood Descent). Uticaj ovih procedura pobolǰsanja ispitan je

kroz testiranja na instancama problema koje uključuju do 200 čvorova. Dobijeni rezultati testiranja obe varijante

GVNS metode ukazuju da njihovu efikasnost u pogledu kvaliteta rešenja i brzine izvršavanja, kao i superiornost

u odnosu na postojeće metode iz literature.

Ključne reči: problem p-hab maksimalnog pokrivanja; binarno pokrivanje; opšta metoda promenljivih

okolina, metoda promenljivog spusta.
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Značaj i mogućnosti Chat GPT-a u procesu učenja
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Apstrakt. Razvoj veštačke inteligencije doveo je do pojave novih alata koji mogu da rešavaju odred̄ene

matematičke probleme. Jedan od takvih alata je Chat GPT koji kreirao Open AI i koji podržava komunikaciju

na najmanje 95 jezika [1]. Ovaj sistem prirodne obrade jezika (NLP) bazira se na modelu dubokog učenja zbog

čega njegove performanse zavise od skupa podataka na kojem je treniran i mogu da rezultiraju varijabilitetom

dobijenih odgovora u zavisnosti od odabranog jezika komunikacije [1, 2, 3]. U ovom radu proučavan je

varijabilitet dobijenih odgovora prilikom odred̄ivanja izvoda funkcije u zavisnosti od jezika. Komunikacija se

obavljala na pet različitih jezika (na srpskom, engleskom, ruskom, nemačkom i francuskom jeziku), a zbog šire

dostupnosti korǐsćena je verzija Chat GPT 3.5. Rad ukazuje na mogućnost primene veštačke inteligencije u

nastavi matematike u cilju ostvarivanja korelacije sa nastavom stranog jezika, a u smeru razvoja

med̄upredmetnih kompetencija učenika (studenata).

Ključne reči: Chat GPT; izvod funkcije; nastava matematike
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Coupon collector problem with universal coupon - properties and some bounds
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Abstract. The basic coupon collector problem has many modifications and generalizations. One line of

generalizations are obtained by changing the goal of the collection process. Another line of generalizations is

obtained by introducing additional coupons with special purposes. We consider a generalization of the coupon

collector problem with unequal probabilities, such that there are two additional coupons in the coupon set: one

that speeds up the coupon collection process, and the one that slows it down. We derive some upper and lower

bounds on the distribution function of the waiting time until a subcollection or a full collection of coupons is

sampled.

Keywords: coupon collector problem; waiting time; universal coupon; Schur-convexity; bounds.
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Osnovna metoda promenljivih okolina u ulozi rešavanja problema konkurentnosti na
tržǐstu
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Apstrakt. Ukrštanjem znanja iz oblasti teorije igara, heurističkih metoda matematičke optimizacije, ali i

ekonomskih postulata moguće je rešiti praktičan problem konkurentnosti na tržǐstu. U okviru ekonomskih

istraživanja opšte je poznato da je konkurencija jedan od osnovnih postulata tržǐsne ekonomije. Što je

konkurencija na tržǐstu veća, učesnici ulažu vǐse, koriguju cenovnu politiku i krajnjim korisnicima usluge

postaju dostupnije.

Ako konkurentnost na tržǐstu posmatramo kao igru u kojoj odred̄ena kompanija želi da postane učesnik

na tržǐstu, Mladenovićeva i Hansenova Osnovna metoda promenljivih okolina može pomoći kompaniji da se

odluči koje korake da preduzme kako bi njen uspeh bio zagarantovan. Rešava se specifični lokacijiski problem u

kojem postoje dve kompanije na tržǐstu sa željom da uspostave odred̄ene objekte, tako da mudro izaberu lokacije i

kapacitete navedenih objekata, maksimizujući svoj profit, ali uzimajući u obzir i konkurenciju na tržǐstu. Metoda

promenljivih okolina bazirana je na iterativnom pobolǰsanju jednog rešenja x i pretraživanju t različitih okolina

Nt(x) tog rešenja. Osnovna ideja ovog algoritma jeste sistemska promena unapred definisanih okolina, koje se

pretražuju sa ciljem izbegavanja zaglavljivanja algoritma u lokalni optimum.

Ključne reči: osnovna metoda promenljivih okolina; lokacijski problem sa nadmetanjem; teorija igara;

memetski algoritam; heuristika.

Bibliografija

[1] A. Rahbari, S. Farahmand, M. M. Nasiri, V. Mahmoodian. A modifed genetic algorithm for the capacitated
competitive facility location problem with the partial demand satisfaction. Computers and Industrial
Engineering, 2018.
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Apstrakt.
Rexavaǌe kombinatornih i logiqko-kombinatornih zadataka u nastavi matematike znaqajno utiqe

na razvoj stvaralaqkog mixǉeǌa, sistematiqnosti i pravilnog logiqkog zakǉuqivaǌa kod uqenika.
Nastava matematike, xto kroz redovan xkolski rad, xto kroz kvalitetan dodatni rad, mo�e

znaqajno da doprinese usvajaǌu kombinatornih koncepata, qime se podstiqe razvoj vextina pravǉeǌa
kvalitetnih analiza i procena neophodnih za �ivot u savremenom druxtvu.

Teme iz oblasti kombinatorike se eksplicitno skoro i ne izuqavaju u programu redovne
nastave matematike u osnovnoj xkoli, dok su u nastavnim programima matematike u sredǌim
xkolama zastupǉene. U programima dodatne nastave i priprema za takmiqeǌa kombinatorne teme
zauzimaju znaqajno mesto.

Uz osvrt na najznaqajnije kombinatorne sadr�aje zastupǉene u nastavnim programima, bi�e
analizirane i adekvatne metode za rexavaǌe problema, pogodne za primenu u nastavi.

Kǉuqne reqi: kombinatorika; nastava; logika.
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Abstract. When teaching statistics we often refer to several notions of mean, such as arithmetic, geometric,

harmonic and power mean. The question appears what is actually a mean? Making use of algebraic classification

of basic physical quantities like: road distance, speed and acceleration we will show which mean is proper to

each of the mentioned quantity.

Keywords: algebraic mean; geometric mean; harmonic mean.
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Abstract. There has been a considerable recent interest in measuring dependence by employing the concept

of distance covariance function, a new and appealing measure of dependence for random variables. This tool

has been recently extended to time series analysis but since then a limited number of works are discussing its

properties. Distance covariance and its normalized form, the so-called distance correlation can identify interesting

links among the data, whereas the traditional correlation coefficient cannot unless the data are Gaussian and/or

linearly related. We extend the notion of distance covariance to multivariate time series by defining its matrix

version. The information contained in this matrix is useful for identifying any possible relationships within and

between the time series components. Based on this new concept, we introduce a multivariate Ljung-Box type

test statistic with an increasing number of lags, suitable for testing independence.

Keywords: Characteristic function; Correlation; Stationarity; U-statistic;Wild bootstrap.

74



Simpozijum MATEMATIKA I PRIMENE, Matematiqki fakultet, Univerzitet u Beogradu, 2023, Vol. XIII(1)

The Bulgarian experience in international mathematical competitions

Stanislav Harizanov

Institute of Mathematics and Informatics, Bulgarian Academy of Sciences
“Acad. Georgi Bonchev” Str. Block 8, 1113 Sofia, Bulgaria

e-mail: sharizanov@math.bas.bg

Peter Boyvalenkov

Institute of Mathematics and Informatics, Bulgarian Academy of Sciences

“Acad. Georgi Bonchev” Str. Block 8, 1113 Sofia, Bulgaria
e-mail: peter@math.bas.bg

Abstract. Bulgaria has always been among the pioneers regarding foundation and organization of

International Mathematical Competitions. It has participated in the all 64 editions of the International

Mathematical Olympiad (IMO) so far. Bulgarian students have won 57 golds, 127 silvers, and 119 bronzes,

while Bulgaria was twice an organizer. This talk is devoted to the various stages of the Bulgarian IMO team

selection and preparation, as well as the additional activities that the Union of Bulgarian Mathematicians

(UBM), the Institute of Mathematics and Informatics (IMI-BAS), and the Leaders of the Bulgarian team

became engaged with through the years.

One of the key factors for the traditionally solid results of the Bulgarian students is the active role of IMI-

BAS, which provides a priceless bridge between high-school math competitions and academia, as well as between

problems of Mathematical research and competitions. For more than 50 years, the Bulgarian IMO leader has

always been an employee of IMI-BAS. Most of the authors of national competition problems and lecturers at

training camps are renowned Bulgarian mathematicians. And vice versa, the last two Bulgarian IMO leaders

are now the director of IMI-BAS, respectively the UBM president. This synergy will be also analysed.

Keywords: International Mathematical Competitions; Bulgarian participation; IMI-BAS.
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Abstract. In many diverse scientific fields, the measurements are directions. In the two-dimensional case,

directions can be represented as points on the circumference of a unit circle centered at the origin or as unit

vectors connecting the origin to these points, named circular data. The numerical representation of circular data

as an angle or a unit vector is not necessarily unique, because of that many of the usual linear techniques and

measures are often misleading. In this regard, we propose a new class of tests whose test statistic is the distance

correlation coefficient based on energy distance. Also, we propose two generalizations based on kernel functions.

For all test statistics, asymptotic properties are obtained and an empirical study is conducted.

Keywords: a−energy; distance correlation; circular data; kernel function.
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Poissonove formule za domene u Rn i granično ponašanje u matematičkoj analizi te
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Apstrakt. Puassonova formula za ograničene domene u Rn predstavlja ključni alat u matematičkoj analizi

i teoriji vjerojatnosti. Ovaj rad istražuje njezinu primjenu u analizi graničnog ponašanja funkcija unutar

definiranih domena. Implementacija numeričkih metoda u Pythonu omogućuje simulaciju rješenja, što pruža

uvid u kompleksna matematička pitanja. Ovaj rad se fokusira na primjenu Puassonove formule u matematičkoj

analizi i teoriji vjerojatnosti, posebno kada je riječ o ograničenim domenama u vǐsedimenzijskom prostoru Rn.

Puassonova formula je ključni alat koji omogućuje proučavanje vjerojatnosti dogad̄aja u takvim ograničenim

područjima. Specifično, istraživanje se usmjerava na analizu graničnog ponašanja funkcija unutar jasno

definiranih domena pomoću Puassonove formule. Kroz korǐstenje numeričkih metoda implementiranih u

programskom jeziku Python, rad omogućuje simulaciju rješenja. Ova simulacija pruža dublji uvid u

kompleksna matematička pitanja koja se pojavljuju u kontekstu ograničenih domena u vǐsedimenzijskom

prostoru. Implementacija numeričkih metoda u Pythonu dodatno olakšava analizu i istraživanje, omogućujući

pristup rješenjima na način koji olakšava razumijevanje i interpretaciju rezultata.

Ključne reči: Puassonova formula Rn, ograničene domene, numerička simulacija, Python.
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Uloga matematičkog modela u simulacijskom prelazu sa 5g na 6g mrezu
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Apstrakt. U ovom radu istražujemo ključnu ulogu matematičkih modela u simulanju tranzicije izmed̄u 5G

i 6G mreža. Fokusiramo se na razvoj i primenu matematičkih modela kako bismo bolje razumeli performanse,

efikasnost i izazove povezane sa ovim evolutivnim korakom u bežičnim komunikacijama. Kroz detaljnu analizu,

identifikujemo ključne parametre i promenljive koje utiču na prelazak izmed̄u ovih generacija mreža. Poseban

naglasak stavljen je na optimizaciju resursa, latenciju i kapacitet mreže uz pomoć matematičkih alata. Ova

istraživanja doprinose boljem razumevanju kako matematički modeli mogu unaprediti proces implementacije

6G mreža.U radu takod̄e istražujemo važnost validacije matematičkih modela kroz stvarne simulacije kako

bismo potvrdili njihovu tačnost i prediktivnu moć u realnim uslovima. Proučavamo kako ovi modeli mogu

efikasno predvid̄ati ponašanje mreže u različitim scenarijima opterećenja i promenljivim okolnostima. Takod̄e

istražujemo adaptivne strategije koje se mogu implementirati pomoću matematičkih modela radi optimizacije

mrežnih performansi tokom dinamičnih uslova. Kroz sve ovo, cilj nam je pružiti dublje uvide u ulogu

matematičkih modela u olakšavanju bezbedne, efikasne i brze tranzicije ka 6G mrežama.

Ključne reči: 5g/6g, matematički modeli, simulacija, bežične komunikacije, optimizacija mrežnih resursa.
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Apstrakt. Algoritmi obilaska grafa u xirinu (BFS) i dubinu (DFS) rade u linearnoj
vremenskoj slo�enosti O(|V | + |E|), gde je sa V oznaqen skup qvorova a sa E skup grana grafa.
Me�utim, konkretno vreme izvrxavaǌa, kao i dodatni memorijski prostor koji algoritmi BFS i
DFS zahtevaju se mogu razlikovati. Kako kompilatori obilaze veliki broj grafova kontrole toka
prilikom procesa prevo�eǌa, odabir adekvatnog algoritma obilaska ovih grafova mo�e ubrzati
vreme prevo�eǌa.

U ovom radu bi�e prikazani rezultati analize ponaxaǌa algoritama obilaska grafova kontrole
toka izabranih referentnih programa [ 1, 2] pisanih na razliqitim programskim jezicima (Java i
Skala). Za dobijaǌe grafova je iskorix�en kompilator Graal [ 3]. Rezultati pokazuju da sa porastom
broja qvorova u grafu raste i razlika iskorix�enosti memorije ova dva algoritma, gde algoritam
BFS troxi i do 60% maǌe memorije nego algoritam DFS. Sliqan trend uoqen je i prilikom mereǌa
vremena izvrxavaǌa algoritama, gde algoritam BFS u proseku ostvaruje 50% boǉe performanse u
pore�eǌu sa algoritmom DFS. Dodatno, u ovom radu identifikovali smo i grafove na kojima je
izvrxavaǌe algoritma DFS i do 50% br�e nego izvrxavaǌe algoritma BFS, xto otvara prostor za
konstruisaǌe efikasnijeg algoritma obilaska grafova kontrole toka programa, tj. algoritma koji
na osnovu lokalnih karakteristika grafa odluquje na koji naqin najefikasnije da nastavi obilazak.

Kǉuqne reqi: Kompilatori; Kompilator Graal; Algoritmi obilaska grafova; Graf kontrole
toka;
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A parametrization of finite area holomorphic quadratic differentials on infinite
Riemann surfaces
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Abstract.

A Riemann surface X is infinite if its fundamental group is not finitely generated. A fundamental object

in the study of infinite Riemann surfaces and their Teichmüller spaces are finite area holomorphic quadratic

differentials. We obtained that the Brownian motion on a Riemann surface X is recurrent iff almost every

horizontal leaf of every finite area holomorphic quadratic differential is recurrent. Moreover, when X satisfies

the above, we proved that the single-cylinder holomorphic quadratic differentials (Jenkins-Strebel differentials)

are dense among all quadratic differentials and that the Teichmuller metric on the Teichmüller space T (X) of

X is given in terms of the extremal lengths of simple closed curves (Kerckhoff’s formula).

In this talk, we will describe a parametrization of the space of finite area holomorphic quadratic differentials

in terms of the weights on train tracks. As an application, we will prove that the Brownian motion on a Riemann

surface with bounded pants decomposition and an at most countably many topological ends is recurrent.

Keywords: Riemann surface, Jenkins-Strebel differentials, Teichmuller metric, Brownian motion
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Nejednakosti u geometriji
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e-mail: asebekovic@np.ac.rs

Enes Kačapor
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Apstrakt. Zadaci iz geometrije vrlo često predstavljaju veliki problem, kako u nastavi matematike, tako i na

takmičenjima različitih nivoa. U ovom radu dajemo pregled nekih neobičnih planimetrijskih i stereometrijskih

nejednakosti, kao i mogućnosti njihovih primena za rešavanje raznih zadataka iz geometrije.

Ključne reči: geometrija; planimetrija; stereometrija.
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10:00 – 10:20 
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Nevena Mijajlović, Faculty of Science and Mathematics, University of Montenegro 

“An Optimization Approach for Certain Public Blockchain Pool Mining Scenario” 
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Председавајући: Милош Арсеновић 

12:30 – 13:00  (online) 
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“Auto-Distance Covariance Function for Time Series Analysis” 
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Veljko Milutinović, Visiting Professor of the University of Belgrade, Faculty of Mathematics, 
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“DataFlow SuperComputing for BigData DeepAnalytics” 
 

 

17:00 Коктел 
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“Hardy and Littlewood theorem in a general setting” 
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Oleksandr Dovhopiatyi, Zhytomyr Ivan Franko State University, Ukraine   

Evgeny Sevost’yanov, Zhytomyr Ivan Franko State University / Institute of 

Applied Mathematics and Mechanics of NAS of Ukraine, Slov’yans’k, Ukraine   

“On Beltrami equations with inverse conditions and hydrodynamic normalization” 

10:50 – 11:10   

Jelena Gajić, Faculty of Natural Sciences and Mathematics, University of Banja Luka 

“Schwarz-Pick lemma for (α, β)-harmonic functions in the unit disc” 

11:10 – 11:30  (online) 

Adel Khalfallah, Department of Mathematics and Statistics, King Fahd University of Petroleum 

and Minerals, Saudi Arabia 

Miodrag Mateljević, University of Belgrade, Faculty of Mathematics / Serbian Academy of 

Sciences and Arts    

“Norm estimates of the first partial derivatives of generalized harmonic functions” 

11:30 – 11:50  (online) 

Józef Zając, The University College of Applied Sciences in Chełm, Poland   

“Harmonic mappings in technical designs”  

11:50 – 12:10   

Anton Gjokaj, Faculty of Natural Sciences and Mathematics, University of Montenegro  

“Holder and Lipschitz continuity of quasiconformal harmonic mappings in space” 

 

 

Пауза за кафу и освежење 12:10 – 12:30 
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Други део: 12:30 – 14:30 

 

Председавајући: Миљан Кнежевић 

12:30 – 12:50 

Petar Marković, Department of Mathematics and Informatics, Faculty of Science, University of 

Novi Sad 

“The Constraint Satisfaction Problem Dichotomy Conjecture: History, Proofs and 

Generalizations” 

12:50 – 13:10 

Nevena Mijajlović, Faculty of Science and Mathematics, University of Montenegro 

Milojica Jaćimović, Montenegrin Academy of Sciences and Arts, Podgorica, Montenegro 

“Strong convergence theorems for general quasi-variational inequalities using high-order 

approximation methods” 

13:10 – 13:30 

Ivan Limonchenko, Mathematical Institute of the Serbian Academy of Sciences and Arts  

“Polyhedral products: new results, problems, and applications” 

13:30 – 13:50 

Marko Pešović, University of Belgrade, Faculty of Civil Engineering 

Zoran Pucanović, University of Belgrade, Faculty of Civil Engineering 

“With the Chebyshev polynomials through geometric circulant matrices” 

13:50 – 14:10 

Драган Ђокић, Универзитет у Београду, Математички факултет 

„Закон троструког реципроцитета за твистован други момент Дирихлеових L-

функција над рационалним функцијским пољима” 

14:10 – 14:30   

Ilija Vrećica, University of Belgrade, Faculty of Mathematics 

“An introduction to sumsets” 

 

Пауза за кафу и освежење 14:30 – 15:00 

 

Трећи део: 15:00 – 16:40 

 

Председавајући: Маријан Марковић 

15:00 – 15:20 

Miodrag Mateljević, Serbian Academy of Sciences and Arts  

Nikola Mutavdžić, Mathematical Institute SANU 

Adel Khalfallah, Department of Mathematics and Statistics, King Fahd University of Petroleum 

and Minerals, Saudi Arabia 

“Lipschitz Continuity for Harmonic Functions and Solutions of the 𝜶-Poisson Equation” 

15:20 – 15:40  (online) 

Michael Pandazis, Graduate Center, The City University of New York (CUNY), USA 

“Non-ergodicity of the geodesic flow on Cantor tree surfaces” 

15:40 – 16:00 

Ivana Savković, Faculty of Mechanical Engineering, University of Banja Luka 

“Vanishing Carleson measures for weighted harmonic mixed-norm spaces” 

16:00 – 16:20 

Miloš Arsenović, University of Belgrade, Faculty of Mathematics 

Ivana Savković, Faculty of Mechanical Engineering, University of Banja Luka 

“Bounded and Compact Toeplitz operators on Harmonic Mixed-Norm Spaces” 

16:20 – 16:40 

Катарина Лукић, Универзитет у Београду, Математички факултет 

„О постојању алгебарског тензора кривине за дате Јакобијеве операторе” 
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http://simpozijum.math.rs/s2023/Limonchenko.pdf
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http://simpozijum.math.rs/s2023/dragan_djokic_apstrakt_trostruki_reciprocitet.pdf
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http://simpozijum.math.rs/s2023/Trinaesti%20simpozijum%20-%20apstrakt.pdf
http://simpozijum.math.rs/s2023/NikolaMutavdzicXIIISymp.pdf
http://simpozijum.math.rs/s2023/MPandazis.pdf
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http://simpozijum.math.rs/s2023/TeplicAbstract.pdf
http://simpozijum.math.rs/s2023/Katarina_Lukic_O_postojanju_R_za_date_J.pdf
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I СЕКЦИЈА: МАТЕМАТИКА И ПРИМЕНЕ ДАНАС 

15:00 – 16:40 САТИ, САЛА БИМ/IV 

 

Председавајући: Јелена Катић 
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Милош З. Петровић, Универзитет у Нишу, Пољопривредни факултет у Крушевцу 

„Проблем одређивања кривине произвољне билинеарне форме на диференцијабилној 

многострукости” 

15:20 – 15:40 

Maša Đorić, Mathematical Institute SANU  

Jelena Katić, University of Belgrade, Faculty of Mathematics 

Bojana Lasković  

“On polynomial entropy of induced maps on symmetric products” 

15:40 – 16:00  (online) 

Beata Fałda, The University College of Applied Sciences in Chełm, Poland 

“Algebraic features of the means classification” 

16:00 – 16:20 

Биљана Радичић, Универзитет Сингидунум 

„О нормама k-циркуларних матрица са Лукасовим бројевима” 

16:20 – 16:40 

Matej Milićević, University of Belgrade, Faculty of Mathematics 

Marko Radovanović, University of Belgrade, Faculty of Mathematics 

“On self-maps of complex flag manifolds” 

 

  

http://simpozijum.math.rs/s2023/MPetrovic.pdf
http://simpozijum.math.rs/s2023/MPetrovic.pdf
http://simpozijum.math.rs/s2023/djoric_katic_laskovic.pdf
http://simpozijum.math.rs/s2023/BF-abstract.pdf
http://simpozijum.math.rs/s2023/Apstrakt%20-%20XIII%20simpozijum.%20MF,%20BG.pdf
http://simpozijum.math.rs/s2023/milicevic_radovanovic.pdf
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I СЕКЦИЈА: МАТЕМАТИКА И ПРИМЕНЕ ДАНАС 

10:00 – 16:40 САТИ, САЛА РЛАБ/IV 

 

 

Први део: 10:00 – 12:10 

 

Председавајући: Сана Стојановић Ђурђевић 

10:00 – 10:25 

Зорица Станимировић, Универзитет у Београду, Математички факултет 

Оливера Станчић, Универзитет у Крагујевцу, Економски факултет 

„Метода променљивих околина за решавање једне варијанте проблема p-хаб 

максималног покривања” 

10:25 – 10:50   

Dragana Ilić, University of Belgrade, Faculty of Mathematics 
Anđelka B. Kovačević, University of Belgrade, Faculty of Mathematics 

Luka Č. Popović, Astronomical Observatory Belgrade / University of Belgrade, 
Faculty of Mathematics 

Maša Lakićević, Astronomical Observatory Belgrade 

“Bringing new dimensions to active galactic nuclei (AGN) studies with the Legacy Survey of 

Space and Time (LSST)” 

10:50 – 11:10 

Stanislav Milošević, University of Belgrade, Faculty of Mathematics 

“Numerical simulations: application in galactic dynamics” 

11:10 – 11:30 

Милан Банковић, Универзитет у Београду, Математички факултет 

Весна Маринковић, Универзитет у Београду, Математички факултет 

„Аутоматско решавање конструктивних проблема у геометрији” 

11:30 – 11:50 

Јована Томић, Народна банка Србије 

„Основна метода променљивих околина у улози решавања проблема конкурентности 

на тржишту” 

11:50 – 12:10 

Милан Чугуровић, Иван Ристовић, Страхиња Станојевић, Марко Спасић, Весна 

Маринковић, Милена Вујошевић Јаничић: Универзитет у Београду, Математички 

факултет 

„Компаративна анализа алгоритама обиласка графова контроле тока” 

 

 

Пауза за кафу и освежење 12:10 – 12:30 

 

 

Други део: 12:30 – 14:30 
 

Председавајући: Марко Обрадовић 

12:30 – 12:50 

Marija Cuparić, University of Belgrade, Faculty of Mathematics 

Bruno Ebner, Karlsruhe Institute of Technology, Germany 

Bojana Milošević, University of Belgrade, Faculty of Mathematics 

“Independence tests for circular data” 

http://simpozijum.math.rs/s2023/p-HMCP.pdf
http://simpozijum.math.rs/s2023/p-HMCP.pdf
http://simpozijum.math.rs/s2023/Ilic_2023.pdf
http://simpozijum.math.rs/s2023/Ilic_2023.pdf
http://simpozijum.math.rs/s2023/StanislavMilosevic_abstract.pdf
http://simpozijum.math.rs/s2023/apstract.pdf
http://simpozijum.math.rs/s2023/Apstrakt_Jovana_Tomic_XIII%20Simpozijum%20Matematika%20i%20primene.pdf
http://simpozijum.math.rs/s2023/Apstrakt_Jovana_Tomic_XIII%20Simpozijum%20Matematika%20i%20primene.pdf
http://simpozijum.math.rs/s2023/Komparativna%20analiza%20algoritama%20obilaska%20graf%D0%BEva%20kontrole%20toka.pdf
http://simpozijum.math.rs/s2023/MCupari%C4%87.pdf
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12:50 – 13:10 

Radoslav Galić, Elektrotehnički fakultet Osijek   

Elvir Čajić, Osnovna škola Prokosovići Lukavac / Ekonomsko-hemijska škola Lukavac  

Zvezdan Stojanović, Evropski Univerzitet Brčko Distrikt  

Dario Galić, Elektrotehnički fakultet Osijek  

„Stohastičke metode u veštačkoj inteligenciji” 

13:10 – 13:30 

Bojana Todić, University of Belgrade, Faculty of Mathematics 

Jelena Jocković, University of Belgrade, Faculty of Mathematics 

“Coupon collector problem with universal coupon - properties and some bounds” 

13:30 – 13:50 

Кристина Матовић, Универзитет у Београду, Математички факултет 

Бојана Милошевић, Универзитет у Београду, Математички факултет 

„Примена диференцијалне приватности на агрегиране временске серије” 

13:50 – 14:10 

Danijel Aleksić, University of Belgrade, Faculty of Organizational Sciences / University of 

Belgrade, Faculty of Mathematics 

“U-statistics-based approach for testing the MCAR assumption” 

14:10 – 14:30 

Žikica Lukić, University of Belgrade, Faculty of Mathematics  

Bojana Milošević, University of Belgrade, Faculty of Mathematics 

“On Recent Developments in Change Point Analysis using Integral Transforms” 

 

ПАУЗА за кафу и освежење 14:30 – 15:00 

 

Трећи део: 15:00 – 16:40 

 

Председавајући: Зорица Дражић 

15:00 – 15:20 

Кристина Костић, Универзитет у Београду, Математички факултет 

Тамара Коледин, Универзитет у Београду, Електротехнички факултет 

Зоран Станић, Универзитет у Београду, Математички факултет  

„GraphEbra - интерактивна, кориснички оријентисана, веб апликација за рад са 

графовима” 

15:20 – 15:40 

Марко Спасић, Универзитет у Београду, Математички факултет 

Милена Вујошевић Јаничић, Универзитет у Београду, Математички факултет 

„Смањивање величинe извршиве датотеке компресијом кода” 

15:40 – 16:00 

Атиф Авдовић, Департман за природно-математичке науке, Државни универзитет у 

Новом Пазару  

Ерсин Гилић, Департман за природно-математичке науке, Државни универзитет у Новом 

Пазару  

Зоран Видовић, Универзитет у Београду, Факултет за образовање учитеља и васпитача 

„Методички приступи интерпретације p-вредности статистичких тестова” 

16:00 – 16:20 

Иван Ристовић, Универзитет у Београду, Математички факултет 

„Рана иницијализација контекста Јава виртуелне машине” 

16:20 – 16:40 

Elvir Čajić, Osnovna škola Prokosovići Lukavac / Ekonomsko-hemijska škola Lukavac 

Sead Rešić, Prirodno matematički fakultet Tuzla, Univerzitet u Tuzli 

„Uloga matematičkog modela u simulacijskom prelazu sa 5g na 6g mrežu” 

http://simpozijum.math.rs/s2023/radoslav%20elvir%20zvezdan%20dario.pdf
http://simpozijum.math.rs/s2023/TodicJockovic.pdf
http://simpozijum.math.rs/s2023/Diferencijalna_privatnost_Kristina_Matovic.pdf
http://simpozijum.math.rs/s2023/DanijelAleksicApstrakt.pdf
http://simpozijum.math.rs/s2023/izlaganjeMatIPrim2023.pdf
http://simpozijum.math.rs/s2023/GraphEbra.pdf
http://simpozijum.math.rs/s2023/GraphEbra.pdf
http://simpozijum.math.rs/s2023/%D0%9C%D0%B0%D1%80%D0%BA%D0%BE%D0%A1%D0%BF%D0%B0%D1%81%D0%B8%D1%9B_%D0%9C%D0%B8%D0%BB%D0%B5%D0%BD%D0%B0%D0%92%D1%83%D1%98%D0%BE%D1%88%D0%B5%D0%B2%D0%B8%D1%9B%D0%88%D0%B0%D0%BD%D0%B8%D1%87%D0%B8%D1%9B_%D0%9A%D0%BE%D0%BC%D0%BF%D1%80%D0%B5%D1%81%D0%B8%D1%98%D0%B0_%D0%BA%D0%BE%D0%B4%D0%B0_%D0%9C%D0%B0%D1%82%D0%B5%D0%BC%D0%B0%D1%82%D0%B8%D1%87%D0%BA%D0%B8_%D1%81%D0%B8%D0%BC%D0%BF%D0%BE%D0%B7%D0%B8%D1%98%D1%83%D0%BC_2023.pdf
http://simpozijum.math.rs/s2023/A.%20Avdovi%C4%87,%20E.%20Gili%C4%87,%20Z.%20Vidovi%C4%87,%20Pogre%C5%A1no%20razumevanje%20i%20interpretacija%20p-vrednosti%20statisti%C4%8Dkog%20testa%20i%20predlozi%20metodi%C4%8Dkih%20re%C5%A1enja.pdf
http://simpozijum.math.rs/s2023/Ristovic_RanaInicijalizacijaKontekstaJVM.pdf
http://simpozijum.math.rs/s2023/elvir&%20sead%20rad.pdf
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II СЕКЦИЈА: МАТЕМАТИКА И ИНФОРМАТИКА У ОБРАЗОВАЊУ 

 

10:00 – 17:00 САТИ, САЛА 706/IV 

 

Први део: 10:00 – 12:00 
 

 

Председавајући: Мирослав Марић 

 

10:00 – 11:00 

Миодраг Матељевић, Универзитет у Београду, Математички факултет / Српска 

академија наука и уметности 

Марек Светлик, Универзитет у Београду, Математички факултет 

Миљан Кнежевић, Универзитет у Београду, Математички факултет 

„Површина и запремина - неки интересантни феномени” 

11:00 – 11:30 

Stanislav Harizanov, Institute of Mathematics and Informatics, Bulgarian Academy of 

Sciences, Bulgaria 

Peter Boyvalenkov, Institute of Mathematics and Informatics, Bulgarian Academy of Sciences, 

Bulgaria 

“The Bulgarian experience in international mathematical competitions” 

11:30 – 12:00 

Nives Baranović, Faculty of Humanities and Social Sciences in Split, Croatia 

Jasmina Milinković, University of Belgrade, Faculty of Education 

“The role of open-ended tasks in learning and teaching mathematics” 

 

 

Пауза за кафу и освежење 12:00 – 12:30 

 

 

Други део: 12:30 – 14:30 

 

Председавајући: Небојша Икодиновић 
 

12:30 – 12:50 

Мирјана Катић, Математичка гимназија, Београд 

„Међународно такмичење Stemco (држава организатор Сингапур)” 

12:50 – 13:10 

Владимир Балтић, Математичка гимназија, Београд / ВИШЕР, Београд 

„Полиноми у основној и средњој школи - методички приступ” 

13:10 – 13:30 

Војислав Андрић, Математички клуб „Диофант” Ваљево 

„Онлајн додатна настава математике” 

13:30 – 13:50 

Радослав Божић, Учитељски факултет, Универзитет Едуконс, Сремска Каменица / 

Гимназија „Светозар Марковић”, Нови Сад 

„Проблеми површине и запремине у Геогебра окружењу”  

13:50 – 14:10 

Милена Марић, Девета гимназија "Михаило Петровић Алас", Нови Београд 

Маја Костадиновић, Девета гимназија "Михаило Петровић Алас", Нови Београд 

„Методологија састављања контролних задатака у настави математике кроз 

примере” 

http://simpozijum.math.rs/s2023/MateljevicSvetlikKnezevicSimpozijum2023.pdf
http://simpozijum.math.rs/s2023/aps_Harizanov_eng.pdf
http://simpozijum.math.rs/s2023/BaranovicMilinkovic2023.pdf
http://simpozijum.math.rs/s2023/MirjanaKatic.pdf
http://simpozijum.math.rs/s2023/aps_VB_2023_srb_cyr.pdf
http://simpozijum.math.rs/s2023/aps_VA_2023_srb_cyr.pdf
http://simpozijum.math.rs/s2023/Bozic_geogebra_abstract_2023.pdf
http://simpozijum.math.rs/s2023/aps_template_srb_cyr.pdf
http://simpozijum.math.rs/s2023/aps_template_srb_cyr.pdf
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14:10 – 14:30 

Damir Bajrić, Alma Šehanović: Gimnazija ”Meša Selimović” Tuzla 

Irma Ibrišimović, Univerzitet u Tuzli, Prirodno-matematički fakultet 

Julija Šćekić, Univerzitet u Beogradu, AGRIF 

Valentina Banović Klisara, Osnovna škola ”Vuk Karadžić” Novi Grad 

„Photomath i ChatGPT – primjeri netačnih rješenja”  

 

 

Пауза за кафу и освежење 14:30 – 15:00 

 

Трећи део: 15:00 – 17:00  
 

Председавајући: Радослав Божић 

 

15:00 – 15:20 

Вељко Ћировић, Ваљевска гимназија / Академија струковних студија Западна Србија, 

одсек Ваљево 

„Комбинаторика у програмима редовне и додатне наставе математике у школама у 

Републици Србији” 

15:20 – 15:40 

Емир Зогић, Државни универзитет у Новом Пазару  

Диана Долићанин Ђекић, Факултет техничких наука Универзитета у Приштини са 

привременим седиштем у Косовској Митровици  

Един Глогић, Државни универзитет у Новом Пазару 

„Примена теорије графова у решавању логичко-комбинаторних задатака” 

15:40 – 16:00 

Александар Шебековић, Државни универзитет у Новом Пазару 

Енес Качапор, Државни универзитет у Новом Пазару 

„Неједнакости у геометрији” 

16:00 – 16:20 

Александар Миленковић, Универзитет у Крагујевцу, Природно-математички факултет  

Немања Момчиловић, Прва крагујевачка гимназија 

„Међупредметно повезивање наставних садржаја из математике и физике у раду са 

ученицима са посебним способностима за математику” 

16:20 – 16:40 

Татјана Станковић, Београдска академија пословних и уметничких струковних студија 

Бојана Ћендић, Београдска академија пословних и уметничких струковних студија 

„Значај и могућности Chat GPT-а у процесу учења” 

16:40 – 17:00 

Milica Mirić, International Burch University, Sarajevo  

Tatjana Stanković, Belgrade Business and Arts Academy of Applied Studies 

Edin Liđan, International Burch University, Sarajevo  

„Application of mathematics in the study of speed in physics processes and the path to 

constructivist learning” 

 

 

 

 

 

 

 

  

http://simpozijum.math.rs/s2023/Photomath%20i%20ChatGPT%20%E2%80%93%20primjeri%20netacnih%20rjesenja-1.pdf
http://simpozijum.math.rs/s2023/aps_template_srb_cyr_VCirovic.pdf
http://simpozijum.math.rs/s2023/aps_template_srb_cyr_VCirovic.pdf
http://simpozijum.math.rs/s2023/Zogic_Dolicanin-Djekic_Glogic_Primena_teorije_grafova.pdf
http://simpozijum.math.rs/s2023/Sebekovic_Kacapor_DUNP.pdf
http://simpozijum.math.rs/s2023/Aleksandar%20Milenkovic.pdf
http://simpozijum.math.rs/s2023/Aleksandar%20Milenkovic.pdf
http://simpozijum.math.rs/s2023/13.Simpozijum_Stankovic_Cendic.pdf
http://simpozijum.math.rs/s2023/Simpozijum_Beograd_Matematicki_fakultet_Matematika_i_primjene_Milica_Tatjana_Edin.pdf
http://simpozijum.math.rs/s2023/Simpozijum_Beograd_Matematicki_fakultet_Matematika_i_primjene_Milica_Tatjana_Edin.pdf
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II СЕКЦИЈА: МАТЕМАТИКА И ИНФОРМАТИКА У ОБРАЗОВАЊУ 

15:00 – 17:00 САТИ, САЛА 830/V 

 

Председавајући: Милена Марић 
 

15:00 – 15:20 

Бојана Матић, Математичка гимназија, Београд 

„Примене Јенсенове неједнакости у тригонометрији” 

15:20 – 15:40 

Elvir Čajić, Osnovna škola Prokosovići Lukavac / Ekonomsko-hemijska škola Lukavac 

Violeta Nikodinović, Medical school Stevica Jovanović Pančevo  

“Poissonove formule za domene u Rn i granično ponašanje u matematičkoj analizi te 

simulacija numeričkog rješenja putem Pythona” 

15:40 – 16:00   

Дејан Вурдеља, ЕТШ ,,Земун”, Земун  

„Дељивост бројем 7 и један ,,тежак” разломак” 

16:00 – 16:20 

Александра Даниловић, ОШ "Светислав Голубовић Митраљета", Батајница 

„Математика у итвининг пројектима” 

16:20 – 16:40 

Соња Ђукић Поповић, ОШ „Милош Црњански“, Београд   

Стефан Поповић, Факултет информационих технологија, Београд 

„Утицај примене наставних средстава у настави математике на исходе учења” 

16:40 – 17:00 

Татјана Мирковић, Универзитет у Београду, Електротехнички факултет 

Татјана Бајић, Универзитет у Београду, Математички факултет 

„Диференцне једначине као једна класа динамичких једначина” 

 

 

  

http://simpozijum.math.rs/s2023/aps_BM_2023_srb_cyr.pdf
http://simpozijum.math.rs/s2023/elvir%20violeta%20rad.pdf
http://simpozijum.math.rs/s2023/elvir%20violeta%20rad.pdf
http://simpozijum.math.rs/s2023/apsDV_2023_srb_cyr.pdf
http://simpozijum.math.rs/s2023/Matematika%20u%20itvining%20projektima%20(Aleksandra%20Danilovi%C4%87).pdf
http://simpozijum.math.rs/s2023/Simpozijum_apstrakt%20(1).pdf
http://simpozijum.math.rs/s2023/aps_template_srb_lat.pdf
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III СЕКЦИЈА: НАУЧНОИСТРАЖИВАЧКИ И СТРУЧНИ РАД СТУДЕНАТА 

 

10:30 – 14:30 САТИ, САЛА БИМ/IV 

 

Први део: 10:30 – 12:10 

 

Председавајући: Јелена Тасић 

 

10:30 – 10:50   

Владимир Јанковић, Универзитет у Београду, Факултет за образовање учитеља и 

васпитача 

„Решавање проблема p-резервног центра помоћу генетског алгоритма” 

10:50 – 11:10 

Лазар Васовић, Универзитет у Београду, Математички факултет 

„Статистичка анализа расподеле повезаности и неуређености протеина у мрежама 

протеинских интеракција вируса SARS-CoV-2” 

11:10 – 11:30 

Stefan Mirchevski, Faculty of Civil Engineering, Ss. Cyril and Methodius University in Skopje 

/ Faculty of Computer Science and Engineering, Ss. Cyril and Methodius University in Skopje  

Verica Bakeva, Faculty of Computer Science and Engineering, Ss. Cyril and Methodius 

University in Skopje 

“Characteristics of the cost function for a class of single-server queueing systems with 

k phases of customer service” 

11:30 – 11:50 

Teodora Gavrilović, Maja Anđić, Katarina Ilić, Olivera Đokić: University of Belgrade, 

Faculty of Education 

“Analysis of the textbook for 2nd grade of primary school by Zavod za udžbenike 

according to the structural blocks of TIMSS research” 

11:50 – 12:10 

Милош Мићовић, Универзитет у Београду, Електротехнички факултет 

Жељана Торлак, Универзитет у Београду, Електротехнички факултет 

Наташа Ћировић, Универзитет у Београду, Електротехнички факултет 

„Методе конјугованих градијената са применама” 

 

Пауза за кафу и освежење 12:10 – 12:30 

 

Други део: 12:30 – 14:30 

 

Председавајући: Наташа Павлов 

 

12:30 – 12:50 

Marina Pavlović, Mathematical Institute of the Serbian Academy of Sciences and Arts  

Anđelka Kovačević, Dragana Ilić, Iva Čvorivić Hajdinjak: University of Belgrade, Faculty of 

Mathematics   

Luka Č. Popović, Astronomical Observatory Belgrade   

Saša Simić, Faculty of Science, Institute of Physics, Kragujevac  

“Harnessing Deep Learning for Quasar Light Curve Modeling with QNPy” 

http://simpozijum.math.rs/s2023/ApstraktZaSimpozijum1-VJ.pdf
http://simpozijum.math.rs/s2023/simpozijum_lv.pdf
http://simpozijum.math.rs/s2023/simpozijum_lv.pdf
http://simpozijum.math.rs/s2023/S.%20Mirchevski,%20V.%20Bakevab%20-%20XIII%20Symp.%20Belgrade%202023.pdf
http://simpozijum.math.rs/s2023/S.%20Mirchevski,%20V.%20Bakevab%20-%20XIII%20Symp.%20Belgrade%202023.pdf
http://simpozijum.math.rs/s2023/Gavrilovic%20et%20al.pdf
http://simpozijum.math.rs/s2023/Gavrilovic%20et%20al.pdf
http://simpozijum.math.rs/s2023/Metode%20konjugovanih%20gradijenata%20sa%20primenama.pdf
http://simpozijum.math.rs/s2023/Harnessing%20Deep%20Learning%20for%20Quasar%20Light%20Curve%20Modeling%20with%20QNPy.pdf
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12:50 – 13:10 

Aman Nadimpalli Raju, Anđelka Kovačević: University of Belgrade, Faculty of Mathematics   

Francesco Tombesi, Physics Department, Tor Vergata University of Rome, Italy  

Dragana Ilić, University of Belgrade, Faculty of Mathematics   

Luka Č. Popović, Astronomical Observatory Belgrade   

Eric Slezak, Université Côte d’Azur, Observatoire de la Côte d’Azur, CNRS, Laboratoire 

Lagrange, France 

“A Deep Learning Approach for Understanding Quasar Light Curves in the Legacy Survey of 

Space and Time” 

13:10 – 13:30 

Aliza Mustafa, University of Belgrade, Faculty of Mathematics   

Marina Migliaccio, Physics Department, Tor Vergata University of Rome, Italy 

Alessandro Carones, Physics Department, Tor Vergata University of Rome, Italy  

Bojan Arbutina, University of Belgrade, Faculty of Mathematics   

Marko Stalevski, Astronomical Observatory Belgrade   

Simon Prunet, Université Côte d’Azur, Observatoire de la Côte d’Azur, CNRS, Laboratoire 

Lagrange, France 

“Cleaning CMB for Precision Cosmology” 

13:30 – 13:50 

Marco Immanuel Rivera, University of Rome Tor Vergata, Italy / University of Belgrade 

Anđelka Kovačević, Dragana Ilić: University of Belgrade, Faculty of Mathematics   

“Statistical inference of Quasar variability using dynesty” 

13:50 – 14:10 

Nicolás Guerra-Varas, University of Belgrade / INAF-Osservatorio di Roma, Italia / Università 

di Roma Tor Vergata, Roma, Italia  

Anđelka Kovačević, Dragana Ilić, Luka Popović: University of Belgrade   

Angela Bongiorno, Enrico Piconcelli: INAF-Osservatorio di Roma, Italia  

Francesco Tombesi, Università di Roma Tor Vergata, Roma, Italia  

Nicole Nesvadba, Université Côte d’Azur, Nice, France 

“Dimensionality Reduction of Broad Absorption Line Quasar Spectra” 

14:10 – 14:30 

Aurellio Deandra, University of Belgrade, Faculty of Mathematics  

“Sonification: how to present astronomical data and images with sounds” 

 

Пауза за кафу и освежење 14:30 – 15:00 

 

 

 

http://simpozijum.math.rs/s2023/Aman_Raju_Maths_Symposium_Deep_Learning_LSST.pdf
http://simpozijum.math.rs/s2023/Aman_Raju_Maths_Symposium_Deep_Learning_LSST.pdf
http://simpozijum.math.rs/s2023/Symposium_Abs_Aliza-4.pdf
http://simpozijum.math.rs/s2023/Rivera_Kovacevic_Ilic-eng.pdf
http://simpozijum.math.rs/s2023/math_symposium_abstract-11.pdf
http://simpozijum.math.rs/s2023/Sonification__how_to_present_astronomical_data_and_images_with_sounds.pdf
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