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YBOIHA PEY

Ca BesMKMM 3aI0BOJLCTBOM TIpeACTaBhaMoO Kmury amncrpakara jybumapuor 15. Cum-
no3ujyma ,MareMaTuka 1 npuMeHe” , HAIIMOHAJIHOT CKyIa ca MehyHapomHuM ydemheM, Koju
ce 12. n 13. menembpa 2025. roguse oap:kaBa y opraHusanuju MareMaTudykor ¢axyiarera
Yuusepsurera y Beorpany u Ipymra maremaruuyapa Cpbuje.

Ose romune obenesxkaBamMo 3HaUajaH jyounej - 15 roquua je iHOT O HAJIPENO3HATILUBU)UX
HaydHUX cKynoBa Hamer Pakynrera. Cumnosujym ,,MarTemaruka u npuMeHe’ BPEMEHOM je
IOCTA0 MECTO CyCpeTa BPXYHCKe MaTeMaTWJKe HayKe, MHCOUPATUBHE HaCTaBHE IIPaKCe U
CaBpPEMEHUX MHTEDAUCIUIIMHADHUX UCTpakuBama. Ha meMy cy ydecTBoBaju OPOjHU HC-
TakuyTu MaremMarudapu u3 Cpbuje u MHOCTPAHCTBA, OCTaB/bajyliv TpajaH medaTr Ha Pa3Boj
MaTeMaTUYKe MUCJIM y Hallo] akKaleMCKOj 3ajeNHUIN.

Renmumo na moncermmo na je ocumBau u maejau tBoparn Cummnosujyma akamgemurk CAHY,
npod. ap Muonpar Maremesull, unja je Busmja cTBOpUIa TpajHy miIaTOpMy 3a pasMeHy
uneja, IOACTUNAILE HAYYHE capanime M yHanpebuBame HacTaBe mMareMmaruke. Vcruuemo na
je CuMmo3ujyM TOKOM CBUX OBHUX I'OJVHA CTACABAO U HAIIPEIOBAO 3aXBaJby]yNu 3ajeqHUIKOM
AHrKOBahY U M3Y3€THOj MOCBENEHOCTM BEJMKOT Opoja HAIMUX KoJiera. YJIaHOBU MPOTrpaM-
CKUX M OpraHM3alroOHUX onbopa, yHWBEP3WTETCKU HACTABHUIM U CAPATHUNN, UCTAKHYTU
HAYYHUANM U3 3€MJb€ M WHOCTPAHCTBA, MJIAIU NCTPAKMBAYN, HACTABHUALIM Yy OCHOBHUM U
CpeAmUM IIKOJaMa, CTYIEHTH, KA0 1 OPOjHM CApalHWIN M NPHUjaTebU MAaTEeMATUYKE 3ajel-
Hune, ytrann cy y Cumnosujym cBoje 3Hame, TPy, uckycrBo u uneje. Capanma, npode-
CVIOHAJINU3aM U €HTYy3Uja3aM CTBOPUIN Cy aTMOC(Pepy KpeaTUBHOT AWjajiora U HAydHEe Paao3-
Hasioctr, Te manu CUMIO3ujyMy OPENO3HATJ/EUB IeYaT W yUMHUIW Ia JeTHUM O KJbYUHUX
Marematnyknx norabaja y Cpbuju.

Cumvnosujym ,Marematnra u npumene” TpPaIUIOHAJIHO 0OyXBaTa TPU TEMATCKe Iie-
JVHE KOje OoJpakaBajy IIMPUHY UM 3Hayaj MaTeMaTHKe y CaBPEMEHO] HayIu, 00paszoBamy
u apymrBy. Kana mocroju moceban moBox man 3HaudajaH jyousej, CuMmmo3ujyM mOBpEMEHO
nobuja m IOMATHY, YeTBPTY CEKIHjy, MTO e OUTU caydvaj u OBe T'OIUHE.

1. Maremaruka 1 mpuMeHe - JAHAC
OBa cernuja OKyI/ba BPXYHCKE UCTPAKMABAYUE U3 PA3HUX O00JIACTU MATEMATUKE U EbEHUX
npumena. OHa npeacTaBpba MWIATHOPMY 3a MPEACTABHAKE CABPEMEHUX HAYYHUX PE3YJIl-
TaTa, OPUTVMHAJHUX TEOPUjCKUX U NPUMEHEHUX HCTPaKMBama, Ka0 U MECTO LIe ce
rpaau HayuHa capamma ca gomahum m crpamum maremarmuapuma. OBa ceknuja je
cpue CuMmmosujyma m OnpaskaBa HEroB M3Pa3uTU HAYYHU KapaKTep.

2. Maremaruka u uHPpOPMATHKA y 00pa3oBamy

Ceknuja je HaMemEHa HACTABHUNMMA OCHOBHUX W CPEIBbUX IMKOJIA, KAO U CBUM
YWIAHOBUMA aKaAeMCKe 3ajenHulle Koju ce baBe METOAMKOM HACTABE. Y BEPEHU CMO 14 je
OHa jenHa ON Haj3HAUYajHUjuX cHoHa m3Mebhy MartemaTuukor ¢akynrera n HACTABHUKA
maremaTtuke mupoMm Cpbuje. Bume ox 150 yuecHuka cBake roauHe [0Ja3u yIpaBo 300r
OBe CekIje, Koja oMoryhasa pasMeHy UCKycTaBa, yHanpeheme HacTaBHE IpaKCce U MO-
OPIIKY HACTABHUIMMA y IHUXOBOM HpOdecmOoHAJHOM pa3Bojy. Behwmra mux cy mamwn
aumomiy, mro CuMmo3ujyMmy naje mocebGHy BPEIHOCT M €MOTUBHY IUMEH3U]Y.

3. HayuyHO-MCTpa)KUBAUKM U CTPYUYHU PAL CTYyIeHaTa
Cermnuja je mocBehena crymeHTMMa M TpeACTaBba TPOCTOP 38 HUXOB NPBU jaBHU
HACTYII HA CKYILy OBAKBOI' THIA. Y OKBUDPY OBE CEKIMje CTYIEeHTU OCHOBHUX, MACTED U
JOOKTOPCKUX CTYOWja U3JAKY Pe3yJiTaTe CBOjUX UCTPAKUBAHA, YCABPIIABA]Y aKaIeMCKe

XV Symposium "Mathematics and Application" 5



BEIITUHE U CTYIAa]y YV KOHTAKT Ca HaydJyHUIUMa 1 HacTaBauiuMa. OBa CeKIuja je o CyIi-
TUHCKE Ba;KHOCTHU 38 MOACTUIAkE MIIAIUX TajeHara u popmupame Oy nyhux remepamnuja
uCTpasKuBaya.

4. In memoriam: opo¢. np Hosuna Baaxwuh (1959-2005)

Ose romuuae Ha CuMnosmjymy mocebGHO MecTO 3ay3uma ceknuja nocBehena ycmomenu
Ha HaIller yBaskeHOr koJjery, npod. np Hoeuny Daaskuha, gyroromummer unana Kare-
npe 3a reomerpujy Marematuukor ¢akyarera. [Ipodecop Baaxuh je cBojum HayuHmMm
U TIeIArOMKUM PaJoM, Ka0 U JIMYHUM HHTETPUTETOM, OCTaBMO AyOOK Tpar y pasBojy
MaTeMaTuke, a mocedbuo reomerpuje y Cpbuju. IlBe neneHuwje HAKOH HEroBe IMpepaHe
CMPTH, Ca TOHOCOM U MOIITOBAMKEM YyBaMO YCIOMEHY Ha HmeroB qonpuHoc. OBa ceriuja
he okymnuTu merose capanHuUKe, CTYIEHTE U IOIMITOBAOIE, KOjU KPO3 HAyUHA IPEenaBamba
u cehama yyBajy HeroBO IEJIO U HACTaBJbAjy IyT KOjU je yTeMeJbUo.

Crora, ca BeJWKUM MOHOCOM IPEACTAaB/HAMO OBaj jyOmiapHu 300pHUK U kKeauMo na 15.
Cummnosujym ,Marematuka u npumMene”’ Oyze oIl jemaH KOpPak Halpen y MPOMOIUjU HAYKE,
obOpa3oBama, MaTeMaTUYKe KyJITyPe U KpeaTUBHE capalie y HAIO] 3ajeXHUNN.

Oprauusammonu onoop 15. Cummnosujyma ,,Marematura n npuvene”
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Novica Blazi¢ (1959-2005)

Novica was born on 27 August 1959 in KruSevac,
where he completed elementary school and the first
year of secondary education. He continued his studies
at the Mathematical Grammar School in Belgrade. In
the 1978/79 academic year, he enrolled at the Faculty
of Science and Mathematics, Mathematics Department
(Group A), where he graduated in 1982. During his stud-
ies, he distinguished himself by successfully participating
in the International Mathematical Olympiads held in Bel-
grade and Bucharest, as well as in the Balkan Mathe-
matical Olympiad for university students in Ankara. In

= the 1982/83 academic year, he commenced postgraduate
studies in differential geometry. He defended his master’s thesis, entitled Chern Characteristic
Classes, in 1984 at the Faculty of Science in Belgrade under the supervision of Professor Neda
Bokan. He defended his doctoral dissertation, Curvature and Characteristic Classes of Complex
Vector Bundles, in 1990 at the same institution, under the mentorship of Professor Bang-Yen Chen.
In 1985 and 1986, he spent eighteen months in specialization at Michigan State University, East
Lansing, USA, working with Professors Bang-Yen Chen and David Blair. In 1993, he undertook a
one-month research visit to the Mathematical Sciences Research Institute (MSRI), Berkeley, USA,
during the thematic year devoted to differential geometry. As part of his international research
collaborations, he visited and delivered lectures at several institutions, including: the Technical
University of Denmark in Lyngby (July 1999), the University of Oregon (November 1993), the
University of Bonn (September 2001), Humboldt University of Berlin (February 2002), and the
Technical University of Berlin (September 2003). From 1982 to 2005, he was employed at the
Faculty of Mathematics in Belgrade, during which period he also spent the years 1987-1992 as a
researcher at the Institute for Applied Mathematics and Electronics. He was appointed Assistant
Professor for the courses Differential Geometry and Analytic Geometry in 1991, and Associate Pro-
fessor for the same courses in 1998. In 2004, he was elected Full Professor in the field of Geometry.
He authored 31 scientific papers and 10 professional papers, and participated in 29 national and
international conferences, both with contributed and invited presentations. He was a member of
the Scientific Council of the Mathematical Institute in Belgrade and served on its Managing Board.
He took an active role in mentoring postgraduate students. He supervised three master’s theses and
the doctoral dissertations of Zoran Raki¢ (1998), Ljubica Velimirovi¢ (1998), and Srdan Vukmirovi¢
(2003). He taught courses including Analytic Geometry, Foundations of Geometry, Mathematics
I, Differential Geometry, Lie Groups, and Riemannian Geometry at the universities of Belgrade,
Kragujevac, Pristina, and Podgorica. He was co-author of the university textbooks Introduction
to Differential Geometry (Vesta—Faculty of Mathematics, Belgrade, 1996) and Analytic Geometry
(Faculty of Mathematics, Belgrade, 2002).

He collaborated in summer mathematical schools for high-school and university students, and
was actively involved in preparing pupils for mathematical competitions. During the 1996/97 and
1997/98 academic years, he taught geometry as a mentor at the Mathematical Grammar School in
Belgrade. Within the framework of his professional activities and efforts to promote mathematics,
he regularly participated in events dedicated to mathematics education. He was involved in the
organization of the Geometry Seminar at the Faculty of Mathematics, Belgrade. He contributed
to Project 0401 of the Ministry of Science and Technology of Serbia as the leader of the topic
Differential Geometry within the subproject Geometry and Topology. He also participated in the
project Discrete and Computational Geometry and Topology Using Methods of Algebraic Topology
and Differential Geometry (No. 1854), and was a member of the project Information Processing
in Biology and Chemistry (No. 1858), devoted to applications of mathematics. He collaborated
with the international journals Zentralblatt fiir Mathematik and Mathematical Reviews. He was
a member of the American Mathematical Society (since 1986) and the European Mathematical
Society (since 1998). A devoted admirer of plants and nature, he was the founder and president
of the Bonsai Society of Belgrade. He passed away on 10 October 2005, leaving behind his wife
Saveta and daughters Nevena and Jelena.
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ITPOI'PAMCEN OBOP

e mpo¢. ap I'pamumup MumnosanoBuh,
Axanemur CAHY,

e mpo¢. ap Mwuonapar MareseBuh,
Axanemux CAHY,

e np Bpanucaas Bopuuuh,
penoBHu npodecop Exonomckor dakynrera YHuuepsurera y Beorpany,

e np 3opan Pakxuh,
penoBHU npodecop u nexkaH Martematmukor ¢akynrera Y HUBEP3UTETA Y
Beorpany,

e np Mwupocaas Mapuh,
penoBHu npodecop MaremaTuuror gakynarera Y HuBep3uTeTa y beorpany,
npencenuuk JlpymrBa matemaruudapa Cpbuje,

e np Musnom Apcenosuh,
penoBHu npodecop MartemaTnuror gakynarera Y HuBep3uTeTa y beorpany,

e np 3opuna CranummupoBuh,
penoBHu npodecop MaremaTuuror gakynarera Y HuBep3uTera y Leorpany,

e np Hebojma komuaoBUMh,
penoBHu npodecop MaremaTuuror gakynarera Y HuBep3uTera y Heorpany,

e nmp Bojana Mumomesuh,
BaHpeqHU npodecop Maremaruykor parynrera Y HuBep3uTtera y Beorpany,

e np Musan RKuesxesuh,
noneHT Maremarnukor ¢gakxyinrera Y HuUBep3uTeTra y bDeorpany,

e np Buamavmup Boskun,
noneHT Maremarnukor ¢akynarera Y HuBep3uTeTa y Leorpany.
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OPTAHV3AIIMOHU OIBLOP

e np Musmaun Kresxkesuh,
noneHT Martemarnukor ¢akxyiaTeTa Y HuBep3uTera y beorpany,
npeacenauk Omxdopa,

e np 3opuna CrarmMmupoBuh,
penoBHU npodecop MaremaTtuuror ¢akyarera Y HuBepsurera y beorpany,

e np Jlparama Mauh,
penoBHu npodecop Maremarnukor pakynrera Y HuBep3urera y beorpany,

e np Anexcannpa lenuh,
BaHpenHU npodecop Maremaruukor ¢akynrera Y HuBep3urera y beorpany,

e np Camnpa sRuBanosuh,
BaHpeaHU npodecop Maremaruukor pakynrera Y HuBep3urtera y beorpany,

e np 3opuiia paxkuh,
BaHpenuu npodecop Maremaruukor dpakyiarera Y Huepaurera y beorpauny,

e np Mapko O6panoBuh,
noneHT Maremarnukor ¢gakyinrera Y HuUBep3uTeTta y beorpany,

e nmp Maperk CBetiuk,
noneHT Maremarnukor ¢gakxynrera Y HuUBep3uTeTra y bDeorpany,

e np Crama Byjuuumh CrankoBuh,
noneHT Maremarnukor ¢gakxyiareTa Y HuUBep3uTeTra y bheorpany,

e np Anexkcanmap JoBuh,
nouent Marematuukor ¢akynrera Y HuBepsurera y Leorpany,

e np Jesena JomkoBuh,
noneHT Maremarnukor ¢gakyiareTa Y HuUBep3uTera y beorpany,

e np bopbe Crakuh,
noneHT ExoHOMCEOr ¢akynTera Y HuUBep3urera y beorpany,

e Bykamua Bpkosuh,
acucteHT Pakynrera opraHu3anMOHNX Hayka Y HUBep3uTera y beorpamy.
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CERKINJA
In memoriam: npo¢. ap Hosuna Buasxkuh (1959-2005)

The finite groups of random walks in the quarter plane and 4-bar links

Vladimir Dragovié¢

The University of Texas at Dallas/MISANU
e-mail: Viadimir. DragovicQutdallas.edu

Abstract. We consider maximally space homogeneous random walks as a class of discrete time ho-
mogeneous Markov chains, with the state space being the quarter plane. The generators of the process
in this region are {p;;| — 1 < i,j < 1}, where p;; is the transition probability for the jump from (r,s) to
(r+1i,544), for rs > 0. This leads to the consideration of a biquadratic curve C(P) in the plane P' x P*,
given by its affine equation in C?:

1 1
C(P)A : QP(QZ‘,:I/) = .Z"y( Z pi]"riyj - 1) = 0,pij > 07 Z Pij = 1.

ij=—1 ij=—1

There is the vertical and horizontal switch, v and h defined on the biquadratic curve C(P). The group
of random walk in the quarter plane H(P) is isomorphic to the group of automorphisms of the curve,
generated with these two switches:

H(P) :=< h,p|h* = Id,p* = Id >,

We describe the situations with finite groups of random walks.

Then, we describe periodic 4-bar link configurations.

This is a work in progress, joint with Milena Radnovié.

Keywords: random walks in the quarter plane; biquadratic equations; elliptic curves; groups of random
walks; periodic 4-bar links.
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In memoriam: prof. dr Novica Blazi¢ (1959-2005)

Magnetic geodesic and sub-Riemannian flows on V,, ,

Bozidar Jovanovié

Mathematical Institute SANU, Belgrade, Serbia
e-mail: bozaj@mi.sanu.ac.rs
ORCID: 0000-0002-3393-4323

Abstract. The rank-two Stiefel variety Vi, 2 = SO(n)/SO(n — 2) is the variety of ordered sets of two
orthogonal unit vectors e, ez in the Euclidean space (R",(:,-)). It can be seen also as the unit sphere

bundle 71 5™~ with respect to the standard round sphere metric
T15n71 = {ez c TeIS"“ |<62,62> =1,e € Snil}, Sn71 = {61 cR" | <e17e1> = 1}.

Therefore, it carries the standard contact form, the restriction of the Liouville 1-form from 78" ~* = T*§"~!

to the unit tangent bundle o = —exde1lv, , = — > i, ebdel|v,, ,-
Let H = kera C TV,,2 be the standard contact distribution. The fact that (Vi 2,a) is a contact
manifold is equivalent to the non-degeneracy of the closed two form wmaey = da = dei A dezlv, , =

> del A cle%|\/m2 restricted to H, or, to the condition o A w,ﬁ;? # 0. We refer to wmag as the standard
contact magnetic form on V, ». Thus, we can study the following four natural problems on the rank-two
Stiefel variety:

e Magnetic geodesic flows with respect to the magnetic force defined by 1 wmag. Here n is a real
parameter representing the strength of the magnetic field, and for 7 = 0 we have the usual geodesic
flows.

e Sub-Riemannian magnetic geodesic flows, with the sub-Riemannian structures defined on H and

other SO(n)—-invariant bracket generating distributions.
e Natural mechanical systems with influence of the magnetic field defined by 1 wmag-
e Contact Hamiltonian systems on (V;, 2, @).

We prove complete integrability of magnetic geodesic flows of SO(n)-invariant Riemannian and sub-
Riemannian metrics. We also consider integrable pendulum-type natural mechanical systems with the
kinetic energy defined by SO(n) x SO(2)—-invariant Riemannian metrics. For n = 3, using the isomorphism
V3,2 2 SO(3), the obtained integrable magnetic models reduce to integrable cases of a motion of a heavy
rigid body with a gyrostat around a fixed point: Zhukovskiy—Volterra gyrostat, the Lagrange top with a
gyrostat, and the Kowalevski top with a gyrostat.

This research was supported by the Serbian Ministry of Science, Technological Development and Inno-
vation through Mathematical Institute of Serbian Academy of Sciences and Arts and it is a part of research
of the proposal IntegraRS of the Science Fund of Serbia.

Keywords: complete integrability; magnetic flows; Lax pair; sub-Riemannian structures

References
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In Memoriam: IIpo¢. dp Hosuna Buaxuh (1959-2005)

From Nonholonomic Mechanics to Integrable Magnetic Flows on n-dimensional
Spheres

Vladimir Dragovié¢

The University of Texas at Dallas, Dallas, USA,
Mathematical Institute SANU, Belgrade, Serbia
e-mail: Vladimir. Dragovic@utdallas.edu
ORCID: 0000-0002-0295-4743

Borislav Gaji¢

Mathematical Institute SANU, Belgrade, Serbia
e-mail: gajab@mi.sanu.ac.rs
ORCID: 0000-0002-1463-0113

Bozidar Jovanovié

Mathematical Institute SANU, Belgrade, Serbia
e-mail: bozaj@mi.sanu.ac.rs
ORCID: 0000-0002-3393-4323

Abstract. The Chaplygin systems with gyroscopic forces are introduced and studied. We put a special
emphasis on the important subclass of such systems with magnetic forces. In a reduction, we construct
Hamiltonian magnetic systems on spheres S™. We provide a Lax representation of the equations of motion
and prove complete integrability of those systems for any n.

The research was supported by the Serbian Ministry of Science and the Simons Foundation grant no.
854861.

Keywords: nonholonomic mechanics; magnetic flows; Lax pair.
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In memoriam: prof. dr Novica Blazi¢ (1959-2005)

On isolated singularities of some class of mappings on Riemannian manifolds

Victoria Desyatka

Zhytomyr Ivan Franko State University
e-mail: zehrerviktoria@gmail.com
ORCID: 0009-0003-2241-401X

Evgeny Sevost’yanov

Zhytomyr Ivan Franko State University; Institute of Applied Mathematics and Mechanics of NAS of Ukraine
e-mail: esevostyanov2009@gmail.com
ORCID: 0000-0001-7892-6186

Abstract. Let M™ and M} be Riemannian manifolds of dimension n with geodesic distances d and
d., respectively, and let D be a domain in M", n > 2. Set B(zo,r) = {z € M" : d(z,z0) <1}, S(x0,7) =
{z e M" : d(z,z0) =7}, A = A(yo,r1,72) = {y € M} : 11 < du(y,y0) < T2}, 0 < 11 < 12 < 79. Let
dv(z) and dv.(x) be elements of volumes on M™ and M7, respectively. A Borel function p : M* — [0, oo]

is called admissible for the family T' of paths v in M", if [ p(z)|dz| > 1 for v € T'. In this case we write:

5
p € admT. Let p > 1, then p-modulus of T" is defined by the relation M,(T") = iI}lf - J pP(z) dv(z). Set
p€admy\pn

M(T) = Mp(T"). Let Q: D — [0,00] be a measurable function. Denote by S; = S(zo,r:), ¢ = 1,2. Given
sets E, F and G in M", denote by I'(E, F, G) the family of all paths v: [a,b] — M" joining E and F in G.
Given f: D — M™ and yo € f(D), denote by I'¢(yo,r1,72) the family of all paths 7 in the domain D such
that f(v) € I'(S(yo,71), S(Yo, r2), A(yo, r1,72)). We say that f satisfies the inverse Poletsky inequality at
the point yo € f(D), if the inequality

M(Ty(yo,11,72)) < / Q) - 1" (d= (9, 30)) dv. (y) (1)

A(yo,r1,m2)Nf(D)

holds for an arbitrary Lebesgue measurable function 7 : (r1,72) — [0, 00] such that

/n(r) dr>1. (2)

T1

Set gu(r) = =1 [ Q(x)dA, where dA denotes the element of the surface area on S(zo,r). Let
S(zo,7)

Mn :=M" U {oo}, and let h : M x M — R be a metric on M. Suppose that the manifold M™ is connected,
then d is a metric on M. We say that h satisfies the condition weak sphericalization, if (M, h) is a compact
metric space and h and d generate the same topology on M". The following statement is true.

Theorem. ([1]). Let n > 2, D be a domain in M™, let o € D, let a,b € M}, a # b and let f : D\
{z0} = M2\ {a,b} be an open discrete mapping that satisfies the conditions (7)—(8) at all points yo € D',
where D' := f(D \ {xo}). Suppose that the manifold M} is connected and admits the condition of weak
sphericalization. Suppose that, in addition, that for each point yo € D’ there emists o = 70(y0) > 0 such
that qy,(r) < oo for a.a. r € (0,79). Then f has a continuous, open and discrete extension f : D — M™,
whose continuity should be understood in the sense of the metric h.

Keywords: quasiregular mappings, quasiconformal mappings, singularities, manifolds.
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Osserman manifolds

Zoran Raki¢

Faculty of Mathematics, University of Belgrade, Serbia
e-mail: zoran.rakic@matf.bg.ac.rs
ORCID: 0000-0002-6226-0479

Abstract. Let (M, g) be a pseudo-Riemannian manifold with curvature tensor R. The Jacobi operator
Rx is the symmetric endomorphism of T, M defined by Rx(Y) = R(Y, X)X.

In the Riemannian setting, if M is locally a rank-one symmetric space or if M is flat, then the local isometry
group acts transitively on the unit sphere bundle SM. Consequently, the eigenvalues of Rx are constant
on SM. In the late 1980s, Osserman raised the question of whether the converse also holds; this problem

is now known as the Osserman conjecture.

In the first part of the lecture, we will present an overview of Osserman-type problems in pseudo-
Riemannian geometry, based on the paper: N. Blazi¢, N. Bokan, Z. Raki¢: Osserman Pseudo-Riemannian
Manifolds of Signature (2,2), J. Austral. Math. Soc., 71 (2001), 367-395, as well as other related works by
the same authors.

The second part of the lecture will be devoted to the equivalence between the pointwise Osserman con-
dition and the duality principle. This part is based on joint results obtained in collaboration with Yury

Nikolayevsky and Vladica Andrejié.

This lecture is dedicated to the memory of my mentor, Professor Novica BlaZi¢, who passed away two
decades ago.

Keywords: Pseudo-Riemannian manifold, Jacobi operator, unit sphere bundle SM, Osserman
manifold,

Osserman pointwise condition, (Raki¢) duality principle, Osserman conjecture.
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Integrable billiard systems in homogeneous media separated by confocal quadrics

Theodore Popelensky

Faculty of Mechanics and Mathematics, Moscow State Lomonosov University
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ORCID: 0000-0002-8984-7739

Abstract. In this talk we focus on a new integrable system related to billiard systems in domains
bounded by confocal quadrics.

Consider a flat domain bounded by an ellipse that contains two media of different optical densities.
The boundary interface between the media is a confocal quadric. At this interface, a light ray is either
refracted according to Snell’s law or experiences total internal reflection. It is easy to verify experimentally
that such a system is not integrable.

However, if we modify the refraction law by replacing the sines of the incident and refracted rays with
cosines, then this new system acquires a first integral.

More general systems containing several media separated by confocal quadrics are also integrable . In
some of these more general cases, this first integral takes its values on a circle, that is its value is defined
up to the addition of a specific, well-defined constant.

Snell law, no integrability Cosine law, intergable

Explicit formulas for these first integrals in different situations will be presented, along with a descrip-
tion of the surfaces of constant level of the first integral and their bifurcations near the critical value of
the first integral.

The talk is based on the paper [1].

Keywords: integrable system; refraction law; confocal quadric.
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Almost Calabi-Yau with torsion 6-manifolds, parallel torsion and the instanton
condition

Stefan Ivanov
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Abstract. It is shown in [2] that on a 6-dimensional compact almost complex Calabi-Yau with torsion
(ACYT) 6 dimensional manifold, i.e. an almost complex 6-manifold with an SU(3)-structure which is
parallel with respect to the unique connection V with skew-symmetric torsion, the Nijenhuis 3-form is
parallel with respec to the torsion connection.

It follows from [3, Lemma 3.4] that if the torsion 3-form of an ACYT 2n-manifold is parallel with
respect to the torsion connection with holonomy contained in the group SU(n) with Lie algebra su(n),
then its curvature is an SU(n) instanton, i.e. R € su(n) ® su(n). This is because R € S?A? if and only if
VT is a 4-form, i.e. the 3-form T is Killing.

For the converse, it is observed in [1], that on a compact almost complex Calabi-Yau with torsion
(ACYT) 6-manifold with co-closed Lee form the curvature of the torsion connection is an SU(3)-instanton
if and only if the torsion is parallel with respect to the torsion connection. The same conclusion holds for
any (non necessarily compact) balanced ACYT 6-manifold. In particular, on a CYT 6-manifold (ACYT
with vanishing Nijenhuis tensor) the Strominger-Bismut connection is an SU(3)-instanton if and only if the
torsion is parallel with respect to the Strominger-Bismut connection provided either the CYT 6-manifold

is compact with co-closed Lee form or it is a balanced CYT 6-manifold.

Keywords: torsion connection, SU(3) holonomy, almost Calabi-Yau with torsion, SU(3)-instanton.

References

[1] S. Ivanov, L. Ugarte. Almost Calabi-Yau with torsion 6-manifolds and the instanton condition,
arXiv:2507.01655.

[2] S. Ivanov, N. Stanchev. The Riemannian curvature identities on almost Calabi-Yau with torsion 6-
manifold and generalized Ricci solitons, Annali di Matematica Pura ed Applicata (1923 -), 2025, 204,
513-542.

[3] S.Ivanov. Geometry of Quaternionic Kéhler connections with torsion, J. Geom. Phys. 2002 41, 235-257.

16 XV Cumnosujym ,,MaremaTura u npuMene”


https://orcid.org/0000-0002-5389-4023

In memoriam: prof. dr Novica Blazi¢ (1959-2005)

Hyperbolic Derivatives for HQC Mappings and Applications

Miljan Knezevié
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Marek Svetlik

Faculty of Mathematics, University of Belgrade, Serbia
e-mail: marek.svetlik@matf.bg.ac.rs
ORCID: 0009-0005-0213-2167

Abstract. We analyse the properties of hyperbolic metrics on various domains to obtain the Schwarz-
Pick type inequalities for HQC mappings. We also present several variants of the classical Koebe theorem,
along with precise hyperbolic distortion estimates, for a notable class of real-valued harmonic functions
defined on the unit disc whose range is contained in the interval (—1, 1). Furthermore, we prove a significant
result for the class of real harmonic functions defined on a Riemann surface equipped with a complete
conformal metric whose Gaussian curvature is bounded below by a negative constant. This result provides
a natural generalization of classical hyperbolic estimates and reveals deeper geometric structure in the
behavior of such mappings.

Keywords: Gaussian curvature; Riemann surfaces; hyperbolic derivative; the Schwarz-Pick lemma;

HQC mappings; conformal metrics.
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Invariant complex and hypercomplex structures on homogeneous spaces

Svjetlana Terzi¢
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ORCID: 0000-0002-7014-0936

Abstract. The classical work of Borel and Hirzebruch [1] enables complete description of invariant
almost complex and invariant complex structures on compact homogeneous spaces in terms of Lie groups
root theory. The theory of invariant hypercomplex structures is developed in the seminal paper of Joyce, [3].
Relying on this, we give an overview of some of our results [2], [5] on existence and classification of such
structures on some generalized symmetric spaces in connection with the corresponding Chern, Pontrjagin
and cobordism characteristic classes and the corresponding characteristic numbers. We start by recalling
some basic properties of the Chern numbers of a general hypercomplex vector bundle on a smooth manifold

based on a geometric approach [4].

Keywords: homogeneous spaces; invariant complex structures; characteristic classes;.
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Examples of pointwise Osserman manifolds of neutral signature

Srdjan Vukmirovié¢
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ORCID: 0000-0002-5135-869X

Abstract. This is an overview of the paper [1], a joint work with Novica Blazi¢.

Let p,q be relatively prime natural numbers. We consider certain isometric action ¢%'? of an one-
dimensional non-compact Lie group on the paraquaternionic projective plane HP? of signature (4, 4). This
action preserves the paraquaternionic structure on the projective plane. By the method of paraquaternionic
reduction, a family of orbifolds O, ; with an induced metric of signature (2,2) is obtained. We study the
geometry of these orbifolds. In particular, we show that the orbifolds O, , are pointwise Osserman, but
not even locally homogeneous.

Keywords: Osserman manifold; Einstain manifold; quaternionic plane; quaternionic reduction.
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Is there a proper way to define a sectional curvature on a generalized Riemannian
space in Eisenhart’s sense?

Milos Z. Petrovié
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e-mail: petrovic.milos@ni.ac.rs
ORCID: 0000-0002-0308-8074

Abstract. The talk is partially based on the talk that the author gave at RIGA 2025 conference [1].
The motivation to study generalized Riemannian spaces in Eisenhart’s sense came from the monograph [5].
On the other hand, A. Mihai and I. Mihai [2], inspired by B. Opozda’s papers [3] and [4], defined the
(0,4) tensor field S, by S(X,Y,Z, W) := 1[g(R(X, Y)W, Z) + g(R'(X,Y)W, Z)] = 3[g(R(X, Y)W, Z) —
g(R(X,Y)Z,W)]. The tensor S served for the proper definition of sectional curvature of a semi-symmetric
non-metric connection, by S(e1, ez, e1,e2), which does not depend on the orthonormal basis e; and ey of
the tangent space T, M at the point p of manifold M. Our aim is to well-define the sectional curvature
of a linear connection determined by generalized Koszul’s formula on generalized Riemannian manifold in
Eisenhart’s sense. In that case, there are different tensor fields that “play the role,” in some sense, of the
curvature, but lack some of usual curvature properties. We ask the question from the title of the talk and
try to find the right path to study such a problem.

Keywords: linear connection; torsion; manifold; curvature; sectional curvature.
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CERKINJA
MatemaTuKa 1 mIpUMEHE - ITAHAC

Ilenmecer romuua capamme: Oeorpaacku MareMaTuudapu Ha MOCKOBCKOM
OP>KAaBHOM YHUBEP3UTETY

Anekcannap Jlunkoscku

Ynusepsyumem y Beoepady - Mamemamuury daryamem
e-mail: aleksandar.lipkovski@matf.bg.ac.rs
ORCID: 0000-0002-7267-1490

Ancrpakr. Beh Bume ox mosa Beka mocrtoju m ¢GyHKIMOHUIIE yroBOp O capanmu mameby Yuu-
Bepaurera y Beorpany u Mockosckor JlpskaBror Y HuBep3surera, y pasHuM obnunuma. Y 1oj mehyyHu-
BEP3UTETCKO] Capalihy OCPOMAH je yaeo 6eorpaJCKUX M MOCKOBCKUX MaTeMaTrudapa ca MaremMaTuyaror
¢axynrera Y5 u Mexarnuko-maremaTnukor ¢gaxyiarera MI'Y. Y oBoM MaTeMaTUYKO-UCTOPHUjCKOM IIpe-
rueny 6uhe pednm o BUMA.

Kmyune peun: ucropuja maremaruke; Mar® YB; Mexmar MI'Y.
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Teopuja ¢urcue Tauke y metric-like mpocropuma: a—60—Geraghty
KOHTPAaKIUje ¥ CUMYyJIanoHe (QyHKIUje
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Abdellah Tagbibt
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P.O. Box 523, FST, Beni Mellal, 23000, Morocco
e-mail: abdellah.taqbibt@Qusms.ma
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Ancrpakr. Teopuja purcHe Tauke IpenCcTaB/ba jeTaH O NEHTPAJHIX KOHIEIATA AHAIN3E U HEJITUH-
eapHe Teopuje omeparopa, ca IPpUMEHaMa y ONTHUMU3ANUjU, TEOPUjU Urapa, MHKEHEPCKUM MOAETINMA.
Knacuunn Banach-oB npunnnn korrpaknuje [1] maje jeaHocraBal u CHaKAH KPUTEPUjYM 3a MOCTOjambe
jemuHCTBEHE (UMKCHE TaudKe, aJU 3aXTeBa jake IPETIOCTABKE MOMYT CTAHAApIAHE METPUKEe U riaobaiHe
roHTpakTuBHOCTU. CaBpemMeHu pa3Boj Teopuje muae y mnpasiy ciaabibema OBUX yCJIOBa, KaKO Ou ce
oMoryhmna mprMeHa Ha mUpe KIace IPECINKABama U CTPYKTYypa IPOCTOpa. Y TOM KOHTEKCTY YBOIE
ce metric-like npocropu u a—0—-Geraghty rourpakuuje medpruucane nomohy cuMmynanuoHuUX (GyHKIM]aA
KOj€e MPEeACTaB/bajy Yjeaumyjynu OKBUD MHOTUX MOAEPHUX TUIIOBA KOHTPAKIMja.

Cumynanuone ¢yukinuje omoryhasajy ¢uekcubuinuje m3pakaBame KOHTPAKTUBHOL yCJIOBA, Q-
¢yHEIMja yBOaM KOHTpoOJy penanuje mMehy raukama, a O-QyHKUMja ZOKATHY MOIYJIALU]y KOHTDAK-
nujckor creneHa. Tume ce obyxBarajy U reHepanm3yjy Ho3Hatu pesyiararu Banach-a, Geraghty-ja [2]
n Samet—Vetro-a [3].

Y pany hemo mpemcraBuTH yciaoBe MO KOjUMa OBaKBe KOHTpakunuje y KoMmieTHuM metric-like
IpOCTOPMMA IapaHTyjy IOCTOjalme M jeAWHCTBEHOCT (UKCHE Tauke, YUME Ce [OKa3yje na OBUM KOH-
LEeNTU NPeACTaB/ba-jy IPUPOJAH HACTABAK U IPOWIMpeHe KiacudHe reopuje. Pesyararu [4] yrasyjy
na a—0-Geraghty ronrpakuumje popmmpajy mocT m3meDy TpagunMOHAIHMX M CABPEMEHUX IPUCTYIA,
orBapajyhm HOBe MOryNHOCTM TpHMeHe y HEJIWHEAPHO] AHAJU3U U MATEMATUUYKAM MOAEJIMa Ca
0Cnab/LeHUM CTPYKTYPAJIHUM 3aXTEBUMA.

Kipyune peun: ¢purcua rtauka; metric-like npocropn; a—6—Geraghty rkouTpakumje; cumyianuona
¢yHKOUjA.
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O JaxoOu-OpTOTrOHAJIHOCTY Y TPOAMMEH3MOHOM IIPOCTOPY ca
CKaJIAPDHUM IIPOM3BOI0M

Rarapuna Jlyrnh

Mamemamuvku daxyamem, Ynusepsumem y Leoepady, Cmydenmcku mpe 16
e-mail: katarina.lukic@matf.bg.ac.rs
ORCID: 0000-0001-7638-8994

Auncrpakr. Y pany [1] mepunucano je na je PumanoB anreGapCku TEH30p KPUBUHE HA HPOCTODY
ca cramapaum mpoussogom (V,g) Jakobu-oproronaman ako JxY L Jy X Bawu 3a cee X n Y u3 V
rakse na je g(X,Y) =0, rme je J JakoGujeB omepaTop m JOKa3aHO je ma je cBaku Pumanos JakxoGu-
oproronasan teazop OcepMaHoB, Kao U ma ¢y ¢Bu nmosHaru (aBa~-kopena u Kmudopaosn) Pumanosu Oc-
€pPMaHOBU TEH30pU JakoOM-OpTOrOHAIHU. Y ONIITABAMO OCOOUHY JaKoOM-OpTOrOHATIHOCTHU HA MIPOCTOPE
ca (moryhe Hene(pUHUTHUM) CKaJapHUM IPOU3BOLOM (Kao IITO je M3IOKEHO y pany [2]) u gokasyjeMo
na je anrebapCKU TEH30D KPUBUHE HA TPOAUMEH3NOHOM IPOCTOPY Ca CKAJaPHUM IPOU3BOAOM Jakobu-
OPTOrOHAJAH aKO M CaMO aKO je KOHCTaHTHE CEKNUOHe KpuBMHE, onHocHO OcepMaHOB.

Kyune peun: TpoamMeH3MOHN TPOCTOP Ca CKAJAPHUM IPOU3BOAOM; aJrebapCKu TEH30p KPUBUHE;

Jakobu-oproronamuoct; OcepMaHOBU TEH30PU.
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O problemu Kakeje

Rados Bakié

Univerzitet u Beogradu Fakultet za obrazovanje ucitelja i vaspitaca, Beograd
e-mail: rados.bakic@uf.bg.ac.rs

Apstrakt. Neka je p(z) kompleksni polinom stepena n. Pretpostavimo da se u odredenom disku D
nalazi k nula ovog polinoma. Problem Kakeje podrazumeva da se nade disk D; koji sadrzi m nula nekog od
izvodnih polinoma za polinom p(z), pri ¢emu je m < k. Disk Dy bi po moguéstvu trebao da bude najmanji
moguéi. Ovaj problem je reSen samo u nekoliko vrlo specijalnih sluc¢ajeva. Na predavanju ¢e biti reéi o
odredivanju diska D1 u sledeé¢em slucaju: ako se k nula polinoma p(z) nalazi u nekom disku D, odrediti
disk D; koji sadrzi bar jednu nulu polinoma p* =1 (z).

Kljuéne reéi: Nule kompleksnih polinoma; problem Kakeje; nule izvoda viSeg reda.
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O normama k-cirkularnih matrica sa Jakobstalovim brojevima

Biljana Radici¢
Univerzitet Singidunum, Danijelova 32, 11 010 Beograd i Bulevar Peka Dapclevica 47a, 11 000 Beograd, Srbija

e-mail: bradicic@singidunum.ac.rs
ORCID: 0000-0003-1072-2878

Apstrakt. Predmet analize u ovom radu su k-cirkularne matrice, pri éemu je k proizvoljan kompleksan
broj. Ove matrice pripadaju klasi Teplicovih matrica ¢ija je specifi¢nost da imaju isti element duz glavne
dijagonale, §to vazi i za svaku dijagonalu paralelnu glavnoj dijagonali. Analiza je usmerena na k-cirkularne

matrice sa prvim redom (J1, Ja,...,Jn), kao i na k-cirkularne matrice sa prvim redom (%17 %2, e i),
gde je J, n-ti Jakobstalov broj, i to norme (1-norma, co-norma, Euklidska i spektralna norma) navedenih
matrica. Za neke od navedenih normi odredene su gornja i donja granica tj. interval u okviru kojih se
moZe naci njihova vrednost, dok su za neke norme odredene njihove ta¢ne vrednosti. Dobijeni rezultati su
ilustrovani primerima.

Kljuéne reéi: k-cirkularne matrice; Jakobstalovi brojevi; norme matrica.
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dogadaja

Jovana Dedei¢

Fakultet tehnickih nauka, Univerzitet uw Novom Sadu
e-mail: radenovicj@Quns.ac.rs
ORCID: 0000-0002-5946-4438

Jelena Ivetié

Fakultet tehnickih nauka, Univerzitet uw Novom Sadu
e-mail: jelenaiveticQuns.ac.rs
ORCID: 0000-0001-5157-7967

Srdan Milicevié
Fakultet tehnickih nauka, Univerzitet u Novom Sadu

e-mail: srdjan88Q@uns.ac.rs.
ORCID: 0000-0002-9716-7872

Katarina Vidojevié

Fakultet tehnickih nauka, Univerzitet uw Novom Sadu
e-mail: vidojevic9Quns.ac.rs
ORCID: 0000-0008-0479-4795

Marija Delié¢

Fakultet tehnickih nauka, Univerzitet uw Novom Sadu
e-mail: marijadelic@Quns.ac.rs
ORCID: 0000-0002-3335-7546

Apstrakt. U ovom radu predstavljamo novu metodologiju za robusnu meta-analizu proporcija kod
retkih, ali klini¢ki znac¢ajnih dogadaja, zasnovanu na integraciji hijerarhijskih modela i teorije ekstrem-
nih vrednosti. PredloZeni model XT-REM (eXtended Tail Random-Effects Meta-analysis) kombinuje
klasi¢ni model nasumi¢nih efekata (REM) sa pristupom zasnovanim na Generalizovanoj Pareto raspodeli
(GPD) kako bi se obuhvatilo simultano modelovanje centralne tendencije i ekstremnih proporcija. Time
se omogucava detaljnija analiza gornjih granica rizika, posebno u biomedicinskim istraZivanjima gde ek-
stremne vrednosti predstavljaju kljuéni klini¢ki signal. Primena XT-REM modela na realnim podacima o
neZeljenim efektima imunoterapije pokazuje bolje prilagodavanje podacima u odnosu na standardni REM
model, uz veéu log-verovatnocu i nizi Akaikeov Informacioni Kriterijum (AIC), ¢ime se potvrduje njegova
metodologka prednost.

Razvoj ovog modela motivisan je prethodnim istrazivanjem u kome smo sproveli komparativnu meta-
analizu imunoterapije malignog melanoma primenom fiksnih efekata (FEM), nasumi¢nih efekata (REM) i
generalizovanih linearnih mesanih modela (GLMM) [1]. Analiza je pokazala znaajan uticaj izbora modela
na procenu terapijske efikasnosti i sigurnosti, te istakla ograni¢enja postojec¢ih pristupa u uslovima ek-
stremnih vrednosti, $to je otvorilo prostor za razvoj novog metodoloskog okvira XT-REM.

Kljuéne redi: meta-analiza; model nasumic¢nih efekata; teorija ekstremnih vrednosti; Generalizovana
Pareto raspodela.
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Designing modern slot machines using probabilities, combinatorics, and
optimization
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Abstract. This talk provides an introduction to the fundamentals of casino slot game mathematics
[1,2]. We give a short overview of key elements such as Return-to-Player (RTP), volatility, and probability,
and how they influence gameplay and player experience [3]. In addition, we present a Variable Neighborhood
Search (VNS) metaheuristic approach for solving the RTP optimization problem [5]. A large number of
software companies in the gaming industry [4] seek to solve the RTP optimization problem, in order to
develop modern virtual casino gambling machines. These slot machines have a number of reels (e.g., three
or more) that spin once a button is pressed. Each slot machine is required to have an RTP in a particular
range according to the legislation of each country. By using a VNS framework which guides two local
search operators we show how to control the distribution of the symbols in the reels in order to achieve
the desired RTP. This talk is based on a recent collaboration with the Zeusplay casino game developer
company (https://zeusplay.com).

Keywords: casino slot game mathematics; slot machine optimization; return to player; metaheuristics;

variable neighborhood search.
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The Schwarz Lemma for Holomorphic and Minimal Disks at the Boundary
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Abstract. In this work, we establish a boundary version of the Schwarz lemma for holomorphic disks
on the unit ball in the complex plane. Extending classical interior results, our analysis provides sharp
inequalities for the derivative of holomorphic maps at boundary points, reflecting the interplay between
boundary geometry and conformal invariants. Furthermore, by applying the recently developed Schwarz—
Pick type lemma for minimal conformal disks due to Forstneric and Kalaj (2024), we derive a boundary
Schwarz lemma for minimal surfaces parametrized by conformal disks. This result bridges complex analysis
and minimal surface theory, revealing structural parallels between holomorphic and minimal mappings. The
methods combine geometric function theory and boundary regularity arguments, leading to new insights
into extremal problems for holomorphic and minimal disks at the boundary.

Keywords: Schwarz lemma; minimal surfaces; conformal disks; minimal disks.
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A Nitsche method for fluid flow with dynamic and set-valued boundary conditions
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Abstract. The classical no-slip (or homogeneous Dirichlet) boundary condition for fluid flow is not
appropriate in many situations, as many fluids will often slip at solid walls. In this work we propose a
theoretical framework that is able to capture a wide variety of slip models, including linear (Navier) slip,
non-linear (and possibly non-smooth) slip described by monotone graphs, non-monotone slip, and dynamic
(time-dependent) slip. A finite element scheme is proposed, in which the non-penetrability condition at
the wall is enforced with a Nitsche formulation. One of the key tools in the convergence proof is an
inhomogeneous Korn inequality that includes a normal trace term. Numerical experiments implemented
in firedrake will also be presented. The talk is based on the recent work [1].

Keywords: slip boundary conditions; incompressible fluids; finite element method; Nitsche formulation;

Korn inequality.
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On Ray of the Deformation Cone of Permutahedra
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Abstract. Deformed permutahedra were originally introduced by Edmonds in 1970, under the name
of polymatroids, and rediscovered in 2009 under the name of generalized permutahedra by Postnikov. This
family of polytopes appeares naturally in many areas of mathematics, such as algebraic combinatorics,
optimization, game theory, statistics, mathematical economics, etc.

While it is known that the set of deformed permutahedra can be parameterized by the cone of sub-
modular functions, the structure of the submodular cone is far from being well understood. In particular
determining the rays of Defess(Pn+1) remains an open problem since the 1970s.

We present our recent findings ( [1]) regarding this problem, namely we identify that the median

hypersimplex as the generator of a Syyi-invariant ray in De fess(Pn+1)-

Keywords: Permutahedra; Deformation Cone; Median Hypersimples; Idecomposability.
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On conjectures relating to algebraic integers
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Abstract. Lehmer’s Mahler measure conjecture asserts that there is an absolute constant p > 1 such
that every polynomial with integer coefficients has the Mahler measure > p or it is an integral multiple of
a product of cyclotomic polynomials or the monomial x. It is widely believed that the unique root, out of
the unit circle, of the Lehmer polynomial represents the true minimal value: that is, p = 1.176280818....
It is the smallest known Salem number. Recently, Vesselin Dimitrov proved a sixty years old conjecture
of Shinzel and Zassenhaus. We comment the possibility of using some steps of his proof to prove other
unsolved problems in algebraic number theory, for example the Lehmer conjecture.

Keywords: Mahler measure; conjecture of Shinzel and Zassenhaus; Lehmer conjecture; Salem number.
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First-Order Methods for Variational and Quasi-Variational Inequalities:
Modifications of Gradient Descent
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Abstract. In this talk, we present several first-order optimization methods that can be viewed as
straightforward modifications of the standard gradient descent algorithm. Each method provides specific
advantages: some substantially accelerate convergence, while others ensure convergence over a broader
class of problems. Special attention is given to the application of these methods to variational and quasi-
variational inequalities, where their structure and stability properties are particularly beneficial. We present
a selection of these methods, highlight their theoretical properties, and report numerical results that
illustrate their performance.

Keywords: gradient descent; extragradient method; forward—backward—forward algorithm; variational

inequalities; quasi-variational inequalities.
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Abstract. In this work, we construct weights and a family of weighted Bergman spaces on the unit
sphere for which the monotonicity property holds. As a consequence we obtain the local concentration
inequality for log-subharmonic functions, along with its stability version.

Keywords: harmonic function; subharmonic function; isoperimetric inequality; Bergman spaces.
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Banach bimodule-valued positive maps: inequalities and representations
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Abstract. Representations induced by general positive sesquilinear maps with values in ordered Banach
bimodules such as commutative and non-commutative L-spaces and the spaces of bounded linear operators
from a C*-algebra into the dual of another C*-algebra are considered. As a starting point, a generalized
Cauchy-Schwarz inequality is proved for these maps and a representation of bounded positive maps from
a (quasi) x-algebra into such an ordered Banach bimodule is derived and some more inequalities for these
maps are deduced. In particular, an extension of Paulsen’s modified Kadison-Schwarz inequality for 2-
positive maps to the case of general positive maps from a unital *-algebra into the space of trace-class
operators on a separable Hilbert space and into the duals of von-Neumann algebras is obtained. Also,
representations for completely positive maps with values in an ordered Banach bimodule and Cauchy-
Schwarz inequality for infinite sums of such maps are provided. Concrete examples illustrate the results.
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Abstract. Static program analysis is the analysis of programs without their execution. It has various
applications, including error detection, code optimization, code style compliance checking, and formatting.
In the area of compiler development, an often-used static analysis technique is data-flow analysis [1]. Based
on the provided abstract program state representation, instruction transfer functions, and the control-flow
merge function, a data-flow analysis computes an abstract execution state at each point of the program.

We present an extensible, intraprocedural data-flow analysis framework for Java bytecode and its
implementation within GraalVM Native Image [2], an ahead-of-time compiler for Java programs. Unlike
existing and widely used Java bytecode manipulation and analysis libraries, such as ASM 4.0 [3], the
implemented framework relies on the Java Virtual Machine Compiler Interface (JVMCI) for access to
method bytecode. The framework is currently used for static resolution of reflective method invocations in
GraalVM [4,5], and arbitrary forward data-flow analyses can be implemented on top of it.

Keywords: Static analysis; Bytecode analysis; Java; GraalVM;
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Abstract. Profile-guided optimizations (PGO) can yield substantial performance improvements or
reduce the binary size of generated programs. Despite these benefits, PGO is still not widely adopted
because it relies on dynamic profiling, which places non-trivial demands on developers by requiring them
to identify suitable workloads for profile data collection. To mitigate this cost, several static profiling
techniques have been proposed [1], with recent approaches leveraging machine learning for more accurate
predictions [2, 3]. These techniques typically estimate branch probabilities from feature sets that capture
static branch information, such as control-flow structure, basic-block properties, and branch-instruction
types.

In this work, we employ a gradient-boosted binary classifier to predict method hotness in the GraalVM
Native Image compiler [4], with a focus on minimizing binary size. We further extend existing feature sets
by incorporating method-name features, which aim to improve prediction accuracy by exploiting semantic
information often reflected in method names. Using GloVe embeddings [5] to encode method names, we
measure an 8% reduction in binary size with only a 2% runtime performance penalty compared to a baseline
model without these features.

Keywords: Static Profilers; GraalVM Native Image; Binary Size Reduction; Machine Learning.
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Abstract. In serverless, applications operate under strict performance and resource-usage constraints,
making memory efficiency a critical aspect of system design [1]. One approach to improving efficiency
is to reduce the memory footprint through informed garbage-collection (GC) decisions [2]. In this work,
we present the GC Hints system that enables dynamic, workload-aware GC triggering using GC Hints
policy [3] and introduce a new monitoring and visualization framework in serverless workloads.

The GC Hints system is implemented within the GraalVM Serial GC [4]. It collects detailed runtime
statistics, GC counters, memory-usage trends, and per-request execution times. These metrics are captured
at the beginning and end of each request, enabling detailed analysis of application behavior. The visual-
ization framework shows heap occupancy and GC activity over time, allowing us to gain deeper insight
into application execution patterns and to evaluate the effectiveness of the GC Hints policy in comparison
to the default policy. The visualizations also serve as a diagnostic tool, highlighting outliers or unexpected
program behavior. We evaluate the system using a suite of benchmarks [5] and microbenchmarks. Our
results demonstrate that the policy improves memory-usage characteristics and contributes to more pre-
dictable performance across representative serverless workloads.
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The invariant Laplacian—Poisson equations and applications
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Abstract. We investigate solutions of the Dirichlet problem for the invariant Laplacian—Poisson equa-
tion in the n-dimensional space. Specifically, we consider their representation and Lipschitz-type continuity.
As an application, we consider k-hyperbolic quasiregular mappings.

The author has recent works on the topic of this announcement by M. Arsenovié¢, A. Khalfallah, J.
Chen, Q. Li, E. Sevost’yanov, M. Knezevié¢, M. Svetlik, N. Mutavdzi¢, J. Gaji¢ and B. Purti¢ and we can
consider all of them as co-authors of this lecture.

Keywords: invariant Laplacian—Poisson equation; Lipschitz-type continuity; k-hyperbolic quasiregular
mappings.
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A Limit Theorem for the Normalized Maximum of Gaussian Processes
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Abstract. The central question in extreme value theory is to understand the behavior of the maximum
of a random process over an extended period. Specifically, can we identify normalizing constants ar and
br such that the normalized maximum ar(M(T) — br) converges to a non-degenerate distribution, as
T — 00? The theory for stationary processes is well-developed. Our goal is to address one of the simplest
yet non-trivial cases of non-stationarity: a stationary Gaussian process to which a deterministic trend
function, g(¢), has been added. The presence of this trend breaks the stationarity and fundamentally alters
the problem, necessitating a modified approach to classical methods.

Keywords: stationary Gaussian processes; asymptotic theory; limit theorem; normalized maximum
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Representation and characterization of rapidly varying functions
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Abstract. In this paper, we will prove the representation theorem and the characterization theorem
of the class of rapidly varying functions in the sense of de Haan, for the index +o0o. The statements of
these theorems will be given in the form of analogous theorems in the classical Karamata theory of regular
variation.

Keywords: rapidly varying function; regular variation.
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On convergence theorems for ring Q-homeomorphisms
with integrable majorant
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Abstract. Everywhere further, D C R", n > 2, is a domain in R™ with the Euclidean metric |z — y|
and the Lebesgue measure m. For 9 € D and r > 0 put S(zo,7) = {z € R" : |z — xo| = r}, and for a
compact K C D define d(K,0D) = inf{|z —y|: x € K,y € 0D}. Let Q : D — [0, 00] be measurable.

A homeomorphism f : D — R™ is called a ring @Q-homeomorphism at zo € D with respect to (p, ¢)-
moduli if for every 0 < r1 < r2 < d(D),

My (f(T(S(xo,71), S(20,72), Ao, 71,72)))) < / Q(x) n*(|x — wol) dm(x) (3)

A(zo,r1,m2)ND

for all measurable 7 : (ri,72) — [0, 00| satisfying

/mww217 (4)

1

where A(zo,r1,72) ={x € D : 1 < |z — mo| < r2}.
A domain D is a QED-domain if there exists A > 1 such that

M(T(E,F,R")) < A-M(I'(E, F, D)) (5)

for all continua E, F C D.
Given A > 1, § > 0 and K C D compact, denote by Sf(’yéQ(D) the family of all mappings f: D — R"
satisfying (1)—(2), such that Dy := f(D) is a QED-domain with constant A in (3) and d(f(K),0Dy) > 0.
The main result of the corresponding paper establishes the lower estimate

QI A

Iﬂ@—waZCwm{—wayw

}, x,y € K, (6)

valid for all f € S‘;}:‘z;) (D). Using this estimate, we obtain the following convergence theorem.

Theorem. Let D C R™, n > 2, and let f,, : D — R™ be homeomorphisms of the class 32’2 (D) converging
locally uniformly in D to f. If K = G and G is a compact subdomain of D, then for Q € L' (D) the limit
mapping f is a homeomorphism in G.

Keywords: ring (Q-homeomorphisms; lower distance estimates; QED-domains; convergence theorems.
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Koebe theorem for mappings with inverse moduli inequalities
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Abstract. Below dm(z) denotes the element of the Lebesgue measure in R™. Everywhere further the
boundary 0A of the set A and the closure A should be understood in the sense of the extended Euclidean
space R™. Let yo € R", 0 < 71 < r2 < 0o and A = A(yo,71,72) = {y € R" : 11 < |y — yo| < r2} . Given
xo € R™, we put B(zo,7) = {x € R" : |z — 20| <1}, S(wo,r) = {x € R" : |z — x| =7}, S = 5(0,1).
A mapping f : D — R" is called discrete if the pre-image {f ' (y)} of any point y € R™ consists
of isolated points, and open if the image of any open set U C D is an open set in R™. Given sets F,
F C R" and a domain D C R™ we denote by T'(E, F, D) the family of all paths v : [a,b] — R™ such that
v(a) € E,y(b) € F and «(t) € D for t € (a,b). Given a mapping f : D — R", a point yo € f(D) \ {o0},
and 0 <7y <12 <rog= sup |y— yo|, we denote by I'f(yo,71,72) a family of all paths v in D such that

ef(D
f(v) € T'(S(yo,7r1), S(yo,yrgf)(,fi(yo,rl,rz)). Let Q : R™ — [0, 00] be a Lebesgue measurable function. The
following statement holds.

Theorem. Let D be a domain in R™, n > 2, and let B(zo,e1) C D for some €1 > 0. Assume that, D’ is

bounded domain and for each point yo € D’ and for every 0 < 71 < 72 < 79 := sup |y — yo| there is a set
yeD’

E C [r1,72] of a positive linear Lebesgue measure such that the function @ is integrable with respect to

H"~! over the spheres S(yo,r) for every r € E. In addition, assume that one of the following conditions

hold:

_ _ 3(yo)
1) Q € FMO(D'); 2) for any yo € D’ there is §(yo) > 0 such that [ —9%— < oo for sufficiently
5 tqgy T (1)
3(yo)
small § > 0 and, in addition, [ —%— = oo holds (where gy, = W [ Qy)dH" (),
0 tqg (1) " S(yo,7)

Wn—1 = H™H(S™71)). Then there is ro > 0, which does not depend on f, such that
f(B(wo,€1)) D B(f(xo),m0) ¥V f€Fes(D,D).

Keywords: quasiregular mappings, quasiconformal mappings, Koebe theorem.
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Abstract. Let yo € R", 0 < 71 <72 < oo and A = A(yo,m1,72) = {y € R™ :r1 < |y —yo| <712} .
Given sets E, F C R" and a domain D C R" we denote by I'(E, F, D) a family of all paths v : [a,b] — R™
such that v(a) € E,v(b) € F and v(t) € D for t € (a,b). If f : D - R", yo € f(D) and 0 < 71 <

ro < do = sup |y — yo|, then by I'y(yo,71,72) we denote the family of all paths v in D such that
yef(D)
f(y) € T(S(yo,r1),S(yo,72), A(yo,T1,72)). Let Q : R® — [0,00] be a Lebesgue measurable function. In

what follows, M (-) is a modulus of families of paths. The boundary of D is called weakly flat at the point
xo € 0D, if for every P > 0 and for any neighborhood U of the point z¢ there is a neighborhood V' C U of
the same point such that M (I'(E, F, D)) > P for any continua E, F C D such that EN9oU # & # ENJV
and FNOU # @ # F N AOV. The boundary of D is locally quasiconformal, if every 9 € 0D has a
neighborhood U that admits a quasiconformal mapping ¢ onto B™ C R™ such that (0D NU) is the
intersection of B" and a coordinate hyperplane. The sequence of cuts o,,, m = 1,2,..., is called regular,
if 0 NTmy1 = & for m € N and, in addition, d(om) — 0 as m — oo. If the end K contains at least
one regular chain, then K will be called regular. We say that a bounded domain D in R™ is regular, if
D can be quasiconformally mapped to a domain with a locally quasiconformal boundary whose closure
is a compact in R™, and, besides that, every prime end in D is regular. Note that space Dp = DU Ep
is metric. If g : Do — D is a quasiconformal mapping of a domain Dy with a locally quasiconformal
boundary onto some domain D, then for x,y € Dp we put p(z,y) := |g ' (z) — g ~'(y)|, where the element

g *(z), x € Ep, is to be understood as some (single) boundary point of the domain Dg. Assume that,

D'\ C(f,0D) = U D;, where D; is a regular domain for 1 < i < N, D; N D; = @ for i # j. We set

i=1

pi(z,y) =0forz,y € U D;p\Djp,and pj(z,y) =1for v € D;jp and y € D; 5. Then p; is a pseudometric

on U D;p. Set p(z,y) = Z 27111293(;,3;) Observe that, p; (z,y) := % and p(z,y) are metrics.

Theorem Let D and D be domains in R™, n > 2, and let D be a domain with a weakly flat bound-
ary. Suppose that f is open discrete mapping of D onto D’ satisfying the relation M (T ¢(yo,71,72)) <

QW) - n"(ly — yo|) dm(y) holds at each point yo € D’ and for any Lebesgue measurable
A(yo,r1,m2)Nf(D)

2
function m : (r1,r2) — [0,00] such that [n(r)dr > 1. In addition, assume that the following con-
1
ditions are fulfilled: 1) for each point yo € 0D’ there is 0 < 19 := sup |y — yo| such that for any
yeD'

0 <71 <71y <ro:= sup |y— yo| there exists a set E C [r1,7r2] of positive linear Lebesgue measure
yeD’

such that Q is integrable on S(yo,r) forr € E; 2) D'\ C(f,0D) consists of finite number of pairwise dis-
joint domains D1, D2, ..., D any of which is regular; 3) f ~*(C(f,0D)ND") is nowhere dense. Then the
N

mapping f has a boundary extension f : D — |J DipUD’ which is continuous in D\ f ~*(C(f,0D)ND")

i=1

N N __
by the metric p defined as above. Moreover, f(D) = |J D;p UD".

i=1

Keywords: quasiregular mappings, quasiconformal mappings, singularities, manifolds.
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Abstract. Let M™ and M} be Riemannian manifolds of dimension n with geodesic distances d and
d., respectively, and let D be a domain in M", n > 2. Set B(zo,r) = {z € M" : d(z,z0) <1}, S(x0,7) =
{z e M" : d(z,z0) =7}, A = A(yo,r1,72) = {y € M} : 11 < du(y,y0) < T2}, 0 < 11 < 12 < 79. Let
dv(z) and dv.(x) be elements of volumes on M™ and M7, respectively. A Borel function p : M* — [0, oo]

is called admissible for the family T' of paths v in M", if [ p(z)|dz| > 1 for v € T'. In this case we write:

5
p € admT. Let p > 1, then p-modulus of T" is defined by the relation M,(T") = iI}lf - J pP(z) dv(z). Set
p€admy\pn

M(T) = Mp(T"). Let Q: D — [0,00] be a measurable function. Denote by S; = S(zo,r:), ¢ = 1,2. Given
sets E, F and G in M", denote by I'(E, F, G) the family of all paths v: [a,b] — M" joining E and F in G.
Given f: D — M™ and yo € f(D), denote by I'¢(yo,r1,72) the family of all paths 7 in the domain D such
that f(v) € I'(S(yo,71), S(Yo, r2), A(yo, r1,72)). We say that f satisfies the inverse Poletsky inequality at
the point yo € f(D), if the inequality

M(Ty(yo,11,72)) < / Q) - 1" (d= (9, 30)) dv. (y) (7)

A(yo,r1,m2)Nf(D)

holds for an arbitrary Lebesgue measurable function 7 : (r1,72) — [0, 00] such that

/n(r) dr>1. (8)

T1

Set gu(r) = =1 [ Q(x)dA, where dA denotes the element of the surface area on S(zo,r). Let
S(zo,7)

Mn :=M" U {oo}, and let h : M x M — R be a metric on M. Suppose that the manifold M™ is connected,
then d is a metric on M. We say that h satisfies the condition weak sphericalization, if (M, h) is a compact
metric space and h and d generate the same topology on M". The following statement is true.

Theorem. ([1]). Let n > 2, D be a domain in M™, let o € D, let a,b € M}, a # b and let f : D\
{z0} = M2\ {a,b} be an open discrete mapping that satisfies the conditions (7)—(8) at all points yo € D',
where D' := f(D \ {xo}). Suppose that the manifold M} is connected and admits the condition of weak
sphericalization. Suppose that, in addition, that for each point yo € D’ there emists o = 70(y0) > 0 such
that qy,(r) < oo for a.a. r € (0,79). Then f has a continuous, open and discrete extension f : D — M™,
whose continuity should be understood in the sense of the metric h.

Keywords: quasiregular mappings, quasiconformal mappings, singularities, manifolds.
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Abstract. This contribution explores advanced summability methods in the setting of Banach algebras
and Banach modules, with a particular emphasis on their application to the study of hyperharmonic’ series.

Lecture firstly gives a comparative overview of Laplace transforms in real space setting, Banach spaces,
Banach algebras and Banach modules, as well as analysis of procedure proposed earlier by Gautchi and
Milovanovic.

Through the lens of Laplace transform and within the mentioned framework, we establish a connection
with the hypergeometric and polygamma functions, thus lifting some known scalar series identities to this
abstract setting.

Moreover, we extend our results to the multilateral modular series, having the form
oo
Z a1 + k) "tei(az + k) e (@m—1 + B) " Lemot (am + k)T,
k=1

where a; belong to possibly different Banach algebras, and ¢; belong to possibly different Banach bimodules,
and n1, ..., n, are positive integers.
We obtain sums for series of the form

Za—i—k Z a—l—k: Z(a—i—k ) ,
k=1 k=1 k=1
where T represents the Drazin-Koliha invertibility, or the invertibility along an idempotent.
As an application, we obtain a new necessary solvability condition for the Sylvester equation ax—xb = ¢
in Banach modules. Finally, the connection to C0—semigroups is given.
Keywords: Banach algebras and modules; Hyperharmonic series; Laplace transform; Generalized

inverses; CO-semigroups.
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Abstract. One of the most widely used tests for the missing completely at random (MCAR) assumption
is Little’s test [3] from 1988. However, as noted in 2024 by Aleksié¢ [1], this test can suffer from substantial
type I error distortion and loss of power when the data deviate from multivariate normality. Aleksié¢’s test [1]
performs better under such departures, but it is limited to a very narrow class of detectable alternatives.
Its subsequent generalization [2] broadens the range of alternatives but introduces a new restriction: the
response indicators must be uncorrelated. Here, we present a further generalization of this test that removes
this assumption, and we compare its performance to both the original version and Little’s MCAR test.

Keywords: MCAR; U-statistics; asymptotics.
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Abstract. Lusternik-Schnirelmann category (LS-category) is an important homotopy invariant of a
topological space X: one says that cat(X) = n if n+1 is the smallest number of open subsets U; that cover
X such that the inclusion U; < X is nullhomotopic. In particular, spheres have LS-category one; in fact,
cat(X) = 1 if and only if X is a co-H-space. Moreover, for any space X, its cohomology length cup(X)
is a lower bound for its LS-category cat(X), and when X is a manifold, cat(X) is a lower bound for the
number of critical points that a real-valued map on X can have.

In this talk, we are interested in calculating LS-category for moment-angle manifolds, the main object
of study in toric topology [1]. If (X, A) is a topological pair and K is an abstract simplicial complex on
[m] := {1,2,...,m}, then the polyhedral product (X, A)* is defined to be a subspace of X™ determined by
the property that for = := (x1,%2,...,2m): [m] = X we have z € (X, A)¥ if and only if 7' (A°) € K. The
real moment-angle-complex Ry := (D', S°)* and the complex moment-angle-complex Zg := (D?,S')¥
acquire an equivariant smooth structure if K is a starshaped sphere; in particular, we get smooth manifolds
when K is a polytopal sphere, i.e. the boundary of a simplicial polytope. For a moment-angle manifold,
Rk and Zg, its LS-category is one if and only if K is the boundary of a simplex. Therefore, the case of
LS-category two is the first non-trivial case to study and the following conjecture arises.

IHomentype: Let K be a chordal starshaped sphere; that is, the graph of K has no induced cycles of
length greater than three. Then the following conditions are equivalent:

o cat(Rk) = 2;
o cat(Zx) = 2;
e Rx is homeomorphic to a connected sum of sphere products with two spheres in each product;
e Zy is homeomorphic to a connected sum of sphere products with two spheres in each product.

We are going to show that this conjecture is true in a wide class of starshaped spheres, which includes
all stacked spheres i.e. spheres obtained from the boundary of a simplex by consecutive stellar subdivisions
of facets, and relate it to the algebraic properties of the Stanley-Reisner ring of K studied in combinatorial
commutative algebra.

Keywords: Lusternik-Schnirelmann category; moment-angle manifold; stacked sphere.
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Abstract. In this presentation, we present results from [4], which extend our previous work [1-3] on
the study of structural properties of finitely generated shift-invariant (FGSI) subspaces of Sobolev spaces
H*(R%), s € R. These spaces are generated by a finite set of generators {¢1,...,¢m} C H*(RY), m €N,
and consist of functions f € H*(R?) that are convergent series of the generators’ integer translations:
Ve(pr,...,0m) = {f € HRY : f=3T", Y kezd cr¢i(-—k)}. We investigate the behavior of FGSI spaces
under convolution and product, utilizing Fourier transform techniques to establish their key properties.
One of the key results of our study is the structural characterization of the dual FGSI space, providing
deeper insight into their functional structure. Using classical results from functional analysis, we show that
a certain class of equations with right-hand sides in FGSI spaces has solutions within the same FGSI space.
We also characterize the convolutors of FGSI spaces and determine the wave front sets of convolutions
and products within these spaces. Our findings contribute to the deeper understanding of shift-invariant
structures in Sobolev spaces and have potential applications in signal processing, PDE theory, and harmonic
analysis.

The presentation concludes with a discussion of current research and applications. We prove the stabil-
ity of the dual generator in certain weighted Wiener amalgam spaces and establish a necessary Nyquist-type
density condition for stable non-uniform sampling in H*(R%), s > d/2; the extension of this framework
to the case of generalized sampling for s < d/2 is the subject of our ongoing investigation. Furthermore,
we show how these results provide a rigorous foundation for constructing stable and convergent Petrov-
Galerkin schemes for solving elliptic PDEs, as well as for stable image reconstruction in Magnetic Resonance
Imaging (MRI).

This research was supported by the Science Fund of the Republic of Serbia, Grant No. 2727, Global
and local analysis of operators and distributions - GOALS.

Keywords: shift-invariant spaces; sampling; Sobolev spaces.
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Quasiconformal groups

Vladimir Markovié

Yau Mathematics Sciences Center, Tsinghua University, China
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Abstract. In this talk, I will survey the theory of quasiconformal and convergence groups whose study
began with the work of Gehring and Martin. I will focus on explaining why quasiconformal group actions
are rigid on low dimensional spheres. The analogous problem for convergence groups is open and is closely
related with the Hyperbolization theorem for 3-manifolds.

Keywords: quasiconformal; quasisymmetric; Beltrami equation; hyperbolization theorem; Cannon
conjecture.
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Realizations by finite-area quadratic differentials
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Abstract. Hubbard and Masur proved that any measured foliation on a closed Riemann surface
can be realized by the horizontal foliation of a holomorphic quadratic differential. We extend this result
to arbitrary Riemann surfaces (including the unit disk, or any infinite genus surface) by characterizing
measured foliations that can be realized by the horizontal foliations of finite-area holomorphic quadratic
differentials. Some corollaries of this characterization include application to the type problem of Riemann
surfaces. Another direction shows that the differentials with one cylinder are dense in the L' norm among
all differentials when the Riemann surface does not have Green’s function. In a recent joint work with T.
Shima, we showed that this is false for Riemann surfaces of infinite complexity whose covering group is
of the second kind. Finally, we give a characterization of the Teichmuller extremal maps in terms of the
height map. Supported in part by NSF DMS-2521870.

Keywords: measured foliations; holomorphic quadratic differentials; Riemann surfaces; Green functions;

Teichmiiller extremal maps.
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Integration of Measure Valued Mappings
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Abstract. Several normed spaces of measurable, in certain sense, mappings with values in the space
of signed measures are studied. Completness of these space is investigated as well as integrals of such
mappings. It is shown that the integrals of such mappings are countably additive and integration with
respect to this integral is also considered. We also study the case when the base space is a metric space
and in this situation we consider Kantorovich - Rubinstein norm. This is joint work with V. Bogachev and
M. Krstié.

Keywords: weak integals; signed measures; Kantorovich - Rubistein norm.
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Lipschitz-Type Conditions for Harmonic Functions on Non-Smooth Domains
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Abstract. This talk focuses on Lipschitz-type conditions for real-valued harmonic functions defined
on domains whose boundaries are not necessarily smooth. The aim is to compare restricted local Lipschitz
continuity with global Lipschitz continuity, exploring how boundary irregularities affect the harmonic
behavior of functions.

Keywords: Harmonic functions; Lipschitz continuity; Non-Smooth and Unbounded Lipschitz domains.
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Toeplitz operators, integral geometry and dynamics of spectra
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Abstract. We present classical and recent results for weighted spaces of analytic functions in the unit
disc and upper half-plane, as well as Toeplitz operators in these spaces, with special symbols associated
with three types of hyperbolic geometry in the unit disc. The study focuses on the change in the properties
of Toeplitz operators with varying weight parameters. In particular, an interesting question is the limit
behavior of the spectrum as the weight parameter tends to infinity. This relates the theory to the corre-
spondence principle in Berezin’s second quantization. We also discuss generalizations— the mixed norm
spaces defined in terms of Fourier images.

Keywords: Toeplitz operators; Bergman-Jrbashyan spaces; Mixed norm spaces; Spaces of analytic
functions.
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Isoperimetric inequality for harmonic functions
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Abstract. A version of isoperimetric inequality holds for function f for which log|f| is subharmonic.
We characterize subclass of harmonic functions which has these properties. For the class of functions
h(z1,...,2n), zi € U, which separately has these properties, we prove a version of isoperimetric inequality.
In addition, we prove a version of Gabriel’s theorem for the subclass of harmonic functions.

Keywords: harmonic; isoperimetric; subharmonic;
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An unified approach to existence of fixed points and convergence of iterative
sequences for mappings which satisfies one linear contractive condition
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Abstract. In 1906 M. Fréchet [1] introduced the notion of L spaces in which convergence of sequences
are axiomatic funded. As examples, he presented classes of V, and E spaces. The class of V - spaces (called
by Fréchet spaces with regular écart) is enough large to include b - metric spaces, which was defined by I.
Vulpe, D. Ostrajkh and F. Khojman in 1981. In modern terminology E spaces are so called quasi - metric
spaces. In [2] M. Fréchet using the same name E spaces (in [3] he used term D spaces), considered new
class of spaces, named by F. Hausdorff in 1914 as metric spaces. In [3] he introduced classes of semi -
metric spaces (term S spaces was used) and symmetric spaces, named by him E spaces (the same name
for the third time).

Definition. Let X be a non-empty set, s(X) set of all sequences which are belong to X, ¢(X) C s(X) and
lim : ¢(X) — X. The ordered triple (X, c(X),lim) are L space if and only if the following conditions are
satisfied:

1) if , = x for any n € N then (z,) € ¢(X) and lim(z,) = =;

2) if (zn) € ¢(X), limz, =z and (zn;) C (2n) then (z,;) € ¢(X) and limz,, = =.

Definition. Let (X,c(X),lim) be arbitrary L - space, (P, c(P),limp, <) partially ordered L - space, d :
X? — P,© € P such that § < p forany p € Pand R = {p : P — P | pis increasing, p"(p) €
¢(P) and limp p"(p) = O for any p € P}. We said that L - space (X, c¢(X),lim) is d* - complete over
(P, c(P),limp, <) if (z,) € s(P) and

d(Tn, Tnt1) < pn(R)7 neN

for some R € P and p € R, implies (zn) € ¢(X).

Definition of dx completeness include earlier concepts defined by Kasahara for L spaces defined over
real numbers and Rus [4] for L spaces defined over L - space ordered semigroup with unity and least
element.

In this talk will be present one unified approach to existence of fixed points and convergence of iterative
sequences for mappings which satisfies one linear contractive condition, based on the following simple result.
Theorem. Let (X, c(X),lim) be d* - complete L - space d* - complete over (P, c¢(P),limp,<)and f: X — R

sequentially continuous mapping. If there exists p € R such that

d(f(x), f(y)) < pld(z, y))

for any z,y € X, then f has unique fixed point which is limit of all its Picard sequences.

Theorem 1 proved for mappings defined on L spaces include earlier results obtained for spaces with
distance function (metric spaces, b - metric spaces, quasi metric spaces, symmetric spaces, metric spaces
topological semifields, cone metic spaces, ...) and some other classes of spaces (uniform spaces, probabilistic

metric spaces, fuzzy metric spaces, I type topological spaces, Generalized Kasahara spaces,...).

Keywords: fixed point; Picard sequences; L - space; d* - completeness; Generalized Kasahara space.
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Nonlocal de Sitter v dS Gravity and Cosmology
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Abstract. Despite its great success, the general theory of relativity is not the final theory of gravity and
there are many attempts to modify it. One of very promising directions of research is the nonlocal theory
of gravity. An interesting class of nonlocal gravity models, that have been recently considered, is given by
S =125 [, vV—9(R—2A+P(R) F(O) Q(R))d*z, where M is a pseudo-Riemannian manifold of signature
(1,3) with metric (guv), A is the cosmological constant, P(R) and Q(R) are some differentiable functions
of the Ricci scalar R, F(O) = 1% f,0" and 0 = V,V* = \/%au(\/—igg‘“'&,) is the corresponding
d’Alembert-Beltrami operator. We consider here the nonlocal de Sitter model vdS (P(R) = Q(R) =
VR = 2R) which is given by the following action: S = 12 [ /—g(R—2A+vR—2A F(O) VR —2A)d"z.
To solve the corresponding equations of motion, we first solve eigenvalue problem v R — 2A = gv/ R — 2A,
where ¢ = (A (¢ € R) is an eigenvalue and v/R — 2A is an eigenfunction of operator 0. We presented
and discussed several exact cosmological solutions for homogeneous and isotropic universe. One of these

solutions mimics effects that are usually assigned to dark matter and dark energy, see [1]. Some other
solutions are examples of the nonsingular bounce ones in flat, open and closed universe. There are also
singular and cyclic solutions. We also discuss cosmological solutions of the nonlocal gravity model which
is given by P(R) = Q(R) = R — 4A (see [2]). This model is also of interest as the limit case of model
P(R) = Q(R) = VR — 2A for |R| < |24].

Keywords: nonlocal modified gravity; nonlocal de Sitter Gravity; exact cosmological solutions.
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Numerical differentiation of analytic functions using GAG quadrature rules on the
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Abstract. As stated in [1], until 1991, the numerical differentiation of analytical functions was discussed
in several papers. The corresponding formulas for differentiation were mostly obtained by Cauchy’s integral
formula and the application of the trapezoidal rule. In paper [1], new formulas for numerical differentiation
were introduced using Gaussian quadrature rules on the semicircle. In [2] generalized averaged Gaussian
(GAG) quadrature rule on the semicircle are introduced with aim of better estimate of the error of Gaussian
quadrature rule on the semicircle. In this paper we give formula for numerical differentiation of analytic
function using GAG quadrature rules on the semicircle. Numerical examples with comparison of our results
with results from papers published after 1991 are included.

Keywords: orthogonality on the semicircle; generalized averaged Gaussian quadrature rules; numerical
differentiation of analytical functions.
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Additive properties of (b, c)-inverses
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Abstract. Additive properties of generalized inverses have been studied widely. There are many re-
searches for Moore-Penrose inverse, Drazin inverse, group, core and dual core inverses. Here, we present
our recent results on (b, ¢)-invertibility of a sum of two elements in rings. We derive necessary and sufficient
conditions for the sum of elements to be (b, ¢)-invertible. Also, as a special case, we give an explicit formula
for the (b, ¢)-inverse of a sum and apply these results to matrices.

Keywords: (b, ¢)-inverse; additive properties.
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Continuity properties for a family of equations related to Schrodinger problem
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Abstract.

We give the spaces of ultradifferentiable functions defined in terms of iterates of the Laguerre operator.
Uedurumuon 1. Jler h > 0, ang o > 0. Txen a cM0o0oTX (yHUTHOH f GEJIOHIC TO TXE CIaLe G‘;:Z(Ri),
up

o ”ENfHL?(Ri)
ni (f) == sup T AININe < oo. 9)

Next, we introduce P—spaces on positive orthants.

Jegunumuon 2. Jlet a > 0. Txe P—cmanec on nocutuse oprxant RY, GZ(RL) amn g2 (R1) ape nepunen
TO Ge TXe YHUOH, PECIENTUBEILl TXe MHTepCenTHoHn of Go’ h(Rd) murx pecuent to h > 0:

Ga(RY) = | G2 (RY), ann  ga(RY) = () GoL(RY).
h>0 h>0

We consider the inhomogeneous Schrédinger initial value problem

i0yu(t,x) — EL cu(t,x) = F(t,z) (t,z) €[0,T] x R% (10)
u(0, ) = uo(x),
where E7 . are powers of Laguerre operators, r > 0 and ¢ € C.

We say that the problem (10) is well-posed if the solution u(¢,z) depends continuously on the initial
value ug.

We show that for » > 0 and ¢ € C the following is true

(i) If r > 1, the equation (10) is ill-posed for Schwartz functions on R, G-type functions and elements
from their dual spaces.

(ii) The equation (10) is well-posed in the setting of suitable P—spaces on orthants and their dual spaces.

Keywords: Schrédinger problem; P—spaces; Laguerre operators; Ultradifferentiable functions.
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Abstract. We study some properties of the Green operator G, s for the elliptic operator L, g defined
below, when acting on L? (D). We also study behavior of 9;u i dzu where w is the solution of inhomogeneous

equation L, gu = g. Here

2

(e 0
Loy = (1= )7 (1= ey 2

0 _ 0
az— Z——«
tazg +Bg —ob )
where « and § are complex parameters satisfying Ra + 15 > —1.
The obtained results provide a significant improvement over previous research on the subject).

Keywords: («, 8)-harmonic function; (a, 8)-Poisson equation; Weighted Green function.
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On kernel-based dependence measures for variable selection
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Abstract. We investigate a generalized kernel-based distance correlation framework for feature screen-
ing in high-dimensional data. Under mild and interpretable conditions, and for a broad class of negative-
definite kernels, we establish theoretical guarantees for the sure screening property. The flexibility of the
proposed approach is demonstrated through an extensive empirical study covering multiple data types.
Simulation results illustrate its robustness and efficiency, while applications to real biomedical datasets
confirm its practical relevance. These results highlight kernel-based distance measures as a powerful tool
for variable selection in complex data.

Keywords: distance correlation; circular data; hyperspherical data; sure screening; model-free selection.
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Cernuja: Maremaruka u IpUMEHE - HaHAC

Novel U-empirical moment-generating-function-based tests for exponentiality

Alma Hamza

University of Belgrade, Faculty of Pharmacy & Faculty of Mathematics
e-mail: alma.hamza@pharmacy.bg.ac.rs

Bojana Milosevi¢

University of Belgrade, Faculty of Mathematics
e-mail: bojana@matf.bg.ac.rs
ORCID: 0000-0001-8243-9794

Abstract. We present two novel scale-free classes of goodness-of-fit tests for exponentiality based on U-
empirical moment-generating functions. The tests are constructed using the Puri—-Rubin characterization of
the exponential distribution; however, the approach can be applied to any equidistribution characterization.
The limiting distributions of the proposed statistics are derived. In an extensive simulation study, the tests
are compared with several recent powerful competitors. The good performance of the new tests provides
strong motivation for studying broader classes of equidistribution-type characterization-based tests using
the considered integral transformation.
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Around the Boundary Point Principle

Darya Apushkinskaya

RUDN University
e-mail: apushkinskaya@gmail.com
ORCID: 0000-0002-7743-1998

Alexander Nazarov

St. Petersburg Department of Steklov Mathematical Institute of Russian Academy of Sciences,
St. Petersburg State University
e-mail: al.il.nazarov@gmail.com
ORCID: 0000-0001-9174-7000

Abstract. One of the main tool in the qualitative analysis of solutions of elliptic and parabolic
equations is the boundary point principle (also known as the Hopf-Oleinik lemma or the normal derivative
lemma). It plays a key role in the proof of uniqueness theorems for boundary-value problems and also has
some other applications. This principle states that a supersolution of a partial differential equation with
a minimum value at a boundary point must increase linearly away from its boundary minimum provided
the boundary is smooth enough. In the talk we describe the history and discuss the current state of this
powerful statement. The talk is based on the results of the papers [1-4].

Keywords: normal derivative lemma; Hopf-Oleinik lemma; boundary point principle.
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[1] D.E. Apushkinskaya, A.I. Nazarov. The normal derivative lemma and surrounding issues. Russian
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CERKINJA
Maremarunka u nHpopMaTuka y oopa3oBamy

EdexruBHaA ynorpeba NpojeKTHUX 3alaTaka Yy HACTAaBM MHPOPMATUKE:
u3pana no pazama, onemUBaAKH€ U GOPMATUBHO OIEHUBAH€

Iyma Byrosuh

Pauynapcra cummnaszuja
Rnes Muzaunosa 6/6, 11000 Geoepad
e-mail: dvukovic@rg.edu.rs

Ancrpakr. IIpojexkrHn panoBu y HacTaBu MHGOPMATHUKE MONCTUYY YUECHUKE A KPO3 HPAKTUYIAH
panx MCTOBPEMEHO CTWYy 3Hama n yHaupebyjy kpyune nmadpopmarwmuke Bemruae. OBaj panx pasmarpa
KaKO Mla Ce MPOjeKTHUW 3aJall MOCTaBe TAKO Ma 00yXBaTajy BUIIE HUBOA CIOMKEHOCTU, oMoryhasajyhm
VUeHuIMa Ia CaBJIaJajy BEIITHMHE pa3BOja IPOjeKTa IO (azaMa, O]l jeNIHOCTABHUJUX eJIeMeHaTa IO
KOHAYHOI CJIOMKEHOT npojekra. buhe m3HeTO HEKOMMKO MAeja KaKo Ja Ce BPIIN OLCHUBANKE, TAKO Na CE
VCIIUTa UHAVUBUAYAJHU OOIPUHOC Yy TUMY, & pald IOTBPAE Oa CYy CBU YUCHUIU CaBJIagaJId Hpe,HBI/IbeHO
rpaguBo. Takobe, Orhe ofjammeHo KakO MPOjEKTHM paJ MOXKE IIOCIYKUTHA Kao CPEACTBO 3a (Op-
MaTHUBHO OIEHBUBAKE, KPO3 aHAIW3y IpPEeNaTUX BUIIE Bep3dja pala Ca MOBPATHUM MHPODMAIHja 3a
yuenuke. IloceGan axnenar 6uhe craB/beH Ha TO KAKO TeMe IPOjeKaTa MOIy OUTH QU3ajHUpPAHE TAKO
Ia YYEHUIW HOKa:Ky CBOjy KPEaTHBHOCT, a He na ce OJf BUX OYeKyje Ia CaMO pelle NMOCTABJHCHU 3a-
xteB. IIpojekTHu panoBu cy BeoMa epuKacaH MEXaHM3aM Aa C€ CABJIANA HEKOJUKO PA3JINIUTUX TEMa Yy
OKBUPY HCTOT IPEIMETAa, YUMe Ce mTequ BpeMe a moBehaBa yKyIHU pe3yiTaT HACTaBe U yuema. Kpo3
KOHKDETHe mpuMepe mn3 obimactu 6a3a momaraka U 00j€KTHO OPUjEHTUCAHOT IPOrpaMUpPakha IPUKA3AHNI
Ccy metaspHO paszpabeHu npojeKTHH pagoBU KOjU WMIYCTPY]y OBe IPUCTYIIE.

Kipyune peum: IIpojektnu pamnosu; OuewmuBame u TuMcku pan; PopmaruBHO oOnemuUBaE;

Kpearusuoct

Bubauorpaduja

[1] Dusa Vukovi¢ Baze podataka za treéi razred specijalizovanih IT odeljenja, Petlja, 2023.
https://petlja.org/sr-Latn-RS /kurs /7963

[2] Dusa Vukovi¢ Programiranje - klase i objekti, CET, 2018.
https://cet.rs/proizvod /programiranje-klase-i-objekti/
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Mepeme 1 CAMYHOCT KA0 MOJIA3HU KOHIENTU €YKJIMICKE TeOMeTpHje

He6ojma Mkomunosuh

Mamemamuuxy gaxyamem, Ynueepsumem y Leozpady
e-mail: nebojsa.ikodinovic@matf.bg.ac.rs
ORCID: 0000-0003-3832-760X

Axncrpakr. Ilonazma taurka npemaBama Ouhe moHekse mapamokcajgan obpt: TamecoBa peBoury-
NUOHAPHA METOJA MepeHa BUCHUHE eTMIATCKUX NuUpaMuaa, ¢ KojoMm ce paba mpasa reomerpuja, cBoje
ompaBrame qo0uja Tek y ImmecTo] Kuu3um EyriannoBux EmemeHnara, KojoM ce 3aBpIiaBa 3aCHUBAE
nnanuMmerpuje. Veru je caydaj ca MHOTMM CaBPEMEHUM aKCUOMATCKAM CUCTEMUMA, KOjU Cy HACTAJIKL
KacHUje, JorudkuM cpebuBamem EsemeHara: U3BOPHU KOHIENTU I'e€OMETPUje — MEPEHme U CIUYHOCT —
noJjiase Ha Kpajy. YIpaBo IO y30DPYy Ha OBAaKBe CHCTEME, y CaMOj HACTaBU MeOMETPH]je OBa ABA KOHIENTA
OuBajy y BEJIMKOj MEpU MapruHaJm30oBaHa. Mepeme ce UCKbYUYje U3 FeOMEeTPUjCKUX apryMeHTaIrja
U M30CTaB/ba Ce CBAKa IPUUYA O HETOBOM 3aCHUBABY (IOK ¥y HACTABU I'€OMETpPHje MOTIYHO TOMUHUPAjY
PAUYHCKMA 3aall11), & CJAUYHOCT C€ TPeTUpa KAO HAIpEeNHA TeMa CBENeHA y BeoOMa OrDaHUYeHEe OKBUDE
TUNU3UPAHUX IMKOJICKUX 33JATaKA.

Heckman usmeby nmpuponsor passoja MaTeMaTUUKAX UIEja U KACHUjer JIOTUYKOT cpebuBama Tux
uneja mpencraBiba jemaH on HajBehwmx m3aszoBa y 3acHuUBamy HacTaBe Maremaruke. CaBpemeHa Iu-
ITAKTUKA MaTeMaTHKe jaCHO UCTUYE M8 KJbyUYHEe MaTeMaTUJKe KOHIenTe Tpeba MaK/LUBO IIAHUPATU U
pasBUjaTH TOKOM YMTABOT IMKOJOBamka. | JIABHU IIUJb TPEeJaBamka jJecTe na Ce MPUMEHOM HABEIEHOT ITPUH-
IUIa Pa3BUje KOHIENT CINYHOCTHU, KPO3 CBE HUBOE MATEMATUYKOr 0Opa30Bamba, MOBE3UBAHEM HOBUjUX
ca3Hamka KOTHUTUBHE HAyYKe, TPUPOTHOT Pa3BOja MATEMATUYKUX KIEja W CAMUX NUBEBAa 00pa3oBama
y caBpeMeHOM IpyITBY. YKparko he OuTy mpurasaH M akcuoMarcku cucreM Bupxoga, mpeBacxomHO
pasBujen 3a morpebe y macrtaBu. Vzmarame he mpatuTy cBeRkM M Pa3HOBPCHU 3ajany IpuiarobheHn
PA3IMYNTIM HUBOUMA W [AJbEBUMA yUCHA MATEMATUKE.

Kmyune peun: mepeme; CIMYHOCT; AaKCMOMATCKUA CHACTEM.

Bubauorpaduja

[1] G. F. Birkhoff. A Set of Postulates for Plane Geometry (Based on Scale and Protractors). Annals of
Mathematics, 1932, 33(2), 329-345.

[2] G. F. Birkhoff, R. Beatley. Basic geometry. Chelsea Publishing Company, New York, 2000.

[3] Z. Luchié. Euklidska i hiprebolichka geometrija. Matematichki fakultet, Beograd, 1997.

[4] J. Ilessepman. 3anumnpusa zeomempuja. Haponua kmura, Beorpan, 1958.
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CraBoBu HacTaBHUKA O IIpMEHU BEIOITaYKe I/IHTeJ'II/II‘eH]'J;I/Ije Y HacCcTaBH
MaTeMaTHRe

Panocnas Goxuh

Yuumencru parxyamem, Yruueepsumem Edyxonc, Cpemcra Kamernuya
e-mail: radoslav.bozic@gmail.com
ORCID: 0000-0003-1128-8823

Axncrpakr. ToroMm mocienmux HEKOJIMKO IOAMHA, pa3BujeH je Behim 6poj amnukanuja, 3aCHOBaAHUX
Ha BemTaukoj uHreaurennuju (BV amnukanumje), Koje Cy HaMEHmEHE peIIaBamby MATEMATUYKAX IPOO-
sema. OBakBe amiauKaiuje Cy JIaKO HOCTYIHe ydeHuimMa. FbuxoBo kopumheme mMa MpPeIHOCTH, AJId
npencraBba u m3a30B. TorkoM 2025. ronuHe, COPOBENEHO je UCTPaKMBaI€, KOje je MMAaJOo 3a IUJb a4
Ce UCIUTAjy CTABOBU HACTABHMKA MATEMaTUKE y OCHOBHUM U cpenmuM mkosnaMa y Cpbuju o npumeHn
BeITaYKe UHTEJUTeHIje y HacTaBu. Behuna nucnuranuka #uje kopuctuna BU annukanuje y Hacrasu,
ajy MOKa3y]y MHTEPECOBAaMmE Na Ce YIO3HAjy Ca OBUM allIMKalUjaMa M Ja UCIPOoDajy BUXOBY IPUMEHY
y HacraBu. HacraBHunu xoju cy ropuctuiau BU annukanuje younnum cy IpegHOCTU, ajlyd U HELOCTATKE
BUXOBE IIPUMEHE.

KJ’Ly‘-IHe peduun: BemTavka I/IHTeJII/IFeHL[I/Ija; MaTeMaTHuKa; HaCTaBa; CTaBOBU.

Bubaunorpaduja

[1I] C. Chan, L. Tsi. Will generative AI replace teachers in higher education? A
study of teacher and student perceptions. Studies in FEducational FEvaluation, 2024,
https://doi.org/10.1016/j.stueduc.2024.101395.

[2] S. Hwang. Examining the Effects of Artificial Intelligence on Elementary Students’ Mathematics
Achievement: A Meta-Analysis. Sustainability, 2022, 14, 13185.

[3] O.A,G. Opesemowo, M. Ndlovu. Artificial intelligence in mathematics education: The good, the bad,
and the ugly. Journal of Pedagogical Research, 2024, 8(3), 333-346.
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Pa3BI/IjaH:>e JAVIBEPIréHTHOI MUIIIJbEHha Yy HAaCTaBU MaTeMaTHUuKe

Aubenka Cumuh Munusojesuh

Tumnasuja Bpanucaas Ilemponujesuh Yo
Paryamem nedazowrur nayka, Yruueepzumem y Kpaeyjesuy (doxmopand)
e-mail: andjelka.simic@dms.rs

Ancrpakr. Maxko je y HacTaBu MaTeMaTUKe HajYeIINY IUJb IPOHAIAKEHE jeJHOr TAYHOT PEIeHa,
yIpaBoO 3amaly Koju oMoryhiaBajy BuUlle IPUCTYNA U PEIIeHa HajBUIIE IOACTUYY Pa3B0Oj AUBEPIEHTHOT
MUIIJLEHa — CIOCOOHOCTY I'€HEePUCaha BEJINKOr OpOoja pa3induTrX, OPUTCUHAIHUX U PA3HOJNUKUX UOEja
UM pellemna 3a 3aaTh IpodJieM, 3a Pa3JrKy OJ KOHBEPIEHTHOI MUILLEHA KOje TEeXU IPOHAIAKEIEY
jemHOr TavYHOr OoAroBOpa. Y M3jIaramy he OMTU IPUKA3aHO KAKO CE€ MUBEPIEHTHE CIOCOOHOCTU yUEHUKA
(¢pyerTHOCT, (IEKCHUOMIHOCT M OPUTMHAJHOCT) MOTY DPAa3BUjaTU KPO3 HECTAHAADIHE MATEMATUYKE
3amaTKe, Kao mMTO Cy 3azamu ca Bume pemema (MST), orBopeHu 3anamm, NOCTABbAmE IPOGIEMa
(problem — posing) u akruHOCTM Tuna yBek-moHekan-Huran (ASN). Passujame oBux crnocoGHOCTH
nonpuHOCH AyOJ/heM pa3yMeBamy MATEMATUUKMX [IOJMOBA, KAO W PA3BOjy KOMIIETEHIUja 33 PEIIABALE
npobiieMa, KPUTUUKOT MUNIJBEHA U KPEATUBHOCTH. Y JIOTa HACTABHUKA je ¥ BODemy mpoIeca pemapama,
nopebemy ydeHWUKMX nAeja W HOACTUIAKY OUCKYCUje KOja oxpabpyje (IeKCHOMIHOCT M apryMeH-
roBamwe. [luin n3marama je Ja MOKake KAKO MaKJLMBO ONa0OpaHM 3aJalyd M OTBOPEHA KOMYyHHUKAIHUja Yy
VUYUOHUIM MOT'Y IIOCTATU IOACTUIAj 3a& PAa3BOj KPEATUBHOr U (PIEKCUOMIHOT MATEMATUYKODI MUMIbEHA,
KA0 IPENyCIOBa 3a pa3yMeBaihe U NPUMEHY MATEMATUKE Y CBAKOJHEBHOM KUBOTY.

Kmyune peum: nuBepreHTHO MUILbEHE; (IEKCUOMIIHOCT, KPEATUBHOCT, HECTAHIADIHU 3a0AIN;

HacCcTaBa MaTEéMaTHuKE.

Bubauorpaduja

[1] J. P. Guilford. The nature of human intelligence. McGraw-Hill, New York, 1967.

[2] E. A. Silver. Fostering creativity through instruction rich in mathematical problem solving and prob-
lem posing. ZDM — Mathematics Education, 1997, 29(3), 75-80.

[3] R. Leikin. Challenging mathematics with multiple solution tasks and mathematical investigations in
geometry. In: Y. Li, E. A. Silver, & S. Li (Eds.), Transforming Mathematics Instruction: Multiple
Approaches and Practices. Springer, 2014, pp. 59-80. https://doi.org/10.1007/978-3-319-04993-9 5

[4] R. A. Beghetto, J. C. Kaufman. Classroom contexts for creativity. High Ability Studies, 2014, 25(1),
53-69. https://doi.org/10.1080,/13598139.2014.905247
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HoBu crapmapmu y HacTaBU MaTEMAaTUKE

Boxunnap Munamosuh

T'umnasuja Maadenosay
e-mail: milanovic.boza@gmail.com

Munan I'pyjun

IIxoncka ynpasa Hoeu Cad
e-mail: milan.grujin@gmail.com

Ancrpakr. Y gmenemOpy 2024. roawmHe wM3amiad Cy HOBU CTaHAADIU W3 MATEMATUKE 3a Kpaj
OPBOr IUKJIYyCa OCHOBHOT 00pa30Bama, APYrOr IUKJIyCca OCHOBHOI O0Opa3oBama W 3a Kpaj CpeImer
obpasoBama. HoBu crammapam y OpBU IUIAH CTABJA]y CBPXY ydUema U (QYHKIMOHATIHOCT 3HAMmA KOJY
VUEHUIII TOKOM CBOI' 00pa30oBama CTUYY W AKTWUBHO IPUMEHY]y Y MHOMOODOJHUM CHUTyamujaMa IIKOJI-
CKOr U cBakomHeBHOr skuBoTa. Crammapme mocturayha uyuHe Tpr OCHOBHE KOMIIOHEHTE: OIIITA MPE-
MeTHA KOMIETEHIMja Ha TPU HUBOA, CIeNU(PUIHA NMPEAMETHa KOMIETEHNMja HA TPU HUBOA U MCXOAUN
o0pa3oBHOr HuKIyca HAa Tpu HuBoa. OmmTa npeaMeTHa KOMIETEHIUja ONKUCYje TJIABHY CBPXY yUeHha
maremaruke. Ca HOM ce ycrnocrasiba Beda uzMebhy mMaremaTuke m peasHor skusora. Crnenupuyna mnpe -
MeTHa KOMIeTeHnuja 1 oaqropapa Ha muTame ,,Ta’ , CIenupuyIHa IpeIMeTHA KOMIETEHIM]a 2 Ha IUTAkhe
»Kako” 1 crenu(uyHa NpenMeTHa KOMIETEHIja 3 Ha IUTame ,,3amTo’ . Y pany heMmo mOKymaTy oa Io-
IaTHO 00jaCHMMO CBaKy O CHEIMU(OUYHUX IPEeIMETHUX KOMIETEHIMja 33 MAaTEMATHUKY. ¥ ClocTaBuheMo
Be3y u3MeDy cmenmupuuHUX IpeaMETHHMX KOMIIETEHNUja U ABOAMMeH3unoHaJsHe BiyMoBe TakcoHOMUjeE.
Hagpemhemo npemiore kako 61 mojeAMHN UCXOIU MOTJIX Aa OyAy HOCTUTHYTH Ha yacoBuMa. Y KazaheMmo
Ha IOTOJHOCT HOBUX MCXOJa U CTAHIApAa y IPUMEHN TOKOM audepeHnupane Hacrase. Iloceban ocBpr
hemo manpasutu mwa MOII 3. Usspmuliemo u mopebewmme ca crapuM CTaHIAPANMA U UCXOOUMA, KAaO U
ca cTaHzapIvuMa 3eMaJtba ¥ OKpy:xemy. HaBemhemo Heka Hama pasMumbama O I3MeHAMa Y HACTABHUM
IUIAHOBYMA UM IPOrpaMUMa Y OCHBOHO] U Cpens0j mroau. [Ipemmoskuhemo Heke maumbe Kako Ou Te
U3MEHE MOTJIE Ja Ce MPUMEHE y IPaKCH.

Kmyune peun: crapmapn; ucxoln; KOMIETEHIN]ja; AU(ePEHIN)annja.

Bubauorpaguja

[1] 3aBox 3a ynanpebusBame obGpa3oBama M BacouTama. [IpaBUIHUK O cTaHZADIUMA O0OPAa30BHUX
nocturayha 3a Kpaj OPBOT IMKIyCa OCHOBHOI OOpa3oBama U 3a KPaj OCHOBHOT 00pa30Bama.
Cayacoenu doxymenm, 2024.

[2] BaBox 3a ynanpebuBame obpa3oBama M BacOUTama. [IpaBUIHUK O cTaHZADIUMAa O0OPAa30BHUX
nocturayha 3a kpaj cpenmer obpas3oBama u Bacuurama. Cayacoenu doxymenm, 2024.
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Ynopenua ananu3a nsa GenAl Momesna y pemaBamy 3adaTaKa U3
00JIaCT MaTEeMaTUUYKOT MO IeJIPAha

Anerkcannap Munenkosuh

IIpupooro-mamemamuvru garxyamem Ynusepsumema y Kpazyjesuy
e-mail: aleksandar.milenkovic@pmf.kg.ac.rs
ORCID: 0000-0001-6699-8772

Hemama Byuwmhesuh

IIpupooro-mamemamunru gaxyamem Ynueepsumema y Kpaeyjesuy
e-mail: nemanja.vucicevic@pmf.kg.ac.rs
ORCID: 0000-0002-4903-7280

Mapwuna Csuuesuh

IIpup oono-mamemamuury garyamem Ynusepsumema y Kpaeyjesuy
e-mail: marina.svicevic@pmf.kg.ac.rs
ORCID: 0000-0003-2791-3849

Ancrpakr. Y HoBuje Bpeme cBe je Behm Opoj mcrpaskuBama yCMepeH Ha aHaiaudy edurac-
HOCTM MOJeja IeHepaTuBHe BemrTauke uHreiurenuuje (GenAl) y pemasamy MaTeMATUYKUX IPOG-
gema. Y TOM KOHTEKCTy, IoceOHa mnaxkma mnocBehyje ce mcnmruBamy moryhiHOCTM OBHX ajara y
IOMeHY MaTeMaTUJYKOr Momeaupama. Hemasue crymuje ykasyjy na Oecmmaraa Bepsuja ChatGPT-
a (GPT — 40) Moke ma TOCTyKU CTyIEHTUMA Kao NOMONHO CpeacTBO y Mpomecy BaduIaluje pPem-
elba, NaKO HmeHe MepPPOpMaHCe jOII YBEK HE NOCTWKY KeJbeHU HUBO. MoTHBHCaHM TUMM HaJla3UMa, Wb
HaIller UCTPa:KMBarmba OMO je Ja TeCcTUpaMo IBa ajJaTa KOjJUMa, Ce y HOBUjO] JUTEpPaTypu MpUIaje CBe
Behu 3Hauaj, a Koju mpema NOCTYIHUM momamuMa mocTwky obehasajyhe pesymrare Gemini Pro u
ChatGPT Thinking (GPT —5). Y oBom pamy npenctasulieMo meppOpMaHCe IOMEHYTHUX ajaTa y pe-
maBamy 3aaTaka U3 MATEMAaTHIKOr MOAeIupama, npalleHnx Kpo3 MUKIYC MOAEINPamha IPEMa MOy
koju cy npemnoskunu Blum & Leiss. Ananmsa he o0yXBaTuTy KBAJIUTATUBHY, YIODPEIHY €BAJYALN]Y
pemiema mecT 3aaTaka Koje Cy CTYIeHTU YeTBPTE I'OAMHE OCHOBHUX aKaJEeMCKUX CTYIUja MaTeMaTHKe
IIpuponno-maTemarnukor ¢akynrera y Kparyjesuy pemaBanu y OKBHDPY NpemucInTHUX obOaBe3a Ha
npenMery MareMaTuyko MOAEIUpAHEe.

Kipyune peun: marematuuko moxenupame; GenAl; Gemini Pro; GPT — 5.

Bubauorpaduja

[1] W. Blum, D. Leiss. How do students and teachers deal with modelling problems. Mathematical mod-
elling (ICTMA 12): Education, engineering and economics, 2007, pp. 222 - 231.

[2] M. Svicevié, A. Milenkovi¢, N. Vuciéevié, M. Stankovié. Evaluating the Success of AI Tools in Sup-
porting Student Performance in Mathematical Kangaroo Competition. Computer Applications in
Engineering Edu-cation 33(4), 2025.

[3] N. Vug¢icevié, A. Milenkovi¢, M. Svi¢evié. ChatGPT’s Capability in Solving Mathematical Modelling
Problems. 16th International Conference on eLearning, Belgrade, Serbia, 28-29 September 2025.
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AHaym3a JIOTMYKNX 3arOHETKU

Iejan Bypnema

Eaexmpomernuura wrona ,,3emyn”, Hade Jumuh 4, 3emyn
e-mail: dvurdelja@sbb.rs
ORCID: -

Ancrpakr. Y oBoMm wm3naramy 6aBuheMo ce aHaaM3oM K pemiaBameM ABE JIOTUYKE 3arOHETKE
KOje Cy TOKOM KCTOpHje M3a3BaJie NaKlby MaTeMarndapa 1 jbyouresa jgoruke. IIpBu meo mpencrasma
OxkC(OPACKY JIOTMUKY IUTAJUIYY, y KOjOj YYECHUIM MMajy NeJuMHUYHe mHpopMmanuje o obnuky u 6oju
¢urype mncmon xoje ce kKpuje Harpaga. Kpo3 xkopak mo KOpak €JIMMUHAIM]Y U JOTUYKO 3aKJbYUNBAHE
MOKa3yje ce KaKO U3 IOYeTHE HeU3BECHOCTU NOJIA3MMO IO jeJUHCTBEHOr pemema. Ipyru meo mszmarama
ouhe nmocsehen [lurOKMjeBOj 3aroHeTEM, 3aTaTKY CA MATEMATUYKE OIUMIMUjale, y KOjeM je moTpebHO
AHAJIM3UPATA UCTUHUTOCT jeTHE U3jaBe, MO MPETHOCTaBKOM na [InmHokuo yBek roBopu HemcTury. Kpo3
MaK/BUBO PAa3MaTPakhe PA3IUUUTUX WHTEPIpeTanudja W JOTUUKKAX IIOCJIennna, mokazalieMo Kako ce

A0JIa3W OO TaYHOT 3aKJ/by4Ka.
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Abstract. We are witnessing daily advances in the development of artificial intelligence. While some
sources are predicting that by 2060 year artificial intelligence will surpass human intelligence [2], others
are are claiming that artificial intelligence will never be able to exceed human creativity but it will help
in enhancing and expanding of human creativity [1]. So, the question arises whether reasoning is going to
have same future as creativity or not. In this paper, we explore the reasoning abilities of tools based on
generative artificial intelligence [3], [4], specifically ChatGPT, in solving mathematical problems. We also
conduct a comparative analysis of the success rates of students and ChatGPT in solving these tasks.

Keywords: mathematical logical problems; generative artificial intelligence;ChatGPT; teaching of
mathematics.
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Abstract. The contemporary educational landscape is undergoing a profound transformation driven
by advancements in Al. Mathematics, as a discipline with structured logic and clear progressions, has
become a primary domain for the application of Al-driven educational technologies. This paper provides
a comparative analysis of how diverse regions and countries around the world are adopting and adapting
AT tools for the teaching and learning of mathematics. By examining national strategies, key platforms,
and focal points of implementation, distinct models emerge: state-driven systemic integration, teacher-
empowerment approaches, and grassroots adoption. The analysis reveals that while the core technologies
of adaptive learning and personalized tutoring are similar, their application is profoundly shaped by local
educational policies, cultural values, and socioeconomic contexts. Commonalities are identified, particularly
a global shift towards viewing Al as a tool for augmenting, rather than replacing, educators. However,
significant challenges persist, including concerns about educational equity, the erosion of critical thinking,
and the urgent need for comprehensive teacher professional development and ethical frameworks. Our
analysis indicates that the success of any initiative is less contingent on the specific technology and more
on its alignment with a supportive educational ecosystem. This ecosystem necessitates continuous teacher
professional development, robust evidence-gathering, and ethical policies that prioritize enhancing human
instruction over automation. Future research should pursue longitudinal studies on the long-term impact
of Al on mathematical reasoning and investigate the role of generative Al in fostering Cognitive skills,
mathematical creativity and collaborative problem-solving.

Keywords: Artificial intelligence;Digitally-supported education; Educational policies.
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Abstract. In silico clinical trials are set to transform medicine by enabling virtual testing and simula-
tion, which streamline the development of medical devices and pharmaceuticals while reducing costs and
duration. The SILICOFCM platform offers a innovative, multi-modular approach designed to optimize
overall heart function and monitor the effectiveness of pharmacological treatments, aiming to decrease
dependence on animal and human trials. The overarching goal of the STRATIFYHF project is to develop
and clinically validate an innovative Al-driven Decision Support System (DSS) to predict heart failure
risk, support early diagnosis, and forecast disease progression—offering a paradigm shift in heart failure
management across primary and secondary care. The DSS integrates patient-centered data from existing
and emerging technologies, a digital patient library, and Al-based algorithms combined with computational
modeling. Through workflows dedicated to improving heart performance and evaluating pharmacological
effects, SILICOFCM and STRATIFYHF are paving new pathways to accelerate drug development and
clinical testing. SGABU project has increased scientific, technological and innovation capacity of Serbia
as a Widening country in the domain of multiscale modelling and medical informatics in biomedical en-
gineering. The training activities such as workshops, collaborative academic and industrial activities are
completed. Collaborative academic activities included peer-reviewed scientific publication, joint conference
publication and joint project proposals. The partners explored opportunities in the four main applications
of the SGABU platform: Bone modelling, Cardiovascular disease modelling, Cancer modelling, Tissue engi-
neering. Partners developed teaching material and knowledge framework as well as computational resources
in parallel with models integration into the SGABU platform. Collection of data and multiscale models
and solutions is completed in parallel with their integration into unified SGABU computational platform
and creation of learning material. It involves: (i) the testing and validation methods for the multiscale
models integrated into the SGABU platform and (ii) the evaluation and refinement of the final platform
with all the integrated components through system testing, and usability assessment. All three projects
SILICOFCM, STRATIFYHF, SGABU included AI modules for scientific research and education.

Keywords: insilico clinical trials, cancer, cardiovascular, bone, tissue engineering, Al.
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Abstract. The basis of every educational system is the mother tongue and mathematics. Paradox: Al
exists and was created thanks to mathematics, but it does not know how to apply mathematics. This is
not about solving problems, algebra, or geometry. The point is that mathematics serves to develop logical,
critical, and creative thinking. If a gym is a place to train the body, then mathematics is an area to train
the brain. Why is this "gym" denied to AI?

The question arises: why are all artificial intelligences developed based on a large language base (LLM)?
If the development of probability was influenced by gamblers, and if statistics is often a science that can lie,
depending on the starting parameters, what does that say about the development of artificial intelligence?
Why are fast and desirable answers, given based on probability and occurrence statistics, considered more
important than correct answers? Let us remember: a lie repeated 100 times becomes truth!

Why are milliards spent on training and developing Al, yet none of them has been assigned a mathe-
matician to teach it the application of mathematics and the development of logical and critical thinking?

The fact is that the language of mathematics is universal worldwide. It means the same everywhere,
only read differently. Why is the understanding and application of something that is common and the same
for everyone, mathematics, denied in a large linguistic base?

I tested five artificial intelligences - ChatJPT, Gemini, DeepSeek, Grok, Claude - and all failed three
simple tests! The solutions to the tasks are not important, what matters is that they all showed weakness
when it comes to logical thinking and giving correct answers. Is the development of AI, based on a large
linguistic base, probability, and statistics, good for AI and humanity? The answer from all five is: no!

This is a call and a warning that the development of educational systems and the application of
mathematics does not mean memorizing data, but insisting on logical, critical thinking and understanding,
especially regarding the use of Al. At the same time, this is an attempt by a mathematician to influence
the correction of Al development while there is still time. The question is whether those who develop Al
will listen to mathematicians, or are they too focused on speed and commercial applicability.

Complex problems often have simple solutions, and those are the most beautiful. Proposed solutions:
e Globally determine a minimal set of rules that every Al should follow;

e Educate people through education systems and media about the use of Al

e Continue developing Al that will deal with facts, not just probable and statistically acceptable data.

Keywords: Artificial Intelligence; Applied Mathematics; Logical Thinking; Critical Thinking; Education.
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Apstrakt. Inovacije u nastavi matematike i informatike su zna¢ajne u procesu modernizacije visokog
obrazovanja i prilagodavanja potrebama digitalnog doba. Iako postoje razlike u sadrzaju i metodologiji, obe
discipline imaju za cilj podsticanje razvoja analitickog razmisljanja, pristupa reSavanju problema i sposob-
nosti primene znanja u realnim situacijama. U obrazovnim trendovima upotreba digitalne tehnologije,
tehnika aktivnog ucenja i sistema procene koji podrzavaju personalizovano i interaktivno ucenje postaju
sve znacajnije. Studenti su motivisaniji i bolje razumeju slozene koncepte kada se koriste inovativne tehnike
poput gejmifikacije, onlajn i hibridnih modela, uéenja zasnovanog na projektima, vestacke inteligencije i
analitike ucenja. Matematika koristi kreativnost za stvaranje prakti¢nih primena i vizuelizaciju apstraktnih
koncepata, dok ra¢unarstvo koristi iste koncepte za unapredenje tehnickih i programerskih vestina stude-
nata. Da bi se odredili prioriteti u razvoju modela nastave, tehnologije i pedagoskih pristupa, u ovoj studiji
se koristi AHP tehnika za analizu i rangiranje glavnih indikatora inovacija u nastavi obe discipline. Priku-
pljeni rezultati omogucéavaju temeljno razumevanje elemenata koji najvise uti¢u na efikasnost i kvalitet

obrazovnog procesa u digitalnoj sferi.

Kljuéne reéi: inovacije u nastavi, digitalne tehnologije, aktivno uc¢enje, AHP metoda
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Apstrakt. Izraz ,demokratski pristup nastavi matematike" obi¢no upucuje na pristup poducavanju
matematike koji se zasniva na demokratskim principima - uvazavanju ucéenika, zajedni¢kom donosSenju od-
luka, otvorenoj komunikaciji i aktivnom uce$éu svih u procesu ucenja. Nastava matematike zasniva se na
principima saradnje, uce$¢a ucenika, kritickog misljenja, inkluzije i dijaloga. U takvom okruZenju ucenici
zajedno istrazuju matematicke ideje, razmenjuju strategije i zajednic¢ki dolaze do reSenja, $to razvija kooper-
ativne vestine i osec¢aj zajednicke odgovornosti. U praksi bi to znacilo: da uéenici mogu ucestvovati u izboru
zadataka, metoda rada ili projekata. Aktivnim udeSéem u izboru metoda rada i nacina prezentacije reSenja,
uCenici postaju ko-kreatori procesa ufenja i razvijaju dublje razumevanje matematickih koncepata. Pod-
sticanje kritickog misljenja omoguéava im da promi$ljaju o postupcima, analizirajuargumente i povezuju
matematiku sa realnim situacijama. Pravila rada u ucionici zajedno kreiraju ucenici i nastavnici. Pod-
stice se diskusija, postavljanje pitanja, reSavanje problema u malim grupama, uvazava se razli¢it nacin
razmisljanja i argumentovanja. Naglasak nije samo na ta¢nom odgovoru, ve¢ i na procesu. Ucenici mogu
predlagati i braniti razli¢ite strategije resavanja. Ucenje se odvija u saradnickom okruzenju tako Sto se
organizuju matematicke rasprave, zajednicko modelovanje problema, razvija se sposobnost pregovaranja,
objasnjavanja i sluSsanja tudih ideja. Demokratizacija nastave ogleda se i u jacanju inkluzije, jer svaki
ucenik dobija priliku da doprinese i bude prepoznat bez obzira na nivo predznanja. Nastavnik vodi rac¢una
o prilagodavanju zadataka razli¢itim nivoima znanja. Njegov zadatak je i podsticanje svih ucenika da
ucestvuju, bez straha od greske. Vodi ra¢una o poStovanju razli¢itih kulturnih i socijalnih pozadina. Nas-
tavnik u ovom procesu nije ,autoritet koji zna sve" veé¢ vodi¢ koji: postavlja problemske situacije, podstice
kriti¢ko misljenje i ohrabruje saradnju.

Zagto je vazan demokratski pristup u nastavi matematike?

Demokratski pristup u nastavi matematike vazan je zato Sto:

e razvija logicko i kriticko misljenje,

e jaca samopouzdanje ucenika,

e podstice radoznalost,

e omogucava da ucenici preuzmu odgovornost za sopstveno ucenje,
e priprema ih za aktivno ucesée u drustvu.

Kroz stalni dijalog - izmedu ucCenika i nastavnika, ali i medu samim udenicima - grade se poverenje,
otvorenost i kultura ucenja koja podrzava razliCite perspektive i puteve do reSenja. Prikaz aktivnosti u
nastavi matematike za razvijanje kompetencije ,,Autonomne vestine u¢enja" na osnovnom i naprednom
nivou: Istrazujemo zajedno. Matematicko problem za ucenike 6. razreda osnovne 8kole je: ,Minimalna plata
- moZe li se od nje ziveti?"

Kljuéne reéi: saradnja; aktivno ucescée; kriticko misljenje; uvazavanje razlicitosti; dijalog.
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Apstrakt. Rad se bavi znacajem pojma proporcije u nastavi matematike u osnovnoj skoli, njenim
mestom u nastavnom programu i didaktickim pristupima koji podsti¢u dublje razumevanje ovog matem-
atickog pojma. Proporcija, kao jednakost dva odnosa, ima vaznu ulogu u razvoju logickog misljenja, sposob-
nosti zaklju¢ivanja i primene matematike u svakodnevnom zivotu. U radu se istice potreba za postepenim
uvodenjem pojma kroz realne primere, vizuelizaciju i iskustveno uéenje, pre nego §to se prede na formalni
matematicki zapis. Poseban akcenat stavljen je na razli¢ite metodicke oblike rada — rad u grupama, istrazi-
vacke zadatke, upotrebu digitalnih alata i projektne aktivnosti — koji omoguéavaju ucenicima da povezu
teoriju sa praksom. ZakljuCuje se da poucavanje proporcije ne treba da se svede samo na mehanicko
reSavanje zadataka, ve¢ da doprinese razvoju sposobnosti modelovanja, analitickog misljenja i primene
matematickih odnosa u realnim situacijama.

Kljuéne reéi: proporcija; nastava metematike; razmera; logi¢ko misljenje; prakti¢na primena.
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Apstrakt. Ovo izlaganje predstavlja didakticku studiju slucaja takmicenja "Cetiri glave, jedan kod*,
realizovanog povodom Code Week manifestacije.[1] Takmicenje je imalo za cilj unapredenje algoritamskog
razmisljanja, preciznosti u praéenju uputstava i timskog rada kod ucenika 3. i 5. razreda, u skladu sa
ciljevima Nastavnog plana i programa.|[2] Radionica, vodena od strane nastavnice matematike i uditeljice,
organizovana je kroz Model Rotacije Uloga u meSovitim timovima, primenjujuéi principe usvojene na
struénom usavrsavanju.[3] Timovi su formirani nasumi¢nim izvlacenjem kartica radi postizanja objektivne
i funkcionalne saradnje.

Klju¢ modela je rotacija Cetiri funkcionalne uloge, ¢ime se simuliraju sve faze razvoja programa: Pos-
matra¢ (stratesko planiranje), Prenosilac (verbalizacija algoritma/kodiranje), Robot (precizna egzekucija)
i Analiti¢ar (pronalazenje i ispravljanje gresaka).

Takmi¢enje je obuhvatilo etiri igre progresivne kompleksnosti: od vizuelne komunikacije ("Kodiraj
sliku®), preko slozenog sekvenciranja ("Kodiraj most“), do grupnog reSavanja problema na mapi gde se

X

ocenjivala brzina i ta¢nost resenja ("Kodiraj zeca®). Najkompleksniji zadatak, "Kodiraj sendvi¢®, zahtevao
je od tima da napiSe algoritam/program za izradu sendvica.

Evaluacija je vrSena od strane zirija sastavljenog od roditelja, koji su ta¢nost izvodenja ocenjivali
definisanom skalom (5/3/1). Rezultati pokazuju izuzetno visok nivo motivacije i efikasnost modela u razvoju
aktivne saradnje i logickih kompetencija u kompetitivhom okruzenju. Predstavljanje ovog modela je u

skladu sa ciljevima Simpozijuma za unapredenje nastave.

Kljuéne reéi: Algoritamsko razmisljanje; Rotacija uloga; Takmic¢arski model; Unplugged; Matematika

i informatika u obrazovanju.
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Apstrakt. Razvoj vestacke inteligencije znacajno menja nacéin na koji se vrsi analiza trzista i donose
ekonomske odluke [1, 2|. Jedan od kljuénih matematickih alata u toj analizi jeste diferencijalni rac¢un
koji omogucava proucavanje stope promene ekonomskih veli¢ina kao Sto su ponuda i traZnja. Primena
izvoda omogucava kvantifikaciju odnosa izmedu cene i koli¢ine $to predstavlja osnovu za analizu elasti¢nosti
trzignih funkcija [3]. Metoda procene elasti¢nosti funkcija ponude i traZnje zavisi od oblika u kom su te
funkcije zadate [4, 5].

U eri vestacke inteligencije 1 nau¢no-tehnologkog razvoja, pojavljuju se mnogobrojni alati poput Geoge-
bre, Desmos-a, ChatGPT-a, Gemini-ja itd. koji pruzaju moguénost dinamicke vizuelizacije funkcija, jednos-
tavnog odredivanja izvoda funkcije kao i kreiranje simulacija promena parametara u realnom vremenu [6].
Ovakav digitalni pristup povezuje ekonomiju, matematiku i informacione tehnologije, doprinoseéi razvoju
medupredmetnih kompetencija kao Sto su kriticko misljenje, digitalna pismenost i analiti¢ko rasudivanje.

Iskustva iz nastavne prakse u visokom obrazovanju pokazuju da studenti ekonomskih usmerenja cesto
imaju ogranifeno razumevanje primene diferencijalnog racuna u ekonomskim kontekstima [5]. Stoga je
neophodno jacati povezanost matematickih koncepata sa realnim ekonomskim primerima i trzisnim mode-
lima, ¢ime se podstice funkcionalno razumevanje i razvija analitic¢ki pristup reSavanju ekonomskih problema.

Kljuéne reéi: diferencijalni rac¢un; ponuda i traznja; elasti¢nost; vestacka inteligencija; nastava
matematike.
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Prirodna dedukcija, preko interaktivnog dokazivanja do BTEX dokaza
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e-mail: andrija.urosevic@matf.bg.ac.rs
ORCID: 0009-0004-7679-1344

Sana Stojanovi¢ Durdevié¢

Matematicki fakultet, Univerzitet u Beogradu
e-mail: sana.stojanovic.djurdjevic@matf.bg.ac.rs
ORCID: 0000-0002-5386-9100

Apstrakt. Proces pisanja dokaza u prirodnoj dedukciji je uglavnom pravolinijski, sa izuzecima primene
pravila koja dovode do grananja u dokazima. Na papiru se gradi stablo dokaza, a za potrebe pisanja
matematickih udzbenika potrebno je paZzljivo prepisati dati dokaz u ITEX format. Kako se duzina dokaza
moze uveéavati poprili¢no brzo, kako matematicar napreduje i savladava dokaze tezih teorema, javlja se rizik
od pravljenja gresaka prilikom kucanja popriliéno komplikovanog I¥TEX koda koji se koristi za generisanje
stabla dokaza.

Sa idejom olakSavanja ovog procesa i povecanja sigurnosti u generisanje LaTeX dokaza u prirodnoj
dedukciji, kreiran je dokaziva¢ Theodor koji ¢e biti prikazan u ovom radu. Interaktivni dokaziva¢ teorema
Theodore, koristi iskljucivo pravila prirodne dedukcije, i moze dokazivati teoreme logike prvog reda. Napisan
je u jeziku Haskell i izvrSava se u interaktivnom okruzenju GHCi.

U toku rada dokazivaca, tekudi cilj dokaza se transformise dok ne dodemo do praznog cilja. Na kraju
rada dokazivaca automatski se kreira ITEX drvo dokaza u prirodnoj dedukciji na osnovu interaktivno
kreiranog dokaza u stilu uobi¢ajenom za matematicke udzbenike.

Kljuéne redi: interaktivno dokazivanje teorema; prirodna dedukcija; BTEX
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Olympiad USA

Mirjana Kati¢
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Matematicka gimnazija
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Bojana Matié¢

e-mail: bojanamate@gmail.com
Matematicka gimnazija
Kraljice Natalije 37, Beograd

Apstrakt. Olympiad USA je medunarodno matematicko takmicenje koje okuplja uéenike osnovnih i
srednjih 8kola iz razli¢itih zemalja sveta i organizuje se svake godine. Ucesnici resavaju zahtevne zadatke
koji proveravaju duboko razumevanje matematickih koncepata, logicko razmisljanje i kreativnost u pristupu
problemima. Cilj takmicenja je podsticanje ljubavi prema matematici i razmena znanja medu mladim
talentima na globalnom nivou.

Kljuéne reéi: Takmicenje, matematika, zadaci.
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Primene nejednakosti izmedu aritmeticke i geometrijske sredine u geometriji

Miodrag Mateljevi¢
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e-mail: miodrag@matf.bg.ac.rs
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Univerzitet w Beogradu - Matematicki fakultet, Studentski trg 16, Beograd
e-mail: marek.svetlik@matf.bg.ac.rs
ORCID: 0009-0005-0213-2167

Apstrakt. U ovom izlaganju razmatramo primenu nejednakosti izmedu aritmeticke i geometrijske

sredine (A-G nejednakosti) na reSavanje nekih izoperimetrijskih problema u ravni. Pokazujemo da
e u klasi svih trouglova datog obima najveéu povrsinu ima pravilan trougao;
e u klasi svih ¢etvorouglova datog obima najveéu povrsinu ima kvadrat;

e u klasi svih mnogouglova ¢iji je broj stranica jednak datom prirodnom broju n i obim jednak datom

pozitivnom realnom broju [ najveéu povr§inu ima pravilni mnogougao.

Posebno, izvodimo Bret$najderovu formulu za povrSinu ¢etvorougla, a zatim koriséenjem iste pokazujemo
da u klasi svih Cetvorouglova ¢ije su stranice jednake datim duzima, najveéu povrSinu ima tetivni Cetvor-
ougao.

Kljuéne redi: A-G nejednakost; izoperimetrijski problem; BretSnajderova formula.
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Primeri primene vektorskog ra¢una u dinamici rotacije

Tamara Miskovié

Gimnazija ,, Veljko Petrovi¢", Sombor
e-mail: somborskiimpuls@yahoo.com

Dusan Miskovié
Gimnazija ,, Veljko Petrovi¢", Sombor
e-mail: somborskiimpuls@yahoo.com

Apstrakt. Vektorski racun predstavlja fundamentalni matematicki alat u klasi¢noj mehanici,
omogucéavajuéi precizan opis kretanja i sila u trodimenzionalnom prostoru. Ovaj rad analizira primenu
vektorskih operacija u reSavanju problema dinamike, sa fokusom na Drugi Njutanov zakon F' = ma kao
osnovnu vektorsku diferencijalnu jedna¢inu. Takode, analizira se uloga vektorskog proizvoda u definisanju
momenta sile M = r X F' i momenta impulsa L = r X p koji su klju¢ni za razumevanje rotacione dinamike
¢vrstog tela. Cilj rada je da, kroz konkretne primere, demonstrira kako apstraktni matematic¢ki aparati
vektorskog raduna direktno korespondiraju sa merljivim fizickim veli¢inama i olakSavaju reSavanje kom-
pleksnih problema dinamike.

Kljuéne reéi: vektorski racun; dinamika; sila; moment sile; moment impulsa.
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Apstrakt. Osnovni koncepti matematike i njihova svojstva se standardno opisuju teoremama.
Razumevanje dokaza teorema, kao i kreiranje dokaza teorema je Gesto neophodno za uspeSno usvajanje
znanja i pracenje gradiva. U poslednjih par decenija se sve ¢eSce koriste interaktivni dokazivaci teorema,
programi namenjeni detaljnom zapisivanju i dokazivanju teorema koji garantuju, odnosno proveravaju, ko-
rektnost napisanih dokaza. Preciznost koja je neophodna za rad sa interaktivnim dokaziva¢ima i povratne
informacije koje se dobijaju, mogu imati veliki benefit za razumevanje matematickih koncepata i primene
osnovnih logickih pravila. Pazljiv odabir matematickih i informatickih oblasti moze biti koriséen da stu-
denti savladaju osnove formalnog dokazivanja teorema, bez prethodnog predznanja iz kurseva matematicke
logike.

Ovaj pristup je koriséen u okviru kursa "Uvod u interaktivno dokazivanje teorema", na ¢etvrtoj godini
Matematickog fakulteta uz interaktivni dokaziva¢ teorema Isabelle. Pozitivni rezultati kursa su vidljivi
kroz veliki skup seminarskih radova, medu kojima su formalizovani zadaci sa reSenjima sa matematickih

olimpijada, kao i verifikovani odredeni algoritmi i strukture podataka.

Kljuéne reéi: razumevanje dokaza, formalni dokazi, interaktivno dokazivanje teorema;
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CEKINJA
HayuHoucTpaskmBauky M CTPYYHM pall CTyJeHaTa

IIpumena mudepeHnujasHe reoMeTpuje y MHGOPMAMUOHNM HayKaMa

Harama Bypbesuh

Ynusepsumem y Leoepady - Homonpuspeonu daryamem
e-mail: djurdjevic.natasa.naca@gmail.com
ORCID: 0000-0002-0885-4735

Ancrpakr. [ludeperHnmjanna reomerpuja uMa IMUPOK CIEKTAD IPAKTUYHUX IPUMEHA KAKO Y
NPUPOJHUM, TAKO U y APYMTBEHUM Haykama. lupepennujanna reoMerpuja aHaAIU3Upa reOMETPHUjy 006-
jerara ropuctehn Terzopcka mosma Ha nudepernujaduanoj muorocrpykoctu. OBo opybe ce amamorao
MOK€ NPUMEHUTH Ha CTATUCTUYKUM MHOrocTpykoctuMa. Pao je 1945. yBeo PumanoBy merpuky Ha
CTATUCTUYKY MHOTOCTPYKOCT Kopumhemem Pumepose nHpOpMAIIOHE MATPUIE U PAUYHAO T'€OMETPU-
jcra pacrojama m3ameby nBe mucrpubynuje 3a pasauyuTe CTATUCTUYKE MOIEIe, NOK je Amapu yBeo
jemHOmapameTapcky ¢aMuianjy a(urHUX KOHEKCHja. T3B. a-KOHekcuje. Hamme, raxo momammMa Moke
OuTr TpUApYKEHA ¢aMuUInja pacmomesa BepoBaTHONe, y OKBUDPY audepeHnujaiHe IeoOMeTpHuje ce
pa3Buja MHGOpMaNMOHA FeOMeTpHja, Kao HeHa I'DaHa Koja ucTpakyje nHpopMmanuose Hayke. OHa 3a-
IpaBO IPOyUYaBa M€OMETPHU]Y Oy YnBakHa. 3a NHPOPMAIMOHY T€OMETPUjy HajOUTHU]U acIeKTH qudep-
EHIIjaJIHe TeOMeTpUje Cy OHM KOju HaM oMoryhasajy ma y3mMeMo IMpoOJieM M3 pa3iInyuTUX O0JIACTH,
Kao IITO Cy CTATUCTUKA, MHPOPMAIUOHA TEOPUja, TEOPHUjad KOHTPOJIE... BU3YEJIU3yjeMO UX I'€OMeTPU-
JCKM M pasBUjeMO HOBUM aJIaT KOJUM MOKEMO MPOMIMPUTUA U pas3Butu oBe obiactu. VI3 Tor pasiora
ce HENPEKUIHO BpIIe na/bd MCTPaKUBama y o0JjacTu nudepeHnujajHe reoMeTpuje Kako Ou ce oBa
Teopuja yHaIpeaujia M OWia IITO IpeNu3HAja. Y MAIIUHCKOM Y4YeHy Pa3INYATH BUCOKOAWMEH3MOHU
NPOCTOPH, KAO IITO Cy IPOCTOPU NOJaKa MM NapaMeTapCKd NMPOCTOPH, MOTY OUTHM TpeTMpaH! Kao
MHOTOCTPYKOCTH, IIa Ce y 3aBUCHOCTU O npobiema Koju Tpeba PEmNTU U BPCTe T€HEPATUBHOT MOIEa
YBOZ€E M UCHUTYjy Pa3IU4InNTe METPUKE, IOK y KOHIENTY KPUBMHE JIEKU OCHOBA 33 UCTPAKUBAH-€ NOOpe
reHepaJju3alyje MOAeJIa. 3alpaBo, JOKA3aHO je na Mame CKajJapHe KPUBHHE Ha Cauiu loss ¢pyHKmuje
y3pokyjy Behy poOycrHOCT. 3aTO, QKO JKEIMMO Ia yHIpPaBbaMO JATEHTHUM IIPOCTOPOM, & Ia UCTOBpE-
MEHO CavyyBaMO I'€OMEeTPUjCKY CTPYKTYPY JaTHUX I0JaTaka, He Tpeba IPeTNoCTaB/bATH I j€ 0Baj IPOC-
TOP EYKJIUICKHU, YMECTO Tora Tpeba KOPUCTUTH ajar JudepeHIrjaliHe reoMeTpuje.

Kmyune peun: mudepennujanna reomerpuja; METPUYKU TEH30D; a(hUHA KOHEKCHja; CTATUCTUYKA

MHOTOCTPYKOCT; MH(GOPMAaIOHA MHOT'OCTPYKOCT.
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Yueme nporpamckux jesuka y3 momoh ChatGPT

Munom ITasmosuh

Mamemamuury gaxyamem, Ynusepsumem y Leoepady, Cmydenmcrxu Tpe 16, Leoepad
e-mail: milosshark2504@gmail.com
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Ancrpakr. Pa3Boj Bjemrauke MHTeNUIeHIN]E Y NOC/LEABUM MOAMHAMA CHAKHO j€ yTUIAO HA CBU-
jer mporpamupama. YJora 4YoBjeka y IOjeAMHVM 3amanuMma ce cMmamyje, mok Al amaru cse uemhe
npey3umMmajy auo npoueca. VIHgycTpujcke nmpuMjeHe cy MHOTOCTPyKe, MehyTuMm mpuponHo ce Hamehe
U NUTame yJIore OBUX ajara y eIyKaTUBHOM mporecy. OBO murame je moceOHO BasKHO M jOII YBUjEK
HeMa yCTajbeHuX obpasana Ha KOjU HAYMH yYEHWIM U CTyAeHTH Tpeba ma ropucre moMmoh Bjemraure
unTenureniyje, nocebno ChatGPT-a kao TpenmyTHO Hajnomymapaujer mozaena. luim oBor pama jecre
Ia IpYKM yIpaBo jelaH TakaB oOpasaln koju Oum Tpebao ma osakma u yOop3a Ipouec ydema HOBOI
IPOrPAMCKOT je3UKA.

Omo mro je mocebHO BaxkHO onMmax HarisacuTu jecre ga ChatGPT rpefa mocmarparu MCKIbYYNBO
Kao mepcoHasHor acucrerra. OH Huje M He MOke OuTH 3aMjeHa JbYyACKOM ¢(akropy. Pasmor 3a To
HUje caMO eTuuke mpupoge, Beh ummenuna na ChatGPT me mymu 100% ucnpasna pjemema. Hausna,
copy-paste ynorpefa IpUBPEMEHO Aaje 4Yak U 3HAUYAJHO 0OOJbe pesysarare, HO TO je caMo mpusupz [1].
Jlyropo4HO, KOPUCHUK TUM IPUCTYIOM HE CaMO [Ja He yCBaja HOBOJLHY KOJIWUYWHY 3Hama Behl u 3maua-
JHO JIMMUTHPa CBOje€ CIOCOOHOCTUM KPUTUYKOL pa3Muilbama. OCUM TOra HEKOHTPOJIUCAHA U IOrDENIHA
ynorpeba ChatGPT-a u cimuunmx anarta noBehasa pu3uk o miaarupama 1 IPENUCUBabha, IITO 38 COOOM
MOBJIAYM HU3 APYTUX Ipobiema.

Ca mpyre crpasne, jacuo je na ChatGPT nva mohre ¢yHKIIIOHAIHOCTH KOj€ C€ MOI'Y MCKOPUCTUTA
U y Ipolecy ydema. JemHa O MPEAHOCTU jeé MHTEPAKTUBHOCT KOjy HYIU W BUCOKA NMPENU3HOCT pala
ca yumbeHunaMa ¢ 063UpoM Ha TO Ia je TPEeHUpaH HA OFPOMHUM CKYNOBMMA IOAaTaka. KOPUCHUK MOKe
noOUTU OArOBOD HA CBAKO HUTaHE, MOCTABJHATHU MOTIATARKA U yCMjepaBaTu KoMyHuranujy. Momnen
yUuema KOjU IMPEeACTABILAMO OCJama Ce yIPaBO HA TAKAB, AUJjAJOIMIKUA MPUCTYI, Y3 HaKLUBO OmabpaHa
NUTAKA U KPUTUYKO TyMademe OATrOBOPA.

WMaxko yueme HOBOT IPOrPAMCKOL je3UMKa HUje jeIHAKO TEIIKO 3a UCKYCHE IporpaMepe U MOYEeTHUKE,
nocroje 06JIaCTU KOje CBU MOPAjy CaBJIALATH: JIEKCUKA, CUHTAKCA U CeMaHTUKa. Ha nurama o JleKcumm u
cuatakcu ChatGPT yriaBHOM mpy:ka KOPEKTHE OArOBOpE, MAKO IMOCTOju oapehen pu3nk ox moLy TauHuX
WJIM YaK U MOTILYHO HOTPEemHNX oarosopa. [lurama Besana 3a cemanTury cy Beh 3uauajuo teska 3a Al u
3axTjeBajy Aybibe mpoMuIIbame U JIOornuko padymujesame. Ouo raje ce ChatGPT mokaszao kopucHum
jecre NpUIMKOM M3ABajama HEKUX KAHOHCKUX I'DEIlaka, UAje IPYy:Ka PEeJaTUBHO HOOPO CTPYKTYUDPAH
U IeTaJbHO 3aKOMEHTAPHCAH KOX, T€ MOMKe cyrepucaru ynorpeby edrkacHUjUX ajaropurama u 00JLUX
CTPYKTypa noxaraka. JlerajbHuje O IPEeIHOCTUMA U MAHAMA U3 UCKYCTBA CTYJEHATA IO IUTAKLY YUCHa

nporpamupama y3 nomohl ChatGPT-a moskere mahu y [2].

Kwmyune peun: nporpamckn jesunu, ChatGPT, uatepaktuBno yueme
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NuTEepakTUBHA JIEKCUUYKA U CUHTAKCHA aHAJJIM3a KPATKUX TEKCTOBA HA
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Ancrpakr. Jlekcumuka aHagn3a IpencTaB/ba NPOLEC UICHTU(UKOBAHA OCHOBHUX JE3UYKUX je-
OUHALA, JOK CHHTAKCHA aHauu3a onpebyje muxose mehycoOHe omHOCE y OKBUDPY pEUEHUIE IPUPOILHOT
jesuka. Y pany je npencTaBJ/beH NHTEPAKTUBHU CUCTEM 33 JIEKCUUKY U CUHTAKCHY aHAJUN3Y KPATKUX TEK-
CTOBa Ha CPIICKOM jE€3UKY, 32CHOBAH HA KOMOMHAI]U je3WUYKUX MPaBUJa U CTATUCTUYKAX MeToma. [Ipo-
rpaMm omoryhasa yHOC TeKCTa IIyTeM jeIHOCTABHOI KOPUCHUYKOI MHTEpP(dejca, HAKOH dera ayTOMATCKU
CErMEHTHINE DEYM, MPENO3HAje HBUXOBY BPCTY W ApPyTre T'DAMATUYKE KaTeropuje (HOp. Mamesk, PO,
6poj, OCHOBHM OOJIMK W CIWYHO), a HAIOCJIETKY XWjePAPXU]CKU CTPYKTYpPUPA DEUCHUYHE EIJIEMEHTE.
Iloceban akmeHaT CTaB/LEH je HA BHU3YEJHU IPUKA3 U MHTEPAKTUBHOCT, Ia CY KOPUCHUKY OMOIyheHu
[eTaJbHU MPerjen, UCIUTUBAE, KA0 U €eBEeHTyaJIHa NCIPAaBKa pe3yaTara aHaause. Pesynraru moxasyjy
a cucTeM ycremHo obpabyje KpaTke TEKCTOBE pA3IMUUTe CIOKEHOCTU U MPY:KA MOY3IJaHy OCHOBY 3a
najby CEMaHTUUKY AHAJM3Y WU IPUMEHY y OOpA30BHUM U MCTPAKUBAUKAM OKpYy:KemuMa. [Iporpam je
KOHKDETHY IPUMEHY HAIIA0 KA0 MOMONHU ajaT y peanu3anuju je IHOT CTYIUjCKO-UCTPAKUBAYKOL DAL

Ha PuonomkoMm ¢pakynarery Yuusepsurera y Deorpany.

Kmyune peun: o6pana npupoIHux je3mKa; CPICKU je3UK; JIEKCUYKA aHAIN3a; CUHTAKCHA aHAJIM3A.

XV Symposium "Mathematics and Application" 87


https://orcid.org/0009-0005-9231-3198

Ceknmja: HayuyroucTpaskKMBaUyky U CTPYYHU PaJ CTYIEHATA

Momuduramuja Tecta je THAKOCTU PErPECHMOHOMX KPWBUX Ha
MUPKYJAPHUM IO JAIMa

Hymwa IIpoxkuh

Mamemamuvku daxyamem, Ynusepsumem y Beoepady, Cmydenmcxu mpe 16, Leoepaod, Cpbuja
Daxyamem opzaru3ayuUOHUT Hayka, Yrueepszumem y Leoepady, Jose Uauha 154, Beoepao, Cpbuja
e-mail: dunja.prokic@fon.bg.ac.rs

Ancrpakr. IToceban n3a30B npeacTaB/ba MOJEIOBAKLE ONHOCA U3MeDy IVMHeapHUX M NUPKYIAPHUX
NIPOMEHJLUBUX, KaJa je IIUJb UCTPAKUBAKA Ja Ce KBAaHTU(UKYje clenududias obpasal 3aBUCHOCTUA KOjU
Huje Moryhe amekBaTHO ommcaTy CTAHZADIHUM JIMHEADHUM TEXHUKaMa. Y OKBUDPY IpenaBama Oulie
IPEACTABILEH TECT jeAHAKOCTU PErPECHOHUX KPUBUX y JIMHEAPHO-IUPKYJIapHOM Cilydajy u3 pazna [1],
Ka0 M MOmu(UKaIja IPEMIOKEHe TeCT CTaTucTuke npuiarobena mebasaHcupaHrM momamuma. Ewm-
NUPUjCKA AHAJIU3A U CUMYJIAIMOHU eKCIePUMEHTU IIOKa3yjy MOHAamame, MO m poOyCHOCT TecToBa y
Pa3IMYUTAM yCJIOBUMA, y3 BUX0BO MeDycobHO mopebeme panu nponene penarrBHE e(PUKACHOCTHU.

Kipyune peun: nupkynapHu nonany; GupKyJIapHa perpecuja; senapamerapcku recrosu; ANCOV A

TECTOBH.
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Apstrakt. U modelovanju i verifikaciji softvera ¢ije ponaSanje zavisi od slucajnih dogadaja, koriste se
teorija Markovljevih lanaca i logicki jezik PCTL (Probabilistic CTL), koji predstavlja ekstenziju logickog
jezika CTL (Computational Tree Logic), koji se koristi u poznatim alatima za proveravanje modela kao $to
su NuSMYV [1]. Za potrebe modelovanja i verifikacije kvantnih algoritama i protokola, u radu [2] su prikazani
kvantni Markovljevi lanci i logicki jezik QCTL (Quantum CTL). Takode je definisana nadoperatorska mera
kao kvantni ekvivalent verovatnosne mere, a potom su postojecée tehnike za proveravanje ispravnosti iskaza
u jeziku PCTL adaptirane i prevedene u algoritam za proveravanje isparavnosti iskaza u jeziku QCTL.
Opisane tehnike su implementirane u alatu IscasMC [3].

U okviru ovog izlaganja biée prikazane teorijske osnovne kvantnih Markovljevih lanaca, algoritmi za
proveravanje ispravnosti QCTL formula, kao i primene tih tehnika na postojeé¢im kvantnim algoritmima.
Bic¢e prikazano kako se moze proveriti ispravnost Groverovog algoritma pretrage [4] pomoc¢u kvantnih
Markovljevih lanaca. Groverov algoritam pretrage je kvantni algoritam za nalaZenje elementa u nizu koji
ispunjava neki uslov i radi u vremenu O(\/N)7 gde je N duzina niza, pod pretpostavkom da je kvantno

kolo koje odreduje da li element zadovoljava uslov pretrage dato kao crna kutija na pocetku.

Kljuéne reci: kvantni Markovljevi lanci; QCTL; kvantno ra¢unarstvo; proveravanje modela; nadoperatorska

mera
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Radionice kreativne matematike
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Apstrakt. Na ovom predavanju ¢emo pokazati kako se matematika moze uciti na kreativan i zabavan
nacin kroz organizovanje radionica koje mogu u celini ili delovima biti koriséene i kao aktivnost na redovnom
¢asu.

Kroz radionicu Matematicke igre i strategije ucenicima se priblizavaju takmicarski zadaci, a same
naucene strategije ucenici mogu primeniti i kasnije prilikom pokretanja sopstvenog biznisa za analizu
poteza konkurencije i za pronalazak adekvatnog odgovora. Ucenici dobijaju bombone i 5 matematickih
igara. Potrebno je da kroz igru bombonama otkriju koji od dva igrac¢a ima pobednicku strategiju u svakoj
igri.

Radionica matematicka bojanka priblizava ucenicima teoriju grafova i kroz teoremu o Cetiri boje
pokazuje zaSto nauci ne treba verovati zdravo za gotovo, ¢ime se ucenici uée kritickom razmisljanju. Uc€enici
dobijaju neme karte nekog kontinenta i graf koji ih predstavlja. Potrebno je da ih oboje sa 4 boje, tako da
svaka dva ¢vora grafa povezana istom granom ne budu obojena istom bojom, a na karti dve drzave koje se
granice budu obojene razli¢itim bojama. Na kraju se ucenici upoznaju sa samom teoremom kroz kratko
predavanje.

Na radionici matematika i moda ucenici uce osnovna pravilia kombinatorike kroz sastavljanje odevnih
kombinacija od sli¢ica odevnih predmeta. Ucenici dobijaju radne listove sa odevnim predmetima koje treba
da iseku i zatim pomocu njih da rese zadatke iz kombinatorike sa radnog lista. Time ucenici primenjujucéi
matematiku uce kako da iskoriste odevne predmete na sto bolji na¢in. Kroz ovu radionicu ucenici se uce i
finansijskoj pismenosti, koja je u danagnje vreme veoma vazna. Ovo predavanje je zasnovano na radionicama
koje sam drzao u Nau¢nom klubovima u Beogradu i Novom Sadu(u okviru festivala maj mesec matematike)
i Osnovnoj skoli ,Jovan Gréi¢ Milenko* u Beocinu.

Dodatna inspiracija za aktivnosti potekla je iz edukativnih materijala koje autor veé¢ duze vreme
objavljuje na Instagram profilu @Qaca.matematicar, sa ciljem popularizacije matematike i priblizavanja
matematickih ideja Siroj publici.

Radionica matematicke igre i strategije je realizovana sa ufenicima sedmog i osmog razreda osnovne
gkole, a ostale dve sa ucenicima drugog razreda srednje $kole.

Cilj predavanja je da pokaZemo uspesne nafine za popularizaciju matematike i inspiriSemo kolege da
urade sli¢ne aktivnosti, kao i da ukazemo na vaZnost osamrevenjivanja metoda nastave.

Kljuéne reéi: kombinatorika; matematicke igre; teorija grafova; metodika matematike; matematicke
radionice.
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Morfologija galaksija u kosmoloskoj simulaciji IllustrisTNG: Novi prag klasifikacije
i reprodukcija morfologija-gustina relacije
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Apstrakt. Kosmoloske simulacije, poput IllustrisTNG, predstavljaju idealan alat za povezivanje teori-
jskih modela i astronomskih posmatranja. Medutim, morfologka klasifikacija u simulacijama ¢esto zahteva
slozene i ra¢unarski skupe metode kao sto su visSekomponentne kinematicke analize ili generisanje i obradu
sinteti¢kih posmatranja. Samim tim, ovakve metode su Gesto ograni¢ene na male poduzorke, $to znacajno
umanjuje njihovu upotrebljivost za Sira statisticka istrazivanja. U ovom radu istrazujemo da li se jednos-
tavan i javno dostupan katalog "Stellar Circularities, Angular Momenta, Axis Ratios" moze iskoristiti kao
dovoljno pouzdan i efikasan alat za grubu morfolosku klasifikaciju galaksija. Ovaj katalog daje informa-
cije o udelima diska i ovala zvezdane komponente. Najpre, u okviru TNG50 simulacione kutije, vrsimo
validaciju parametara iz pomenutog kataloga cirkularnosti poredenjem sa detaljnijom petokomponentnom
kinematickom dekompozicijom iz drugog kataloga. Nalazimo da udeo ovala iz kataloga cirkularnosti na-
jbolje opisuje ukupnu sfernu komponentu, dok udeo diska zapravo odgovara tankom disku, i ¢esto potcen-
juje stvarni ukupni udeo diska. Razumevanjem parametara iz kataloga cirkularnosti, prelazimo na analizu
TNG100 simulacione kutije na crvenom pomaku z = 0, odnosno u danasnjem Univerzumu. Na osnovu
distribucije udela diska Fgisik za galaksije u opsegu masa 10 < log(M,/Mg) < 12 identifikujemo prag za
klasifikaciju galaksija na rane i kasne tipove (odnosno, na elipti¢ne i diskolike galaksije, respektivno), koji
iznosi Faisk = 0.25. Ovaj prag je nizi od uobiCajeno koris¢enog Faisk = 0.4 i bolje obuhvata galaksije
kasnog tipa sa umereno izrazenim diskovima, koje bi prema visem pragu bile pogresno svrstane u rane
tipove. Dodatno, definiemo i tre¢u, odnosno nepravilnu/kompleksnu klasu galaksija, kod kojih je zbir poz-
natih udela znacajno manji od jedinice. Kao kljuc¢ni test naSeg pristupa, ispitujemo da li ova jednostavna
klasifikacija moze reprodukovati poznatu morfologija—gustina relaciju dele¢i okruzenje u kojem se galaksije
nalaze na polje, grupe i jata. UoCavamo jasan i oCekivan trend koji se poklapa sa posmatranjima: kasni
tipovi galaksija su dominantni u retkim sredinama, dok su rani i nepravilni tipovi dominantni u guséim
sredinama. Tako preliminaran rezultat, ovo predstavlja dokaz da je naga jednostavna klasifikacija dovoljno
pouzdana.

Kljuéne redi: galaksije; kinematika; IllustrisTNG; morfologija; klasifikacija.
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Apstrakt. Precizno planiranje radioterapije zracenja tumora zahteva odredivanje parametara koji
uti¢u na apsorbovanu dozu zracenja u tumoru i okolnim tkivima. Ruéno pronalaZenje i podeSavanje ovih
parametara je Cesto vrlo sporo i ne dovodi do zadovoljavajué¢ih reSenja, zato su u relevantnoj literaturi
korigéene metaheuristi¢ke metode za optimizaciju. Kao primer navodimo genetski algoritam (Genetic Al-
gorithm, GA) [1] i optimizacija kolonijom &estica (Particle Swarm Optimization, PSO) [2]. U ovom radu
primenjene su tri metaheuristicke metode i to, GA, PSO i tabu pretrazivanje (Tabu Search, TS), sa ciljem
da se $to efikasnije i automatizovano pronadu pet klju¢nih ulaznih parametara [3] u Monte Carlo sim-
ulacijama FOTELP-VOX programa za simuliranje zracenja karcinoma oka [4]. Koriéena mera kvaliteta
radioterapije predstavlja odstupanje dobijene doze raspodele zra¢enja od preporucene.

Dobijeni rezultati ukazuju da se koriséenjem PSO algoritma dostiZe najmanja apsolutna razlika izmedu
preporucene doze i dobijene doze u najkracem moguéem periodu. TS algoritam postize rezultate bliske
PSO-u uz stabilniju konvergenciju parametara, ali zahteva duZe vreme izvrSavanja. GA postize najlosije
rezultate medu ispitivanim metaheurstickim metodama. Sve tri metode znacajno nadmaguju analiticko
traZenje parametara i ruéno pokretanje simulacija, i vremenski (naro¢ito zbog moguénosti paralelizacije) i
po dobijenoj gresci.

Rezultati su dobijeni tokom letnje istrazivacke prakse u Matemati¢kom institutu SANU, pod men-
torstvom Milene Zivkovié, Filipa Andric¢a, Tatjane Davidovi¢ i Dragutina Ostoji¢a.

Kljuéne reé¢i: Monte Karlo simulacije; optimizacija parametara; genetski algoritam; tabu pretraga;

optimizacija kolonijom ¢estica.
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Apstrakt. U ovom radu odreduje se pozicija tacke M u prostoru iz koje se tri tacke A, B, C' u
jednoj ravni vide pod istim uglom. Takve tacke, ako postoje, nalaze se u preseku tri torusa. U radu ¢ée se
pokazati da se koordinate takvih tac¢aka mogu odrediti reSavanjem tri odgovarajuce algebarske jednacine
sa tri promenljive. ReSivost sistema takvih algebarskih jednacina se razmatra primenom Grebnerovih baza
[1]. Specijalno, ukoliko je takva tacka M u ravni trougla ABC, dobijamo jedan na&in odredivanja Ferma
Toricelijeva tacke [2,3].

Kljuéne reéi: Ferma Toricelijeva tacka; Grebnerove baze; torusi; vizuelizacija.
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Apstrakt. U ovom radu je data jedna internet aplikacija za automatsko dokazivanje polinomskih
nejednakosti. Serverska strana aplikacije je implementirana u programskom jeziku Python koriSéenjem
biblioteke SymPy [1], dok je klijentska strana aplikacije realizovana koriséenjem radnog okvira Angular.
Komunikacija izmedu klijentske i serverske strane aplikacije je ostvarena primenom radnog okvira Flask.
Korisnik unosi polinomsku nejednakost i interval nad kojim se zadata nejednakost dokazuje. Sistem prvo
testira da li nejednakost vazi u odredenim diskretnim tackama zadatog intervala. Ukoliko se pronade neka
tacka u kojoj zadata nejednakost ne vazi, korisnik dobija obaveStenje da postoji kontraprimer. Ako nije
pronaden kontraprimer, sistem pokusava da dokaze nejedakost primenom Sturmove teoreme [2,3] i pri tome
se ispisuje detaljno ceo postupak dokazivanja. U radu je opisana i primena sistema u dokazivanju mikso-
vano trigonometrijsko polinomskih i miksovano eksponencijalno polinomskih nejednakosti jer se, prema
[4,5], dokazivanje nejednakosti iz ovih klasa nad realnim konaénim intervalima moZe svesti na dokazivanje

polinomskih nejednakosti.

Kljuéne redi: Sturmova teorema; polinomske nejednakosti; automatsko dokazivanje nejednakosti;
vesStacka inteligencija.
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Apstrakt. Rad se bavi problemom odabira lokacije studentskog stana primenom integrisanog visekri-
terijumskog pristupa koji kombinuje metode DEA (Data Envelopment Analysis), MACBETH (Measur-
ing Attractiveness by a Categorical Based Evaluation Technique) i OPA (Ordinal Priority Approach).
Cilj istrazivanja je da se razvije sveobuhvatan metodologki okvir koji omoguéava objektivno i racionalno
donosenje odluka u slozenim uslovima, gde su prisutni i kvantitativni i kvalitativni kriterijumi. DEA metoda
omogucava procenu relativne efikasnosti alternativa, MACBETH transformiSe verbalne ocene eksperata u
numericke vrednosti atraktivnosti, dok OPA metod omoguéava odredivanje tezina na osnovu ordinalnih
preferencija. Na primeru odabira studentskog stana na opstini Vozdovac, primenjeni integrisani model
omogucava rangiranje alternativnih lokacija prema viSe kriterijuma kao $to su cena zakupa, udaljenost
od fakulteta, dostupnost javnog prevoza, povrsina i kvalitet stanovanja. Rezultati istraZzivanja potvrduju
da kombinacija kvantitativnih i kvalitativnih pristupa znacajno poveéava pouzdanost odluke i doprinosi
boljem razumevanju faktora koji uti¢u na izbor stambene lokacije kod studentske populacije. Dobijeni
model moze imati Siru primenu u urbanisti¢kom planiranju, obrazovnim institucijama i trzisnim analizama
nekretnina.

Kljuéne redi: lokacijski problemi, DEA metoda, MACBETH metoda, OPA metoda, visekriterijumsko

odludivanje.
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Digitalni alati u nastavi matematike — didakticki potencijal GeoGebre
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Apstrakt. Cilj ovog rada je da prikaZe moguénosti primene softverskog alata GeoGebra u savremenoj
nastavi matematike, sa posebnim naglaskom na geometriju i didakti¢ki potencijal. U prvom delu rada dat
je istorijski pregled razvoja matematike: od praistorijskih korena, preko civilizacija Mesopotamije i Egipta,
do anticke Grcke, sa posebnim osvrtom na doprinos Talesa iz Mileta. Drugo poglavlje primarno predstavlja
pregled dosadasnjih istrazivanja, ¢ija tematika je u korelaciji sa temom ovog rada. Trec¢e poglavlje donosi
detaljan opis funkcionalnosti GeoGebre, ukljuéujuéi alate za konstrukciju i analizu, kao i mogucénosti Ge-
oGebra udionice i GeoGebra ispita, koji omogucavaju interaktivno ucenje i formativno praéenje napretka
uenika. U &etvrtom poglavlju prikazan je didakticki potencijal GeoGebre kroz niz dinamickih apleta
izrazenih na srpskom jeziku, namenjenih vizuelizaciji osnovnih geometrijskih pojmova i ilustraciji Taleso-
vih teorema. Poseban segment posvecen je prikazu primene GeoGebre u mladim razredima osnovne Skole.
Rad time ukazuje na znacaj integracije digitalnih alata u nastavni proces i potvrduje da GeoGebra moze
predstavljati snazan resurs u modernizaciji i unapredenju nastave matematike.

Kljuéne reéi: GeoGebra; nastava matematike; Talesove teoreme; digitalne tehnologije u obrazovanju.

96 XV Cumnosujym ,,MaremaTura u npuMene”


https://orcid.org/---
https://orcid.org/0000-0001-6811-4993

Section: Scientific research and professional work of students

Solving the Obnoxious p-median Problem by the Particle Swarm Optimization
Method

Damjan Stankovié
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ORCID: 0009-0005-8444-5406

Abstract. In this paper the Particle Swarm Optimization (PSO) method is implemented to solve
the Obnoxious p-median problem (Op-med). The goal of the Op-med problem is to find locations of p
centers such that the sum of the distances from the users to their closest centers is maximized. In order to
improve the basic PSO, two new ideas are introduced: adding random matrices which additionally diversify
the exploration of the solution space, as well as an exploitation loop. Adding the random matrices adds
to the diversification of the solution by randomizing the social and cognitive aspect of the method. The
exploitation loop explores the region identified as the best in detail with a PSO method that doesn’t have
a social aspect. Testing was done on modified pmed instances from the ORLIB library, which include up to
200 nodes, and the results of the proposed method are compared to ones obtained by the CPLEX solver.
The paper additional explores the behavior of the method when the swarm is enlarged, as well as when
more PSO iterations are added. Testing has shown that a larger swarm gives much better improvements
than adding additional iterations.

Keywords: combinatorial optimization, particle swarm optimization method, the obnoxious p-median

problem.
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Application of the bisection method in solving nonlinear equations in mathematics
and physics
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Abstract. The problem of solving nonlinear equations, whether algebraic or transcendental, is one of
the fundamental problems in numerical analysis. This problem involves finding the roots of a continuous
function, i.e. the intersections of the graph of a function with the z-axis. In this paper, we will focus only
on finding the real roots of a function. Among the methods for solving nonlinear equations, the bisection
method, based on the Intermediate Value Theorem, has been chosen. In this paper, we will present examples
of the application of the bisection method in solving algebraic and transcendental equations, then in solving
the problem of black-body radiation and in solving the problem of the motion of point-like particles.

Keywords: bisection method; nonlinear equations; black-body radiation; particle-like objests.
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Comparative Analysis and Evaluation of Method Layout Algorithms
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Abstract. GraalVM [1,2] is a high-performance runtime that supports ahead-of-time (AOT) compi-
lation through its Native Image technology, enabling Java applications to be transformed into compact,
standalone executables with fast startup and reduced memory usage [3]. As part of the AOT pipeline,
the compiler determines the layout of methods inside the final executable. The order in which methods
are placed in the .tert section affects spatial locality and consequently impacts memory footprint, TLB
efficiency, and the frequency of page faults. Modern compilers employ heuristics and profile-guided op-
timizations (PGO) to arrange methods in a way that improves locality and overall execution efficiency,
making method layout an important factor in runtime performance, especially for memory-constrained or
latency-sensitive workloads.

This work analyzes, compares, and extends several method layout algorithms implemented in the
GraalVM Native Image compiler. We evaluate heuristic-based, profile-driven, and randomized approaches
across a representative benchmark suite and investigate their impact on memory footprint and startup per-
formance [4]. To enable fine-grained evaluation, we introduce extended measurement support that reports
memory usage of the .text section [4]. The results highlight the performance sensitivity to method order-
ing and provide a deeper understanding of how code layout influences native executable characteristics.
The contributions include a clarified and simplified view of existing layout strategies, new measurement
capabilities, and a comprehensive comparison that lays the groundwork for further research on code layout
optimization in AOT compilers.

Keywords: GraalVM; profile-guided optimization; Java; method layout; performance optimization.
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