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UVODNA REQ

Sa velikim zadovoǉstvom predstavǉamo Kǌigu apstrakata jubilarnog 15. Sim-
pozijuma ,,Matematika i primene”, nacionalnog skupa sa me�unarodnim uqex�em, koji
se 12. i 13. decembra 2025. godine odr�ava u organizaciji Matematiqkog fakulteta
Univerziteta u Beogradu i Druxtva matematiqara Srbije.

Ove godine obele�avamo znaqajan jubilej - 15 godina jednog od najprepoznatǉivijih
nauqnih skupova naxeg Fakulteta. Simpozijum ,,Matematika i primene” vremenom je
postao mesto susreta vrhunske matematiqke nauke, inspirativne nastavne prakse i
savremenih interdisciplinarnih istra�ivaǌa. Na ǌemu su uqestvovali brojni is-
taknuti matematiqari iz Srbije i inostranstva, ostavǉaju�i trajan peqat na razvoj
matematiqke misli u naxoj akademskoj zajednici.

�elimo da podsetimo da je osnivaq i idejni tvorac Simpozijuma akademik SANU,
prof. dr Miodrag Mateǉevi�, qija je vizija stvorila trajnu platformu za razmenu
ideja, podsticaǌe nauqne saradǌe i unapre�ivaǌe nastave matematike. Istiqemo da
je Simpozijum tokom svih ovih godina stasavao i napredovao zahvaǉuju�i zajedniqkom
anga�ovaǌu i izuzetnoj posve�enosti velikog broja naxih kolega. Qlanovi program-
skih i organizacionih odbora, univerzitetski nastavnici i saradnici, istaknuti
nauqnici iz zemǉe i inostranstva, mladi istra�ivaqi, nastavnici u osnovnim i
sredǌim xkolama, studenti, kao i brojni saradnici i prijateǉi matematiqke zajed-
nice, utkali su u Simpozijum svoje znaǌe, trud, iskustvo i ideje. Saradǌa, profe-
sionalizam i entuzijazam stvorili su atmosferu kreativnog dijaloga i nauqne radoz-
nalosti, te dali Simpozijumu prepoznatǉiv peqat i uqinili ga jednim od kǉuqnih
matematiqkih doga�aja u Srbiji.

Simpozijum ,,Matematika i primene” tradicionalno obuhvata tri tematske ce-
line koje odra�avaju xirinu i znaqaj matematike u savremenoj nauci, obrazovaǌu
i druxtvu. Kada postoji poseban povod ili znaqajan jubilej, Simpozijum povremeno
dobija i dodatnu, qetvrtu sekciju, xto �e biti sluqaj i ove godine.

1. Matematika i primene - danas
Ova sekcija okupǉa vrhunske istra�ivaqe iz raznih oblasti matematike i ǌenih
primena. Ona predstavǉa platformu za predstavǉaǌe savremenih nauqnih rezul-
tata, originalnih teorijskih i primeǌenih istra�ivaǌa, kao i mesto gde se
gradi nauqna saradǌa sa doma�im i stranim matematiqarima. Ova sekcija je
srce Simpozijuma i odra�ava ǌegov izraziti nauqni karakter.

2. Matematika i informatika u obrazovaǌu
Sekcija je nameǌena nastavnicima osnovnih i sredǌih xkola, kao i svim
qlanovima akademske zajednice koji se bave metodikom nastave. Uvereni smo da je
ona jedna od najznaqajnijih spona izme�u Matematiqkog fakulteta i nastavnika
matematike xirom Srbije. Vixe od 150 uqesnika svake godine dolazi upravo zbog
ove sekcije, koja omogu�ava razmenu iskustava, unapre�eǌe nastavne prakse i po-
drxku nastavnicima u ǌihovom profesionalnom razvoju. Ve�ina ǌih su naxi
diplomci, xto Simpozijumu daje posebnu vrednost i emotivnu dimenziju.

3. Nauqno-istra�ivaqki i struqni rad studenata
Sekcija je posve�ena studentima i predstavǉa prostor za ǌihov prvi javni
nastup na skupu ovakvog tipa. U okviru ove sekcije studenti osnovnih, master i
doktorskih studija izla�u rezultate svojih istra�ivaǌa, usavrxavaju akademske
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vextine i stupaju u kontakt sa nauqnicima i nastavnicima. Ova sekcija je od sux-
tinske va�nosti za podsticaǌe mladih talenata i formiraǌe budu�ih generacija
istra�ivaqa.

4. In memoriam: prof. dr Novica Bla�i� (1959–2005)
Ove godine na Simpozijumu posebno mesto zauzima sekcija posve�ena uspomeni
na naxeg uva�enog kolegu, prof. dr Novicu Bla�i�a, dugogodixǌeg qlana Kate-
dre za geometriju Matematiqkog fakulteta. Profesor Bla�i� je svojim nauqnim
i pedagoxkim radom, kao i liqnim integritetom, ostavio dubok trag u razvoju
matematike, a posebno geometrije u Srbiji. Dve decenije nakon ǌegove prerane
smrti, sa ponosom i poxtovaǌem quvamo uspomenu na ǌegov doprinos. Ova sekcija
�e okupiti ǌegove saradnike, studente i poxtovaoce, koji kroz nauqna predavaǌa
i se�aǌa quvaju ǌegovo delo i nastavǉaju put koji je utemeǉio.

Stoga, sa velikim ponosom predstavǉamo ovaj jubilarni zbornik i �elimo da 15.
Simpozijum ,,Matematika i primene” bude jox jedan korak napred u promociji nauke,
obrazovaǌa, matematiqke kulture i kreativne saradǌe u naxoj zajednici.

Organizacioni odbor 15. Simpozijuma ,,Matematika i primene”
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Novica Blažić (1959-2005)

Novica was born on 27 August 1959 in Kruševac,
where he completed elementary school and the first
year of secondary education. He continued his studies
at the Mathematical Grammar School in Belgrade. In
the 1978/79 academic year, he enrolled at the Faculty
of Science and Mathematics, Mathematics Department
(Group A), where he graduated in 1982. During his stud-
ies, he distinguished himself by successfully participating
in the International Mathematical Olympiads held in Bel-
grade and Bucharest, as well as in the Balkan Mathe-
matical Olympiad for university students in Ankara. In
the 1982/83 academic year, he commenced postgraduate

studies in differential geometry. He defended his master’s thesis, entitled Chern Characteristic
Classes, in 1984 at the Faculty of Science in Belgrade under the supervision of Professor Neda
Bokan. He defended his doctoral dissertation, Curvature and Characteristic Classes of Complex
Vector Bundles, in 1990 at the same institution, under the mentorship of Professor Bang-Yen Chen.
In 1985 and 1986, he spent eighteen months in specialization at Michigan State University, East
Lansing, USA, working with Professors Bang-Yen Chen and David Blair. In 1993, he undertook a
one-month research visit to the Mathematical Sciences Research Institute (MSRI), Berkeley, USA,
during the thematic year devoted to differential geometry. As part of his international research
collaborations, he visited and delivered lectures at several institutions, including: the Technical
University of Denmark in Lyngby (July 1999), the University of Oregon (November 1993), the
University of Bonn (September 2001), Humboldt University of Berlin (February 2002), and the
Technical University of Berlin (September 2003). From 1982 to 2005, he was employed at the
Faculty of Mathematics in Belgrade, during which period he also spent the years 1987–1992 as a
researcher at the Institute for Applied Mathematics and Electronics. He was appointed Assistant
Professor for the courses Differential Geometry and Analytic Geometry in 1991, and Associate Pro-
fessor for the same courses in 1998. In 2004, he was elected Full Professor in the field of Geometry.
He authored 31 scientific papers and 10 professional papers, and participated in 29 national and
international conferences, both with contributed and invited presentations. He was a member of
the Scientific Council of the Mathematical Institute in Belgrade and served on its Managing Board.
He took an active role in mentoring postgraduate students. He supervised three master’s theses and
the doctoral dissertations of Zoran Rakić (1998), Ljubica Velimirović (1998), and Srd-an Vukmirović
(2003). He taught courses including Analytic Geometry, Foundations of Geometry, Mathematics
I, Differential Geometry, Lie Groups, and Riemannian Geometry at the universities of Belgrade,
Kragujevac, Priština, and Podgorica. He was co-author of the university textbooks Introduction
to Differential Geometry (Vesta–Faculty of Mathematics, Belgrade, 1996) and Analytic Geometry
(Faculty of Mathematics, Belgrade, 2002).

He collaborated in summer mathematical schools for high-school and university students, and
was actively involved in preparing pupils for mathematical competitions. During the 1996/97 and
1997/98 academic years, he taught geometry as a mentor at the Mathematical Grammar School in
Belgrade. Within the framework of his professional activities and efforts to promote mathematics,
he regularly participated in events dedicated to mathematics education. He was involved in the
organization of the Geometry Seminar at the Faculty of Mathematics, Belgrade. He contributed
to Project 0401 of the Ministry of Science and Technology of Serbia as the leader of the topic
Differential Geometry within the subproject Geometry and Topology. He also participated in the
project Discrete and Computational Geometry and Topology Using Methods of Algebraic Topology
and Differential Geometry (No. 1854), and was a member of the project Information Processing
in Biology and Chemistry (No. 1858), devoted to applications of mathematics. He collaborated
with the international journals Zentralblatt für Mathematik and Mathematical Reviews. He was
a member of the American Mathematical Society (since 1986) and the European Mathematical
Society (since 1998). A devoted admirer of plants and nature, he was the founder and president
of the Bonsai Society of Belgrade. He passed away on 10 October 2005, leaving behind his wife
Saveta and daughters Nevena and Jelena.
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SEKCIJA

In memoriam: prof. dr Novica Bla�i� (1959-2005)

The finite groups of random walks in the quarter plane and 4-bar links

Vladimir Dragović
The University of Texas at Dallas/MISANU

e-mail: Vladimir.Dragovic@utdallas.edu

Abstract. We consider maximally space homogeneous random walks as a class of discrete time ho-
mogeneous Markov chains, with the state space being the quarter plane. The generators of the process
in this region are {pij | − 1 ≤ i, j ≤ 1}, where pij is the transition probability for the jump from (r, s) to
(r+ i, s+ j), for rs > 0. This leads to the consideration of a biquadratic curve C(P ) in the plane P 1 ×P 1,
given by its affine equation in C2:

C(P )A : QP (x, y) = xy
( 1∑
i,j=−1

pijx
iyj − 1

)
= 0, pij ≥ 0,

1∑
i,j=−1

pij = 1.

There is the vertical and horizontal switch, v and h defined on the biquadratic curve C(P ). The group
of random walk in the quarter plane H(P ) is isomorphic to the group of automorphisms of the curve,
generated with these two switches:

H(P ) :=< h, p|h2 = Id, p2 = Id >,

We describe the situations with finite groups of random walks.
Then, we describe periodic 4-bar link configurations.
This is a work in progress, joint with Milena Radnović.
Keywords: random walks in the quarter plane; biquadratic equations; elliptic curves; groups of random

walks; periodic 4-bar links.
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In memoriam: prof. dr Novica Blažić (1959-2005)

Magnetic geodesic and sub-Riemannian flows on Vn,2

Božidar Jovanović
Mathematical Institute SANU, Belgrade, Serbia

e-mail: bozaj@mi.sanu.ac.rs
ORCID: 0000-0002-3393-4323

Abstract. The rank-two Stiefel variety Vn,2 = SO(n)/SO(n− 2) is the variety of ordered sets of two
orthogonal unit vectors e1, e2 in the Euclidean space (Rn, ⟨·, ·⟩). It can be seen also as the unit sphere
bundle T1S

n−1 with respect to the standard round sphere metric

T1S
n−1 = {e2 ∈ Te1S

n−1 |⟨e2, e2⟩ = 1, e1 ∈ Sn−1}, Sn−1 = {e1 ∈ Rn | ⟨e1, e1⟩ = 1}.

Therefore, it carries the standard contact form, the restriction of the Liouville 1-form from TSn−1 ∼= T ∗Sn−1

to the unit tangent bundle α = −e2de1|Vn,2 = −
∑n

i=1 e
i
2de

i
1|Vn,2 .

Let H = kerα ⊂ TVn,2 be the standard contact distribution. The fact that (Vn,2, α) is a contact
manifold is equivalent to the non-degeneracy of the closed two form ωmag = dα = de1 ∧ de2|Vn,2 =∑n

i=1 de
i
1 ∧ dej2|Vn,2 restricted to H, or, to the condition α ∧ ωn−2

mag ̸= 0. We refer to ωmag as the standard
contact magnetic form on Vn,2. Thus, we can study the following four natural problems on the rank-two
Stiefel variety:

• Magnetic geodesic flows with respect to the magnetic force defined by η ωmag. Here η is a real
parameter representing the strength of the magnetic field, and for η = 0 we have the usual geodesic
flows.

• Sub-Riemannian magnetic geodesic flows, with the sub-Riemannian structures defined on H and
other SO(n)–invariant bracket generating distributions.

• Natural mechanical systems with influence of the magnetic field defined by η ωmag.

• Contact Hamiltonian systems on (Vn,2, α).

We prove complete integrability of magnetic geodesic flows of SO(n)–invariant Riemannian and sub-
Riemannian metrics. We also consider integrable pendulum-type natural mechanical systems with the
kinetic energy defined by SO(n)×SO(2)–invariant Riemannian metrics. For n = 3, using the isomorphism
V3,2

∼= SO(3), the obtained integrable magnetic models reduce to integrable cases of a motion of a heavy
rigid body with a gyrostat around a fixed point: Zhukovskiy–Volterra gyrostat, the Lagrange top with a
gyrostat, and the Kowalevski top with a gyrostat.

This research was supported by the Serbian Ministry of Science, Technological Development and Inno-
vation through Mathematical Institute of Serbian Academy of Sciences and Arts and it is a part of research
of the proposal IntegraRS of the Science Fund of Serbia.

Keywords: complete integrability; magnetic flows; Lax pair; sub-Riemannian structures
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In Memoriam: Prof. Dr Novica Bla�i� (1959-2005)

From Nonholonomic Mechanics to Integrable Magnetic Flows on n-dimensional
Spheres

Vladimir Dragović
The University of Texas at Dallas, Dallas, USA,
Mathematical Institute SANU, Belgrade, Serbia

e-mail: Vladimir.Dragovic@utdallas.edu
ORCID: 0000-0002-0295-4743

Borislav Gajić
Mathematical Institute SANU, Belgrade, Serbia

e-mail: gajab@mi.sanu.ac.rs
ORCID: 0000-0002-1463-0113

Božidar Jovanović
Mathematical Institute SANU, Belgrade, Serbia

e-mail: bozaj@mi.sanu.ac.rs
ORCID: 0000-0002-3393-4323

Abstract. The Chaplygin systems with gyroscopic forces are introduced and studied. We put a special
emphasis on the important subclass of such systems with magnetic forces. In a reduction, we construct
Hamiltonian magnetic systems on spheres Sn. We provide a Lax representation of the equations of motion
and prove complete integrability of those systems for any n.

The research was supported by the Serbian Ministry of Science and the Simons Foundation grant no.
854861.

Keywords: nonholonomic mechanics; magnetic flows; Lax pair.

References

[1] V. Dragović, B. Gajić, B. Jovanović Demchenko’s nonholonomic case of a gyroscopic ball rolling without
sliding over a sphere after his 1923 Belgrade doctoral thesis, Theor. Appl. Mech., 2020, 257 – 287.

[2] V. Dragović, B. Gajić, B. Jovanović Gyroscopic Chaplygin systems and integrable magnetic flows on
spheres, J. Nonlinear Sci. 2023, 33, 43.

[3] V. Dragović, B. Gajić, B. Jovanović Integrability of homogeneous exact magnetic flows on spheres, Reg.
Chaot. Dyn, 2025, 30 (4), 582—597.

[4] V. Dragović, B. Gajić, B. Jovanović A Lax representation and integrability of homogeneous exact
magnetic flows on spheres in arbitrary dimensions, arXiv: 2506.23299,Russian Math Surveys, 2025,
80(5). 183–184.

[5] A. V. Bolsinov, A. Yu. Konyaev, and V. S. Matveev Inegrability of the magnetic geodesic flow on the
sphere with a constant 2-form, Int. J. Geom. Methods Mod. Phys, arXiv: 2506.23312, 2025.

12 XV Simpozijum ,,Matematika i primene”

https://orcid.org/0000-0002-0295-4743
https://orcid.org/0000-0002-1463-0113
https://orcid.org/0000-0002-3393-4323


In memoriam: prof. dr Novica Blažić (1959-2005)

On isolated singularities of some class of mappings on Riemannian manifolds

Victoria Desyatka
Zhytomyr Ivan Franko State University

e-mail: zehrerviktoria@gmail.com
ORCID: 0009-0003-2241-401X

Evgeny Sevost’yanov
Zhytomyr Ivan Franko State University; Institute of Applied Mathematics and Mechanics of NAS of Ukraine

e-mail: esevostyanov2009@gmail.com
ORCID: 0000-0001-7892-6186

Abstract. Let Mn and Mn
∗ be Riemannian manifolds of dimension n with geodesic distances d and

d∗, respectively, and let D be a domain in Mn, n ⩾ 2. Set B(x0, r) = {x ∈ Mn : d(x, x0) < r} , S(x0, r) =
{x ∈ Mn : d(x, x0) = r} , A = A(y0, r1, r2) = {y ∈ Mn

∗ : r1 < d∗(y, y0) < r2}, 0 < r1 < r2 < r0. Let
dv(x) and dv∗(x) be elements of volumes on Mn and Mn

∗ , respectively. A Borel function ρ : Mn → [0,∞]

is called admissible for the family Γ of paths γ in Mn, if
∫
γ

ρ(x) |dx| ⩾ 1 for γ ∈ Γ. In this case we write:

ρ ∈ admΓ. Let p ⩾ 1, then p-modulus of Γ is defined by the relation Mp(Γ) = inf
ρ∈ admΓ

∫
Mn

ρp(x) dv(x). Set

M(Γ) = Mn(Γ). Let Q : D → [0,∞] be a measurable function. Denote by Si = S(x0, ri), i = 1, 2. Given
sets E, F and G in Mn, denote by Γ(E,F,G) the family of all paths γ : [a, b] → Mn joining E and F in G.
Given f : D → Mn and y0 ∈ f(D), denote by Γf (y0, r1, r2) the family of all paths γ in the domain D such
that f(γ) ∈ Γ(S(y0, r1), S(y0, r2), A(y0, r1, r2)). We say that f satisfies the inverse Poletsky inequality at
the point y0 ∈ f(D), if the inequality

M(Γf (y0, r1, r2)) ⩽
∫

A(y0,r1,r2)∩f(D)

Q(y) · ηn(d∗(y, y0)) dv∗(y) (1)

holds for an arbitrary Lebesgue measurable function η : (r1, r2) → [0,∞] such that

r2∫
r1

η(r) dr ⩾ 1 . (2)

Set qx0(r) = 1
rn−1

∫
S(x0,r)

Q(x) dA , where dA denotes the element of the surface area on S(x0, r). Let

Mn := Mn ∪{∞}, and let h : Mn ×Mn → R be a metric on Mn. Suppose that the manifold Mn is connected,
then d is a metric on Mn. We say that h satisfies the condition weak sphericalization, if (Mn, h) is a compact
metric space and h and d generate the same topology on Mn. The following statement is true.
Theorem. ([1]). Let n ⩾ 2, D be a domain in Mn, let x0 ∈ D, let a, b ∈ Mn

∗ , a ̸= b and let f : D \
{x0} → Mn

∗ \ {a, b} be an open discrete mapping that satisfies the conditions (7)–(8) at all points y0 ∈ D ′,

where D ′ := f(D \ {x0}). Suppose that the manifold Mn
∗ is connected and admits the condition of weak

sphericalization. Suppose that, in addition, that for each point y0 ∈ D ′ there exists r0 = r0(y0) > 0 such
that qy0(r) < ∞ for a.a. r ∈ (0, r0). Then f has a continuous, open and discrete extension f : D → Mn,

whose continuity should be understood in the sense of the metric h.
Keywords: quasiregular mappings, quasiconformal mappings, singularities, manifolds.
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Osserman manifolds

Zoran Rakić
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ORCID: 0000-0002-6226-0479

Abstract. Let (M, g) be a pseudo-Riemannian manifold with curvature tensor R. The Jacobi operator
RX is the symmetric endomorphism of TpM defined by RX(Y ) = R(Y,X)X.

In the Riemannian setting, if M is locally a rank-one symmetric space or if M is flat, then the local isometry
group acts transitively on the unit sphere bundle SM . Consequently, the eigenvalues of RX are constant
on SM . In the late 1980s, Osserman raised the question of whether the converse also holds; this problem
is now known as the Osserman conjecture.

In the first part of the lecture, we will present an overview of Osserman-type problems in pseudo-
Riemannian geometry, based on the paper: N. Blažić, N. Bokan, Z. Rakić: Osserman Pseudo-Riemannian
Manifolds of Signature (2, 2), J. Austral. Math. Soc., 71 (2001), 367–395, as well as other related works by
the same authors.
The second part of the lecture will be devoted to the equivalence between the pointwise Osserman con-
dition and the duality principle. This part is based on joint results obtained in collaboration with Yury
Nikolayevsky and Vladica Andrejić.

This lecture is dedicated to the memory of my mentor, Professor Novica Blažić, who passed away two
decades ago.

Keywords: Pseudo-Riemannian manifold, Jacobi operator, unit sphere bundle SM , Osserman
manifold,
Osserman pointwise condition, (Rakić) duality principle, Osserman conjecture.
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Integrable billiard systems in homogeneous media separated by confocal quadrics
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Abstract. In this talk we focus on a new integrable system related to billiard systems in domains
bounded by confocal quadrics.

Consider a flat domain bounded by an ellipse that contains two media of different optical densities.
The boundary interface between the media is a confocal quadric. At this interface, a light ray is either
refracted according to Snell’s law or experiences total internal reflection. It is easy to verify experimentally
that such a system is not integrable.

However, if we modify the refraction law by replacing the sines of the incident and refracted rays with
cosines, then this new system acquires a first integral.

More general systems containing several media separated by confocal quadrics are also integrable . In
some of these more general cases, this first integral takes its values on a circle, that is its value is defined
up to the addition of a specific, well-defined constant.

Snell law, no integrability Cosine law, intergable

Explicit formulas for these first integrals in different situations will be presented, along with a descrip-
tion of the surfaces of constant level of the first integral and their bifurcations near the critical value of
the first integral.

The talk is based on the paper [1].

Keywords: integrable system; refraction law; confocal quadric.
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Almost Calabi-Yau with torsion 6-manifolds, parallel torsion and the instanton
condition
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Abstract. It is shown in [2] that on a 6-dimensional compact almost complex Calabi-Yau with torsion
(ACYT) 6 dimensional manifold, i.e. an almost complex 6-manifold with an SU(3)-structure which is
parallel with respect to the unique connection ∇ with skew-symmetric torsion, the Nijenhuis 3-form is
parallel with respec to the torsion connection.

It follows from [3, Lemma 3.4] that if the torsion 3-form of an ACYT 2n-manifold is parallel with
respect to the torsion connection with holonomy contained in the group SU(n) with Lie algebra su(n),
then its curvature is an SU(n) instanton, i.e. R ∈ su(n) ⊗ su(n). This is because R ∈ S2Λ2 if and only if
∇T is a 4-form, i.e. the 3-form T is Killing.

For the converse, it is observed in [1], that on a compact almost complex Calabi-Yau with torsion
(ACYT) 6-manifold with co-closed Lee form the curvature of the torsion connection is an SU(3)-instanton
if and only if the torsion is parallel with respect to the torsion connection. The same conclusion holds for
any (non necessarily compact) balanced ACYT 6-manifold. In particular, on a CYT 6-manifold (ACYT
with vanishing Nijenhuis tensor) the Strominger-Bismut connection is an SU(3)-instanton if and only if the
torsion is parallel with respect to the Strominger-Bismut connection provided either the CYT 6-manifold
is compact with co-closed Lee form or it is a balanced CYT 6-manifold.

Keywords: torsion connection, SU(3) holonomy, almost Calabi-Yau with torsion, SU(3)-instanton.
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Hyperbolic Derivatives for HQC Mappings and Applications
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Abstract. We analyse the properties of hyperbolic metrics on various domains to obtain the Schwarz-
Pick type inequalities for HQC mappings. We also present several variants of the classical Koebe theorem,
along with precise hyperbolic distortion estimates, for a notable class of real-valued harmonic functions
defined on the unit disc whose range is contained in the interval (−1, 1). Furthermore, we prove a significant
result for the class of real harmonic functions defined on a Riemann surface equipped with a complete
conformal metric whose Gaussian curvature is bounded below by a negative constant. This result provides
a natural generalization of classical hyperbolic estimates and reveals deeper geometric structure in the
behavior of such mappings.

Keywords: Gaussian curvature; Riemann surfaces; hyperbolic derivative; the Schwarz-Pick lemma;
HQC mappings; conformal metrics.
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Invariant complex and hypercomplex structures on homogeneous spaces
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Abstract. The classical work of Borel and Hirzebruch [1] enables complete description of invariant
almost complex and invariant complex structures on compact homogeneous spaces in terms of Lie groups
root theory. The theory of invariant hypercomplex structures is developed in the seminal paper of Joyce, [3].
Relying on this, we give an overview of some of our results [2], [5] on existence and classification of such
structures on some generalized symmetric spaces in connection with the corresponding Chern, Pontrjagin
and cobordism characteristic classes and the corresponding characteristic numbers. We start by recalling
some basic properties of the Chern numbers of a general hypercomplex vector bundle on a smooth manifold
based on a geometric approach [4].

Keywords: homogeneous spaces; invariant complex structures; characteristic classes;.
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Examples of pointwise Osserman manifolds of neutral signature
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Abstract. This is an overview of the paper [1], a joint work with Novica Blažić.
Let p, q be relatively prime natural numbers. We consider certain isometric action ϕp,q

t of an one-
dimensional non-compact Lie group on the paraquaternionic projective plane H̄P 2 of signature (4, 4). This
action preserves the paraquaternionic structure on the projective plane. By the method of paraquaternionic
reduction, a family of orbifolds Op,q with an induced metric of signature (2,2) is obtained. We study the
geometry of these orbifolds. In particular, we show that the orbifolds Op,q are pointwise Osserman, but
not even locally homogeneous.

Keywords: Osserman manifold; Einstain manifold; quaternionic plane; quaternionic reduction.
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Is there a proper way to define a sectional curvature on a generalized Riemannian
space in Eisenhart’s sense?
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Abstract. The talk is partially based on the talk that the author gave at RIGA 2025 conference [1].
The motivation to study generalized Riemannian spaces in Eisenhart’s sense came from the monograph [5].
On the other hand, A. Mihai and I. Mihai [2], inspired by B. Opozda’s papers [3] and [4], defined the
(0, 4) tensor field S, by S(X,Y, Z,W ) := 1

2
[g(R(X,Y )W,Z) + g(R′(X,Y )W,Z)] = 1

2
[g(R(X,Y )W,Z) −

g(R(X,Y )Z,W )]. The tensor S served for the proper definition of sectional curvature of a semi-symmetric
non-metric connection, by S(e1, e2, e1, e2), which does not depend on the orthonormal basis e1 and e2 of
the tangent space TpM at the point p of manifold M . Our aim is to well-define the sectional curvature
of a linear connection determined by generalized Koszul’s formula on generalized Riemannian manifold in
Eisenhart’s sense. In that case, there are different tensor fields that “play the role,” in some sense, of the
curvature, but lack some of usual curvature properties. We ask the question from the title of the talk and
try to find the right path to study such a problem.

Keywords: linear connection; torsion; manifold; curvature; sectional curvature.

References

[1] M. Z. Petrović. On sectional curvature of generalized Riemannian spaces in Eisenhart’s sense. In:
Book of abstracts, International Conference Riemannian Geometry and Applications – RIGA 2025.
Technical University of Civil Engineering Bucharest, Bucharest, 2025, 30–30. https://fcfdp.utcb.
ro/wp-content/uploads/2025/05/Book-of-Abstracts_final.pdf

[2] A. Mihai, I. Mihai. A note on a well-defined sectional curvature of a semi-symmetric non-metric con-
nection. International Electronic Journal of Geometry, 2024, 17, 15–23.

[3] B. Opozda. Bochner’s technique for statistical structures. Annals of Global Analysis and Geometry,
2015, 48, 357–395.

[4] B. Opozda. A sectional curvature for statistical structures. Linear Algebra and Its Applications, 2016,
497, 134–161.

[5] S. M. Minčić, M. S. Stanković and Lj. S. Velimirović. Generalized Riemannian spaces and spaces
of non-symmetric affine connection. Monograph, 1st ed., University of Niš, Faculty of Sciences and
Mathematics, Niš, 2013.

20 XV Simpozijum ,,Matematika i primene”

https://orcid.org/0000-0002-0308-8074
https://fcfdp.utcb.ro/wp-content/uploads/2025/05/Book-of-Abstracts_final.pdf
https://fcfdp.utcb.ro/wp-content/uploads/2025/05/Book-of-Abstracts_final.pdf


SEKCIJA

Matematika i primene - danas

Pedeset godina saradǌe: beogradski matematiqari na Moskovskom
dr�avnom univerzitetu

Aleksandar Lipkovski
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e-mail: aleksandar.lipkovski@matf.bg.ac.rs
ORCID: 0000-0002-7267-1490

Apstrakt. Ve� vixe od pola veka postoji i funkcionixe ugovor o saradǌi izme�u Uni-
verziteta u Beogradu i Moskovskog Dr�avnog Univerziteta, u raznim oblicima. U toj me�uuni-
verzitetskoj saradǌi ogroman je udeo beogradskih i moskovskih matematiqara sa Matematiqkog
fakulteta UB i Mehaniqko-matematiqkog fakulteta MGU. U ovom matematiqko-istorijskom pre-
gledu bi�e reqi o ǌima.

Kǉuqne reqi: istorija matematike; MatF UB; Mehmat MGU.
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Teorija fiksne taqke u metric-like prostorima: α–θ–Geraghty
kontrakcije i simulacione funkcije
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Apstrakt. Teorija fiksne taqke predstavǉa jedan od centralnih koncepata analize i nelin-
earne teorije operatora, sa primenama u optimizaciji, teoriji igara, in�eǌerskim modelima.
Klasiqni Banach-ov princip kontrakcije [1] daje jednostavan i sna�an kriterijum za postojaǌe
jedinstvene fiksne taqke, ali zahteva jake pretpostavke poput standardne metrike i globalne
kontraktivnosti. Savremeni razvoj teorije ide u pravcu slabǉeǌa ovih uslova, kako bi se
omogu�ila primena na xire klase preslikavaǌa i struktura prostora. U tom kontekstu uvode
se metric-like prostori i α–θ–Geraghty kontrakcije definisane pomo�u simulacionih funkcija
koje predstavǉaju ujediǌuju�i okvir mnogih modernih tipova kontrakcija.

Simulacione funkcije omogu�avaju fleksibilnije izra�avaǌe kontraktivnog uslova, α-
funkcija uvodi kontrolu relacije me�u taqkama, a θ-funkcija dodatnu modulaciju kontrak-
cijskog stepena. Time se obuhvataju i generalizuju poznati rezultati Banach-a, Geraghty-ja [2]

i Samet–Vetro-a [3].
U radu �emo predstaviti uslove pod kojima ovakve kontrakcije u kompletnim metric-like

prostorima garantuju postojaǌe i jedinstvenost fiksne taqke, qime se pokazuje da ovi kon-
cepti predstavǉa-ju prirodan nastavak i proxireǌe klasiqne teorije. Rezultati [4] ukazuju
da α–θ–Geraghty kontrakcije formiraju most izme�u tradicionalnih i savremenih pristupa,
otvaraju�i nove mogu�nosti primene u nelinearnoj analizi i matematiqkim modelima sa
oslabǉenim strukturalnim zahtevima.

Kǉuqne reqi: fiksna taqka; metric-like prostori; α–θ–Geraghty kontrakcije; simulaciona
funkcija.
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O Jakobi-ortogonalnosti u trodimenzionom prostoru sa
skalarnim proizvodom
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Apstrakt. U radu [1] definisano je da je Rimanov algebarski tenzor krivine na prostoru
sa skalarnim proizvodom (V, g) Jakobi-ortogonalan ako JXY ⊥ JYX va�i za sve X i Y iz V
takve da je g(X,Y ) = 0, gde je J Jakobijev operator i dokazano je da je svaki Rimanov Jakobi-
ortogonalan tenzor Osermanov, kao i da su svi poznati (dva-korena i Klifordovi) Rimanovi Os-
ermanovi tenzori Jakobi-ortogonalni. Uopxtavamo osobinu Jakobi-ortogonalnosti na prostore
sa (mogu�e nedefinitnim) skalarnim proizvodom (kao xto je izlo�eno u radu [2]) i dokazujemo
da je algebarski tenzor krivine na trodimenzionom prostoru sa skalarnim proizvodom Jakobi-
ortogonalan ako i samo ako je konstantne sekcione krivine, odnosno Osermanov.

Kǉuqne reqi: trodimenzioni prostor sa skalarnim proizvodom; algebarski tenzor krivine;
Jakobi-ortogonalnost; Osermanovi tenzori.
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O problemu Kakeje
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Apstrakt. Neka je p(x) kompleksni polinom stepena n. Pretpostavimo da se u odred-enom disku D

nalazi k nula ovog polinoma. Problem Kakeje podrazumeva da se nad-e disk D1 koji sadrži m nula nekog od
izvodnih polinoma za polinom p(x), pri čemu je m < k. Disk D1 bi po mogućstvu trebao da bude najmanji
mogući. Ovaj problem je rešen samo u nekoliko vrlo specijalnih slučajeva. Na predavanju će biti reči o
odred-ivanju diska D1 u sledećem slučaju: ako se k nula polinoma p(x) nalazi u nekom disku D, odrediti
disk D1 koji sadrži bar jednu nulu polinoma p(k−1)(x).

Ključne reči: Nule kompleksnih polinoma; problem Kakeje; nule izvoda višeg reda.
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O normama k-cirkularnih matrica sa Jakobstalovim brojevima

Biljana Radičić
Univerzitet Singidunum, Danijelova 32, 11 010 Beograd i Bulevar Peka Dapčevića 47a, 11 000 Beograd, Srbija
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ORCID: 0000-0003-1072-2878

Apstrakt. Predmet analize u ovom radu su k-cirkularne matrice, pri čemu je k proizvoljan kompleksan
broj. Ove matrice pripadaju klasi Teplicovih matrica čija je specifičnost da imaju isti element duž glavne
dijagonale, što važi i za svaku dijagonalu paralelnu glavnoj dijagonali. Analiza je usmerena na k-cirkularne
matrice sa prvim redom (J1, J2, . . . , Jn), kao i na k-cirkularne matrice sa prvim redom

(
1
J1
, 1
J2
, . . . , 1

Jn

)
,

gde je Jn n-ti Jakobstalov broj, i to norme (1-norma, ∞-norma, Euklidska i spektralna norma) navedenih
matrica. Za neke od navedenih normi odred-ene su gornja i donja granica tj. interval u okviru kojih se
može naći njihova vrednost, dok su za neke norme odred-ene njihove tačne vrednosti. Dobijeni rezultati su
ilustrovani primerima.

Ključne reči: k-cirkularne matrice; Jakobstalovi brojevi; norme matrica.
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Apstrakt. U ovom radu predstavljamo novu metodologiju za robusnu meta-analizu proporcija kod
retkih, ali klinički značajnih dogad-aja, zasnovanu na integraciji hijerarhijskih modela i teorije ekstrem-
nih vrednosti. Predloženi model XT-REM (eXtended Tail Random-Effects Meta-analysis) kombinuje
klasični model nasumičnih efekata (REM) sa pristupom zasnovanim na Generalizovanoj Pareto raspodeli
(GPD) kako bi se obuhvatilo simultano modelovanje centralne tendencije i ekstremnih proporcija. Time
se omogućava detaljnija analiza gornjih granica rizika, posebno u biomedicinskim istraživanjima gde ek-
stremne vrednosti predstavljaju ključni klinički signal. Primena XT-REM modela na realnim podacima o
neželjenim efektima imunoterapije pokazuje bolje prilagod-avanje podacima u odnosu na standardni REM
model, uz veću log-verovatnoću i niži Akaikeov Informacioni Kriterijum (AIC), čime se potvrd-uje njegova
metodološka prednost.

Razvoj ovog modela motivisan je prethodnim istraživanjem u kome smo sproveli komparativnu meta-
analizu imunoterapije malignog melanoma primenom fiksnih efekata (FEM), nasumičnih efekata (REM) i
generalizovanih linearnih mešanih modela (GLMM) [1]. Analiza je pokazala značajan uticaj izbora modela
na procenu terapijske efikasnosti i sigurnosti, te istakla ograničenja postojećih pristupa u uslovima ek-
stremnih vrednosti, što je otvorilo prostor za razvoj novog metodološkog okvira XT-REM.

Ključne reči: meta-analiza; model nasumičnih efekata; teorija ekstremnih vrednosti; Generalizovana
Pareto raspodela.
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Designing modern slot machines using probabilities, combinatorics, and
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Abstract. This talk provides an introduction to the fundamentals of casino slot game mathematics
[1,2]. We give a short overview of key elements such as Return-to-Player (RTP), volatility, and probability,
and how they influence gameplay and player experience [3]. In addition, we present a Variable Neighborhood
Search (VNS) metaheuristic approach for solving the RTP optimization problem [5]. A large number of
software companies in the gaming industry [4] seek to solve the RTP optimization problem, in order to
develop modern virtual casino gambling machines. These slot machines have a number of reels (e.g., three
or more) that spin once a button is pressed. Each slot machine is required to have an RTP in a particular
range according to the legislation of each country. By using a VNS framework which guides two local
search operators we show how to control the distribution of the symbols in the reels in order to achieve
the desired RTP. This talk is based on a recent collaboration with the Zeusplay casino game developer
company (https://zeusplay.com).

Keywords: casino slot game mathematics; slot machine optimization; return to player; metaheuristics;
variable neighborhood search.
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The Schwarz Lemma for Holomorphic and Minimal Disks at the Boundary
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Abstract. In this work, we establish a boundary version of the Schwarz lemma for holomorphic disks
on the unit ball in the complex plane. Extending classical interior results, our analysis provides sharp
inequalities for the derivative of holomorphic maps at boundary points, reflecting the interplay between
boundary geometry and conformal invariants. Furthermore, by applying the recently developed Schwarz–
Pick type lemma for minimal conformal disks due to Forstneric and Kalaj (2024), we derive a boundary
Schwarz lemma for minimal surfaces parametrized by conformal disks. This result bridges complex analysis
and minimal surface theory, revealing structural parallels between holomorphic and minimal mappings. The
methods combine geometric function theory and boundary regularity arguments, leading to new insights
into extremal problems for holomorphic and minimal disks at the boundary.

Keywords: Schwarz lemma; minimal surfaces; conformal disks; minimal disks.
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Abstract. The classical no-slip (or homogeneous Dirichlet) boundary condition for fluid flow is not
appropriate in many situations, as many fluids will often slip at solid walls. In this work we propose a
theoretical framework that is able to capture a wide variety of slip models, including linear (Navier) slip,
non-linear (and possibly non-smooth) slip described by monotone graphs, non-monotone slip, and dynamic
(time-dependent) slip. A finite element scheme is proposed, in which the non-penetrability condition at
the wall is enforced with a Nitsche formulation. One of the key tools in the convergence proof is an
inhomogeneous Korn inequality that includes a normal trace term. Numerical experiments implemented
in firedrake will also be presented. The talk is based on the recent work [1].

Keywords: slip boundary conditions; incompressible fluids; finite element method; Nitsche formulation;
Korn inequality.
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Abstract. Deformed permutahedra were originally introduced by Edmonds in 1970, under the name
of polymatroids, and rediscovered in 2009 under the name of generalized permutahedra by Postnikov. This
family of polytopes appeares naturally in many areas of mathematics, such as algebraic combinatorics,
optimization, game theory, statistics, mathematical economics, etc.

While it is known that the set of deformed permutahedra can be parameterized by the cone of sub-
modular functions, the structure of the submodular cone is far from being well understood. In particular
determining the rays of Defess(Pn+1) remains an open problem since the 1970s.

We present our recent findings ( [1]) regarding this problem, namely we identify that the median
hypersimplex as the generator of a Sn+1-invariant ray in Defess(Pn+1).

Keywords: Permutahedra; Deformation Cone; Median Hypersimples; Idecomposability.
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On conjectures relating to algebraic integers
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Abstract. Lehmer’s Mahler measure conjecture asserts that there is an absolute constant µ > 1 such
that every polynomial with integer coefficients has the Mahler measure ≥ µ or it is an integral multiple of
a product of cyclotomic polynomials or the monomial x. It is widely believed that the unique root, out of
the unit circle, of the Lehmer polynomial represents the true minimal value: that is, µ = 1.176280818 . . . .
It is the smallest known Salem number. Recently, Vesselin Dimitrov proved a sixty years old conjecture
of Shinzel and Zassenhaus. We comment the possibility of using some steps of his proof to prove other
unsolved problems in algebraic number theory, for example the Lehmer conjecture.

Keywords: Mahler measure; conjecture of Shinzel and Zassenhaus; Lehmer conjecture; Salem number.
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First-Order Methods for Variational and Quasi-Variational Inequalities:
Modifications of Gradient Descent
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Abstract. In this talk, we present several first-order optimization methods that can be viewed as
straightforward modifications of the standard gradient descent algorithm. Each method provides specific
advantages: some substantially accelerate convergence, while others ensure convergence over a broader
class of problems. Special attention is given to the application of these methods to variational and quasi-
variational inequalities, where their structure and stability properties are particularly beneficial. We present
a selection of these methods, highlight their theoretical properties, and report numerical results that
illustrate their performance.

Keywords: gradient descent; extragradient method; forward–backward–forward algorithm; variational
inequalities; quasi-variational inequalities.
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Abstract. In this work, we construct weights and a family of weighted Bergman spaces on the unit
sphere for which the monotonicity property holds. As a consequence we obtain the local concentration
inequality for log-subharmonic functions, along with its stability version.

Keywords: harmonic function; subharmonic function; isoperimetric inequality; Bergman spaces.
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Abstract. Representations induced by general positive sesquilinear maps with values in ordered Banach
bimodules such as commutative and non-commutative L1-spaces and the spaces of bounded linear operators
from a C∗-algebra into the dual of another C∗-algebra are considered. As a starting point, a generalized
Cauchy-Schwarz inequality is proved for these maps and a representation of bounded positive maps from
a (quasi) ∗-algebra into such an ordered Banach bimodule is derived and some more inequalities for these
maps are deduced. In particular, an extension of Paulsen’s modified Kadison-Schwarz inequality for 2-
positive maps to the case of general positive maps from a unital ∗-algebra into the space of trace-class
operators on a separable Hilbert space and into the duals of von-Neumann algebras is obtained. Also,
representations for completely positive maps with values in an ordered Banach bimodule and Cauchy-
Schwarz inequality for infinite sums of such maps are provided. Concrete examples illustrate the results.

Keywords: Representations, modules, positive sesquilinear maps, completely positive sesquilinear
maps, normed spaces.
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Abstract. Static program analysis is the analysis of programs without their execution. It has various
applications, including error detection, code optimization, code style compliance checking, and formatting.
In the area of compiler development, an often-used static analysis technique is data-flow analysis [1]. Based
on the provided abstract program state representation, instruction transfer functions, and the control-flow
merge function, a data-flow analysis computes an abstract execution state at each point of the program.

We present an extensible, intraprocedural data-flow analysis framework for Java bytecode and its
implementation within GraalVM Native Image [2], an ahead-of-time compiler for Java programs. Unlike
existing and widely used Java bytecode manipulation and analysis libraries, such as ASM 4.0 [3], the
implemented framework relies on the Java Virtual Machine Compiler Interface (JVMCI) for access to
method bytecode. The framework is currently used for static resolution of reflective method invocations in
GraalVM [4, 5], and arbitrary forward data-flow analyses can be implemented on top of it.

Keywords: Static analysis; Bytecode analysis; Java; GraalVM;
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Abstract. Profile-guided optimizations (PGO) can yield substantial performance improvements or
reduce the binary size of generated programs. Despite these benefits, PGO is still not widely adopted
because it relies on dynamic profiling, which places non-trivial demands on developers by requiring them
to identify suitable workloads for profile data collection. To mitigate this cost, several static profiling
techniques have been proposed [1], with recent approaches leveraging machine learning for more accurate
predictions [2, 3]. These techniques typically estimate branch probabilities from feature sets that capture
static branch information, such as control-flow structure, basic-block properties, and branch-instruction
types.

In this work, we employ a gradient-boosted binary classifier to predict method hotness in the GraalVM
Native Image compiler [4], with a focus on minimizing binary size. We further extend existing feature sets
by incorporating method-name features, which aim to improve prediction accuracy by exploiting semantic
information often reflected in method names. Using GloVe embeddings [5] to encode method names, we
measure an 8% reduction in binary size with only a 2% runtime performance penalty compared to a baseline
model without these features.
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References

[1] Y. Wu, J. R. Larus. Static branch frequency and program profile analysis. In: Proceedings of the 27th
annual international symposium on Microarchitecture (MICRO 27), 1994, 1—11

[2] M. Čugurović, M. Vujošević Janičić, V. Jovanović, Thomas Würthinger. GraalSP: Polyglot, efficient,
and robust machine learning-based static profiler. In: Journal of Systems and Software, 2024, 213,
112058.

[3] A. A. Moreira, G. Ottoni, F. M. Q. Pereira. VESPA: Static Profiling for Binary Optimization. In:
Proc. ACM Program. Lang., 2021, 5 (OOPSLA), 144.

[4] C. Wimmer, C. Stancu, P. Hofer, V. Jovanović, P. Wögerer, P. B. Kessler, O. Pliss, T. Würthinger.
Initialize once, start fast: application initialization at build time. In: Association for Computing Ma-
chinery, 2019, 3 (OOPSLA), 184.

[5] J. Pennington, R. Socher, C. D. Manning GloVe: Global Vectors for Word Representation. In: Empirical
Methods in Natural Language Processing (EMNLP), 2014, 1532–1543.

36 XV Simpozijum ,,Matematika i primene”



Section: Mathematics and applications - today

Metrics Visualization Using Profiling-Based Adaptive GC Policy for Serverless

Milica Karličić
Faculty of Mathematics, University of Belgrade

Oracle Labs, Belgrade
e-mail: milica.karlicic@matf.bg.ac.rs

ORCID: 0009-0004-7553-3909

Ivan Ristović
Faculty of Mathematics, University of Belgrade

Oracle Labs, Belgrade
e-mail: ivan.ristovic@matf.bg.ac.rs

ORCID: 0000-0002-1679-3848

Milena Vujošević Janičić
Faculty of Mathematics, University of Belgrade

Oracle Labs, Belgrade
e-mail: milena.vujosevic.janicic@matf.bg.ac.rs

ORCID: 0000-0001-5396-0644

Abstract. In serverless, applications operate under strict performance and resource-usage constraints,
making memory efficiency a critical aspect of system design [1]. One approach to improving efficiency
is to reduce the memory footprint through informed garbage-collection (GC) decisions [2]. In this work,
we present the GC Hints system that enables dynamic, workload-aware GC triggering using GC Hints
policy [3] and introduce a new monitoring and visualization framework in serverless workloads.

The GC Hints system is implemented within the GraalVM Serial GC [4]. It collects detailed runtime
statistics, GC counters, memory-usage trends, and per-request execution times. These metrics are captured
at the beginning and end of each request, enabling detailed analysis of application behavior. The visual-
ization framework shows heap occupancy and GC activity over time, allowing us to gain deeper insight
into application execution patterns and to evaluate the effectiveness of the GC Hints policy in comparison
to the default policy. The visualizations also serve as a diagnostic tool, highlighting outliers or unexpected
program behavior. We evaluate the system using a suite of benchmarks [5] and microbenchmarks. Our
results demonstrate that the policy improves memory-usage characteristics and contributes to more pre-
dictable performance across representative serverless workloads.

Keywords: Serverless; Garbage-Collection; GraalVM.

References

[1] Paul Castro, Vatche Ishakian, Vinod Muthusamy, and Aleksander Slominski. The rise of serverless
computing. Communications of the ACM, 62(12):44–54, 2019.

[2] Dries Buytaert, Kris Venstermans, Lieven Eeckhout, and Koen De Bosschere. GCH: Hints for triggering
garbage collections. Transactions on High-Performance Embedded Architectures and Compilers I, pages
74–94, 2007.

[3] Milica Karličić, Ivan Ristović, Milena Vujošević Janičić. Profiling-Based Adaptive GC Policy for Server-
less, Symposium MATHEMATICS AND APPLICATION, Faculty of Mathematics, University of Bel-
grade, 2024, Vol. XIV.

[4] Christian Wimmer et al. Initialize once, start fast: application initialization at build time. Proceedings
of the ACM on Programming Languages, OOPSLA (2019): 1–29.

[5] Barista 2025. Barista is a modern, open, and diversified benchmark suite for the JVM, aimed at testing
JIT and AOT compilers, garbage collectors, profilers, analyzers and other tools. Barista Documentation,
2025. Online at: https://barista-benchmarks.github.io/.

XV Symposium "Mathematics and Application" 37

https://orcid.org/0009-0004-7553-3909
https://orcid.org/0000-0002-1679-3848
https://orcid.org/0000-0001-5396-0644
https://barista-benchmarks.github.io/


Sekcija: Matematika i primene - danas

The invariant Laplacian–Poisson equations and applications

Miodrag Mateljević
Faculty of Mathematics, University of Belgrade, Serbia

e-mail: miodrag@matf.bg.ac.rs
ORCID: 0000-0002-9226-0023

Abstract. We investigate solutions of the Dirichlet problem for the invariant Laplacian–Poisson equa-
tion in the n-dimensional space. Specifically, we consider their representation and Lipschitz-type continuity.
As an application, we consider k-hyperbolic quasiregular mappings.

The author has recent works on the topic of this announcement by M. Arsenović, A. Khalfallah, J.
Chen, Q. Li, E. Sevost’yanov, M. Knežević, M. Svetlik, N. Mutavdžić, J. Gajić and B. Purtić and we can
consider all of them as co-authors of this lecture.

Keywords: invariant Laplacian–Poisson equation; Lipschitz-type continuity; k-hyperbolic quasiregular
mappings.
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Abstract. The central question in extreme value theory is to understand the behavior of the maximum
of a random process over an extended period. Specifically, can we identify normalizing constants aT and
bT such that the normalized maximum aT (M(T ) − bT ) converges to a non-degenerate distribution, as
T → ∞? The theory for stationary processes is well-developed. Our goal is to address one of the simplest
yet non-trivial cases of non-stationarity: a stationary Gaussian process to which a deterministic trend
function, g(t), has been added. The presence of this trend breaks the stationarity and fundamentally alters
the problem, necessitating a modified approach to classical methods.

Keywords: stationary Gaussian processes; asymptotic theory; limit theorem; normalized maximum
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Abstract. In this paper, we will prove the representation theorem and the characterization theorem
of the class of rapidly varying functions in the sense of de Haan, for the index +∞. The statements of
these theorems will be given in the form of analogous theorems in the classical Karamata theory of regular
variation.
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Abstract. Everywhere further, D ⊂ Rn, n > 2, is a domain in Rn with the Euclidean metric |x − y|
and the Lebesgue measure m. For x0 ∈ D and r > 0 put S(x0, r) = {x ∈ Rn : |x − x0| = r}, and for a
compact K ⊂ D define d(K, ∂D) = inf{|x− y| : x ∈ K, y ∈ ∂D}. Let Q : D → [0,∞] be measurable.

A homeomorphism f : D → Rn is called a ring Q-homeomorphism at x0 ∈ D with respect to (p, q)-
moduli if for every 0 < r1 < r2 < d(D),

Mp(f(Γ(S(x0, r1), S(x0, r2), A(x0, r1, r2)))) ≤
∫

A(x0,r1,r2)∩D

Q(x) ηq(|x− x0|) dm(x) (3)

for all measurable η : (r1, r2) → [0,∞] satisfying

r2∫
r1

η(r) dr ≥ 1, (4)

where A(x0, r1, r2) = {x ∈ D : r1 < |x− x0| < r2}.
A domain D is a QED-domain if there exists A ≥ 1 such that

M(Γ(E,F,Rn)) ≤ A ·M(Γ(E,F,D)) (5)

for all continua E,F ⊂ D.

Given A ≥ 1, δ > 0 and K ⊂ D compact, denote by FA,δ
K,Q(D) the family of all mappings f : D → Rn

satisfying (1)–(2), such that Df := f(D) is a QED-domain with constant A in (3) and d(f(K), ∂Df ) > δ.

The main result of the corresponding paper establishes the lower estimate

|f(x)− f(y)| ≥ C1 exp

{
− ∥Q∥1A
C |x− y|n

}
, x, y ∈ K, (6)

valid for all f ∈ FA,δ
K,Q(D). Using this estimate, we obtain the following convergence theorem.

Theorem. Let D ⊂ Rn, n > 2, and let fm : D → Rn be homeomorphisms of the class FA,δ
K,Q(D) converging

locally uniformly in D to f. If K = G and G is a compact subdomain of D, then for Q ∈ L1(D) the limit
mapping f is a homeomorphism in G.

Keywords: ring Q-homeomorphisms; lower distance estimates; QED-domains; convergence theorems.
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Abstract. Below dm(x) denotes the element of the Lebesgue measure in Rn. Everywhere further the
boundary ∂A of the set A and the closure A should be understood in the sense of the extended Euclidean
space Rn. Let y0 ∈ Rn, 0 < r1 < r2 < ∞ and A = A(y0, r1, r2) = {y ∈ Rn : r1 < |y − y0| < r2} . Given
x0 ∈ Rn, we put B(x0, r) = {x ∈ Rn : |x− x0| < r} , S(x0, r) = {x ∈ Rn : |x− x0| = r} , Sn−1 = S(0, 1) .

A mapping f : D → Rn is called discrete if the pre-image {f−1 (y)} of any point y ∈ Rn consists
of isolated points, and open if the image of any open set U ⊂ D is an open set in Rn. Given sets E,
F ⊂ Rn and a domain D ⊂ Rn we denote by Γ(E,F,D) the family of all paths γ : [a, b] → Rn such that
γ(a) ∈ E, γ(b) ∈ F and γ(t) ∈ D for t ∈ (a, b). Given a mapping f : D → Rn, a point y0 ∈ f(D) \ {∞},
and 0 < r1 < r2 < r0 = sup

y∈f(D)

|y − y0|, we denote by Γf (y0, r1, r2) a family of all paths γ in D such that

f(γ) ∈ Γ(S(y0, r1), S(y0, r2), A(y0, r1, r2)). Let Q : Rn → [0,∞] be a Lebesgue measurable function. The
following statement holds.
Theorem. Let D be a domain in Rn, n ⩾ 2, and let B(x0, ε1) ⊂ D for some ε1 > 0. Assume that, D ′ is
bounded domain and for each point y0 ∈ D ′ and for every 0 < r1 < r2 < r0 := sup

y∈D ′
|y − y0| there is a set

E ⊂ [r1, r2] of a positive linear Lebesgue measure such that the function Q is integrable with respect to
Hn−1 over the spheres S(y0, r) for every r ∈ E. In addition, assume that one of the following conditions
hold:

1) Q ∈ FMO(D ′); 2) for any y0 ∈ D ′ there is δ(y0) > 0 such that
δ(y0)∫
δ

dt

tq
1

n−1
y0

(t)

< ∞ for sufficiently

small δ > 0 and, in addition,
δ(y0)∫
0

dt

tq
1

n−1
y0

(t)

= ∞ holds (where qy0 = 1
ωn−1rn−1

∫
S(y0,r)

Q(y) dHn−1(y),

ωn−1 = Hn−1(Sn−1)). Then there is r0 > 0, which does not depend on f, such that

f(B(x0, ε1)) ⊃ B(f(x0), r0) ∀ f ∈ FE,δ(D,D
′) .

Keywords: quasiregular mappings, quasiconformal mappings, Koebe theorem.
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Abstract. Let y0 ∈ Rn, 0 < r1 < r2 < ∞ and A = A(y0, r1, r2) = {y ∈ Rn : r1 < |y − y0| < r2} .
Given sets E, F ⊂ Rn and a domain D ⊂ Rn we denote by Γ(E,F,D) a family of all paths γ : [a, b] → Rn

such that γ(a) ∈ E, γ(b) ∈ F and γ(t) ∈ D for t ∈ (a, b). If f : D → Rn, y0 ∈ f(D) and 0 < r1 <

r2 < d0 = sup
y∈f(D)

|y − y0|, then by Γf (y0, r1, r2) we denote the family of all paths γ in D such that

f(γ) ∈ Γ(S(y0, r1), S(y0, r2), A(y0, r1, r2)). Let Q : Rn → [0,∞] be a Lebesgue measurable function. In
what follows, M(·) is a modulus of families of paths. The boundary of D is called weakly flat at the point
x0 ∈ ∂D, if for every P > 0 and for any neighborhood U of the point x0 there is a neighborhood V ⊂ U of
the same point such that M(Γ(E,F,D)) > P for any continua E,F ⊂ D such that E ∩ ∂U ̸= ∅ ̸= E ∩ ∂V
and F ∩ ∂U ̸= ∅ ̸= F ∩ ∂V. The boundary of D is locally quasiconformal, if every x0 ∈ ∂D has a
neighborhood U that admits a quasiconformal mapping φ onto Bn ⊂ Rn such that φ(∂D ∩ U) is the
intersection of Bn and a coordinate hyperplane. The sequence of cuts σm, m = 1, 2, . . . , is called regular,
if σm ∩ σm+1 = ∅ for m ∈ N and, in addition, d(σm) → 0 as m → ∞. If the end K contains at least
one regular chain, then K will be called regular. We say that a bounded domain D in Rn is regular, if
D can be quasiconformally mapped to a domain with a locally quasiconformal boundary whose closure
is a compact in Rn, and, besides that, every prime end in D is regular. Note that space DP = D ∪ ED

is metric. If g : D0 → D is a quasiconformal mapping of a domain D0 with a locally quasiconformal
boundary onto some domain D, then for x, y ∈ DP we put ρ(x, y) := |g−1(x)−g−1(y)|, where the element
g−1(x), x ∈ ED, is to be understood as some (single) boundary point of the domain D0. Assume that,

D ′ \ C(f, ∂D) =
N⋃
i=1

Di, where Di is a regular domain for 1 ⩽ i ⩽ N, Di ∩ Dj = ∅ for i ̸= j. We set

ρj(x, y) = 0 for x, y ∈
N⋃
i=1

DiP \DjP , and ρj(x, y) = 1 for x ∈ DjP and y ̸∈ DjP . Then ρj is a pseudometric

on
N⋃
i=1

DiP . Set ρ(x, y) =
N∑
i=1

2−i ρi(x,y)
1+ρi(x,y)

. Observe that, ρ ∗
j (x, y) :=

ρj(x,y)

1+ρj(x,y)
and ρ(x, y) are metrics.

Theorem. Let D and D ′ be domains in Rn, n ⩾ 2, and let D be a domain with a weakly flat bound-
ary. Suppose that f is open discrete mapping of D onto D ′ satisfying the relation M(Γf (y0, r1, r2)) ⩽∫
A(y0,r1,r2)∩f(D)

Q(y) · ηn(|y − y0|) dm(y) holds at each point y0 ∈ D ′ and for any Lebesgue measurable

function η : (r1, r2) → [0,∞] such that
r2∫
r1

η(r) dr ⩾ 1. In addition, assume that the following con-

ditions are fulfilled: 1) for each point y0 ∈ ∂D ′ there is 0 < r0 := sup
y∈D ′

|y − y0| such that for any

0 < r1 < r2 < r0 := sup
y∈D ′

|y − y0| there exists a set E ⊂ [r1, r2] of positive linear Lebesgue measure

such that Q is integrable on S(y0, r) for r ∈ E; 2) D ′ \C(f, ∂D) consists of finite number of pairwise dis-
joint domains D1, D2, . . . , DN any of which is regular; 3) f −1(C(f, ∂D)∩D ′) is nowhere dense. Then the

mapping f has a boundary extension f : D →
N⋃
i=1

DiP ∪D ′ which is continuous in D \f −1(C(f, ∂D)∩D ′)

by the metric ρ defined as above. Moreover, f(D) =
N⋃
i=1

DiP ∪D ′.

Keywords: quasiregular mappings, quasiconformal mappings, singularities, manifolds.
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Abstract. Let Mn and Mn
∗ be Riemannian manifolds of dimension n with geodesic distances d and

d∗, respectively, and let D be a domain in Mn, n ⩾ 2. Set B(x0, r) = {x ∈ Mn : d(x, x0) < r} , S(x0, r) =
{x ∈ Mn : d(x, x0) = r} , A = A(y0, r1, r2) = {y ∈ Mn

∗ : r1 < d∗(y, y0) < r2}, 0 < r1 < r2 < r0. Let
dv(x) and dv∗(x) be elements of volumes on Mn and Mn

∗ , respectively. A Borel function ρ : Mn → [0,∞]

is called admissible for the family Γ of paths γ in Mn, if
∫
γ

ρ(x) |dx| ⩾ 1 for γ ∈ Γ. In this case we write:

ρ ∈ admΓ. Let p ⩾ 1, then p-modulus of Γ is defined by the relation Mp(Γ) = inf
ρ∈ admΓ

∫
Mn

ρp(x) dv(x). Set

M(Γ) = Mn(Γ). Let Q : D → [0,∞] be a measurable function. Denote by Si = S(x0, ri), i = 1, 2. Given
sets E, F and G in Mn, denote by Γ(E,F,G) the family of all paths γ : [a, b] → Mn joining E and F in G.
Given f : D → Mn and y0 ∈ f(D), denote by Γf (y0, r1, r2) the family of all paths γ in the domain D such
that f(γ) ∈ Γ(S(y0, r1), S(y0, r2), A(y0, r1, r2)). We say that f satisfies the inverse Poletsky inequality at
the point y0 ∈ f(D), if the inequality

M(Γf (y0, r1, r2)) ⩽
∫

A(y0,r1,r2)∩f(D)

Q(y) · ηn(d∗(y, y0)) dv∗(y) (7)

holds for an arbitrary Lebesgue measurable function η : (r1, r2) → [0,∞] such that

r2∫
r1

η(r) dr ⩾ 1 . (8)

Set qx0(r) = 1
rn−1

∫
S(x0,r)

Q(x) dA , where dA denotes the element of the surface area on S(x0, r). Let

Mn := Mn ∪{∞}, and let h : Mn ×Mn → R be a metric on Mn. Suppose that the manifold Mn is connected,
then d is a metric on Mn. We say that h satisfies the condition weak sphericalization, if (Mn, h) is a compact
metric space and h and d generate the same topology on Mn. The following statement is true.
Theorem. ([1]). Let n ⩾ 2, D be a domain in Mn, let x0 ∈ D, let a, b ∈ Mn

∗ , a ̸= b and let f : D \
{x0} → Mn

∗ \ {a, b} be an open discrete mapping that satisfies the conditions (7)–(8) at all points y0 ∈ D ′,

where D ′ := f(D \ {x0}). Suppose that the manifold Mn
∗ is connected and admits the condition of weak

sphericalization. Suppose that, in addition, that for each point y0 ∈ D ′ there exists r0 = r0(y0) > 0 such
that qy0(r) < ∞ for a.a. r ∈ (0, r0). Then f has a continuous, open and discrete extension f : D → Mn,

whose continuity should be understood in the sense of the metric h.
Keywords: quasiregular mappings, quasiconformal mappings, singularities, manifolds.
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Abstract. This contribution explores advanced summability methods in the setting of Banach algebras
and Banach modules, with a particular emphasis on their application to the study of ’hyperharmonic’ series.

Lecture firstly gives a comparative overview of Laplace transforms in real space setting, Banach spaces,
Banach algebras and Banach modules, as well as analysis of procedure proposed earlier by Gautchi and
Milovanovic.

Through the lens of Laplace transform and within the mentioned framework, we establish a connection
with the hypergeometric and polygamma functions, thus lifting some known scalar series identities to this
abstract setting.

Moreover, we extend our results to the multilateral modular series, having the form

∞∑
k=1

(a1 + k)−n1c1(a2 + k)−n2c2 · . . . (am−1 + k)−nm−1cm−1(am + k)−nm ,

where ai belong to possibly different Banach algebras, and cj belong to possibly different Banach bimodules,
and n1, . . ., nm are positive integers.

We obtain sums for series of the form

∞∑
k=1

(a+ k)−n,

∞∑
k=1

(−1)k(a+ k)−n,

∞∑
k=1

(
(a+ k)†

)n

,

where † represents the Drazin-Koliha invertibility, or the invertibility along an idempotent.
As an application, we obtain a new necessary solvability condition for the Sylvester equation ax−xb = c

in Banach modules. Finally, the connection to C0−semigroups is given.
Keywords: Banach algebras and modules; Hyperharmonic series; Laplace transform; Generalized

inverses; C0-semigroups.
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Abstract. One of the most widely used tests for the missing completely at random (MCAR) assumption
is Little’s test [3] from 1988. However, as noted in 2024 by Aleksić [1], this test can suffer from substantial
type I error distortion and loss of power when the data deviate from multivariate normality. Aleksić’s test [1]
performs better under such departures, but it is limited to a very narrow class of detectable alternatives.
Its subsequent generalization [2] broadens the range of alternatives but introduces a new restriction: the
response indicators must be uncorrelated. Here, we present a further generalization of this test that removes
this assumption, and we compare its performance to both the original version and Little’s MCAR test.

Keywords: MCAR; U-statistics; asymptotics.
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Abstract. Lusternik-Schnirelmann category (LS-category) is an important homotopy invariant of a
topological space X: one says that cat(X) = n if n+1 is the smallest number of open subsets Ui that cover
X such that the inclusion Ui ↪→ X is nullhomotopic. In particular, spheres have LS-category one; in fact,
cat(X) = 1 if and only if X is a co-H-space. Moreover, for any space X, its cohomology length cup(X)

is a lower bound for its LS-category cat(X), and when X is a manifold, cat(X) is a lower bound for the
number of critical points that a real-valued map on X can have.

In this talk, we are interested in calculating LS-category for moment-angle manifolds, the main object
of study in toric topology [1]. If (X,A) is a topological pair and K is an abstract simplicial complex on
[m] := {1, 2, . . . ,m}, then the polyhedral product (X,A)K is defined to be a subspace of Xm determined by
the property that for x := (x1, x2, . . . , xm) : [m] → X we have x ∈ (X,A)K if and only if x−1(Ac) ∈ K. The
real moment-angle-complex RK := (D1,S0)K and the complex moment-angle-complex ZK := (D2,S1)K

acquire an equivariant smooth structure if K is a starshaped sphere; in particular, we get smooth manifolds
when K is a polytopal sphere, i.e. the boundary of a simplicial polytope. For a moment-angle manifold,
RK and ZK , its LS-category is one if and only if K is the boundary of a simplex. Therefore, the case of
LS-category two is the first non-trivial case to study and the following conjecture arises.

Coǌecture: Let K be a chordal starshaped sphere; that is, the graph of K has no induced cycles of
length greater than three. Then the following conditions are equivalent:

• cat(RK) = 2;

• cat(ZK) = 2;

• RK is homeomorphic to a connected sum of sphere products with two spheres in each product;

• ZK is homeomorphic to a connected sum of sphere products with two spheres in each product.

We are going to show that this conjecture is true in a wide class of starshaped spheres, which includes
all stacked spheres i.e. spheres obtained from the boundary of a simplex by consecutive stellar subdivisions
of facets, and relate it to the algebraic properties of the Stanley-Reisner ring of K studied in combinatorial
commutative algebra.

Keywords: Lusternik-Schnirelmann category; moment-angle manifold; stacked sphere.

References

[1] V. M. Buchstaber, T. E. Panov. Toric Topology. Mathematical Surveys and Monographs, American
Mathematical Society, Providence, RI, 2015, 204, 518pp.

XV Symposium "Mathematics and Application" 47

https://orcid.org/0000-0002-2072-8475


Sekcija: Matematika i primene - danas

Some Properties of FGSI Spaces of Sobolev Type and Applications

Aleksandar Aksentijević
Faculty of Science, University of Kragujevac

e-mail: aksentijevic@kg.ac.rs
ORCID: 0000-0002-6009-0891

Suzana Aleksić
Faculty of Science, University of Kragujevac

e-mail: suzana.aleksic@pmf.kg.ac.rs
ORCID: 0000-0002-2176-5091

Stevan Pilipović
Faculty of Sciences, University of Novi Sad

e-mail: pilipovic@dmi.uns.ac.rs
ORCID: 0000-0002-5443-4467

Abstract. In this presentation, we present results from [4], which extend our previous work [1–3] on
the study of structural properties of finitely generated shift-invariant (FGSI) subspaces of Sobolev spaces
Hs(Rd), s ∈ R. These spaces are generated by a finite set of generators {ϕ1, . . . , ϕm} ⊂ Hs(Rd), m ∈ N,
and consist of functions f ∈ Hs(Rd) that are convergent series of the generators’ integer translations:
Vs(ϕ1, . . . , ϕm) =

{
f ∈ Hs(Rd) : f =

∑m
i=1

∑
k∈Zd c

i
kϕi(·−k)

}
. We investigate the behavior of FGSI spaces

under convolution and product, utilizing Fourier transform techniques to establish their key properties.
One of the key results of our study is the structural characterization of the dual FGSI space, providing
deeper insight into their functional structure. Using classical results from functional analysis, we show that
a certain class of equations with right-hand sides in FGSI spaces has solutions within the same FGSI space.
We also characterize the convolutors of FGSI spaces and determine the wave front sets of convolutions
and products within these spaces. Our findings contribute to the deeper understanding of shift-invariant
structures in Sobolev spaces and have potential applications in signal processing, PDE theory, and harmonic
analysis.

The presentation concludes with a discussion of current research and applications. We prove the stabil-
ity of the dual generator in certain weighted Wiener amalgam spaces and establish a necessary Nyquist-type
density condition for stable non-uniform sampling in Hs(Rd), s > d/2; the extension of this framework
to the case of generalized sampling for s ⩽ d/2 is the subject of our ongoing investigation. Furthermore,
we show how these results provide a rigorous foundation for constructing stable and convergent Petrov-
Galerkin schemes for solving elliptic PDEs, as well as for stable image reconstruction in Magnetic Resonance
Imaging (MRI).

This research was supported by the Science Fund of the Republic of Serbia, Grant No. 2727, Global
and local analysis of operators and distributions - GOALS.

Keywords: shift-invariant spaces; sampling; Sobolev spaces.
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Quasiconformal groups
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Yau Mathematics Sciences Center, Tsinghua University, China
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Abstract. In this talk, I will survey the theory of quasiconformal and convergence groups whose study
began with the work of Gehring and Martin. I will focus on explaining why quasiconformal group actions
are rigid on low dimensional spheres. The analogous problem for convergence groups is open and is closely
related with the Hyperbolization theorem for 3-manifolds.

Keywords: quasiconformal; quasisymmetric; Beltrami equation; hyperbolization theorem; Cannon
conjecture.
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Realizations by finite-area quadratic differentials
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Abstract. Hubbard and Masur proved that any measured foliation on a closed Riemann surface
can be realized by the horizontal foliation of a holomorphic quadratic differential. We extend this result
to arbitrary Riemann surfaces (including the unit disk, or any infinite genus surface) by characterizing
measured foliations that can be realized by the horizontal foliations of finite-area holomorphic quadratic
differentials. Some corollaries of this characterization include application to the type problem of Riemann
surfaces. Another direction shows that the differentials with one cylinder are dense in the L1 norm among
all differentials when the Riemann surface does not have Green’s function. In a recent joint work with T.
Shima, we showed that this is false for Riemann surfaces of infinite complexity whose covering group is
of the second kind. Finally, we give a characterization of the Teichmuller extremal maps in terms of the
height map. Supported in part by NSF DMS-2521870.

Keywords: measured foliations; holomorphic quadratic differentials; Riemann surfaces; Green functions;
Teichmüller extremal maps.
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Integration of Measure Valued Mappings
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Abstract. Several normed spaces of measurable, in certain sense, mappings with values in the space
of signed measures are studied. Completness of these space is investigated as well as integrals of such
mappings. It is shown that the integrals of such mappings are countably additive and integration with
respect to this integral is also considered. We also study the case when the base space is a metric space
and in this situation we consider Kantorovich - Rubinstein norm. This is joint work with V. Bogachev and
M. Krstić.

Keywords: weak integals; signed measures; Kantorovich - Rubistein norm.
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Lipschitz-Type Conditions for Harmonic Functions on Non-Smooth Domains
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Abstract. This talk focuses on Lipschitz-type conditions for real-valued harmonic functions defined
on domains whose boundaries are not necessarily smooth. The aim is to compare restricted local Lipschitz
continuity with global Lipschitz continuity, exploring how boundary irregularities affect the harmonic
behavior of functions.

Keywords: Harmonic functions; Lipschitz continuity; Non-Smooth and Unbounded Lipschitz domains.

References

[1] M. Marković. A condition equivalent to the Hölder continuity of harmonic functions on unbounded
Lipschitz domains. Communications in Contemporary Mathematics, to appear.

[2] M. Marković. Lipschitz conditions on bounded harmonic functions on the upper half-space Illinois
Journal of Mathematics, 2024, 68, 741–754.

[3] M. Pavlović. Lipschitz conditions on the modulus of a harmonic function. Revista Matemática
Iberoamericana, 2007, 23, 831–845.

52 XV Simpozijum ,,Matematika i primene”

https://orcid.org/0009-0000-9896-8068


Section: Mathematics and applications - today

Toeplitz operators, integral geometry and dynamics of spectra
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Abstract. We present classical and recent results for weighted spaces of analytic functions in the unit
disc and upper half-plane, as well as Toeplitz operators in these spaces, with special symbols associated
with three types of hyperbolic geometry in the unit disc. The study focuses on the change in the properties
of Toeplitz operators with varying weight parameters. In particular, an interesting question is the limit
behavior of the spectrum as the weight parameter tends to infinity. This relates the theory to the corre-
spondence principle in Berezin’s second quantization. We also discuss generalizations— the mixed norm
spaces defined in terms of Fourier images.

Keywords: Toeplitz operators; Bergman-Jrbashyan spaces; Mixed norm spaces; Spaces of analytic
functions.
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Isoperimetric inequality for harmonic functions
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Abstract. A version of isoperimetric inequality holds for function f for which log |f | is subharmonic.
We characterize subclass of harmonic functions which has these properties. For the class of functions
h(z1, . . . , zn), zi ∈ U, which separately has these properties, we prove a version of isoperimetric inequality.
In addition, we prove a version of Gabriel’s theorem for the subclass of harmonic functions.

Keywords: harmonic; isoperimetric; subharmonic;
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An unified approach to existence of fixed points and convergence of iterative
sequences for mappings which satisfies one linear contractive condition
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Abstract. In 1906 M. Fréchet [1] introduced the notion of L spaces in which convergence of sequences
are axiomatic funded. As examples, he presented classes of V , and E spaces. The class of V - spaces (called
by Fréchet spaces with regular écart) is enough large to include b - metric spaces, which was defined by I.
Vulpe, D. Ostrajkh and F. Khojman in 1981. In modern terminology E spaces are so called quasi - metric
spaces. In [2] M. Fréchet using the same name E spaces (in [3] he used term D spaces), considered new
class of spaces, named by F. Hausdorff in 1914 as metric spaces. In [3] he introduced classes of semi -
metric spaces (term S spaces was used) and symmetric spaces, named by him E spaces (the same name
for the third time).
Definition. Let X be a non-empty set, s(X) set of all sequences which are belong to X, c(X) ⊂ s(X) and
lim : c(X) → X. The ordered triple (X, c(X), lim) are L space if and only if the following conditions are
satisfied:

1) if xn = x for any n ∈ N then (xn) ∈ c(X) and lim(xn) = x;
2) if (xn) ∈ c(X), limxn = x and (xnj ) ⊆ (xn) then (xnj ) ∈ c(X) and limxnj = x.

Definition. Let (X, c(X), lim) be arbitrary L - space, (P, c(P ), limP ,≤) partially ordered L - space, d :

X2 → P , Θ ∈ P such that θ ≤ p for any p ∈ P and R = {ρ : P → P | ρ is increasing, ρn(p) ∈
c(P ) and limP ρ

n(p) = Θ for any p ∈ P}. We said that L - space (X, c(X), lim) is d∗ - complete over
(P, c(P ), limP ,≤) if (xn) ∈ s(P ) and

d(xn, xn+1) ≤ ρn(R), n ∈ N

for some R ∈ P and ρ ∈ R, implies (xn) ∈ c(X).
Definition of d∗ completeness include earlier concepts defined by Kasahara for L spaces defined over

real numbers and Rus [4] for L spaces defined over L - space ordered semigroup with unity and least
element.

In this talk will be present one unified approach to existence of fixed points and convergence of iterative
sequences for mappings which satisfies one linear contractive condition, based on the following simple result.
Theorem. Let (X, c(X), lim) be d∗ - complete L - space d∗ - complete over (P, c(P ), limP ,≤) and f : X → R

sequentially continuous mapping. If there exists ρ ∈ R such that

d(f(x), f(y)) ≤ ρ(d(x, y))

for any x, y ∈ X, then f has unique fixed point which is limit of all its Picard sequences.
Theorem 1 proved for mappings defined on L spaces include earlier results obtained for spaces with

distance function (metric spaces, b - metric spaces, quasi metric spaces, symmetric spaces, metric spaces
topological semifields, cone metic spaces, ...) and some other classes of spaces (uniform spaces, probabilistic
metric spaces, fuzzy metric spaces, F type topological spaces, Generalized Kasahara spaces,...).

Keywords: fixed point; Picard sequences; L - space; d∗ - completeness; Generalized Kasahara space.
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Nonlocal de Sitter
√
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Abstract. Despite its great success, the general theory of relativity is not the final theory of gravity and
there are many attempts to modify it. One of very promising directions of research is the nonlocal theory
of gravity. An interesting class of nonlocal gravity models, that have been recently considered, is given by
S = 1

16πG

∫
M

√
−g

(
R−2Λ+P (R) F(□) Q(R)

)
d4x, where M is a pseudo-Riemannian manifold of signature

(1, 3) with metric (gµν), Λ is the cosmological constant, P (R) and Q(R) are some differentiable functions
of the Ricci scalar R, F(□) =

∑+∞
n=1 fn□

n and □ = ∇µ∇µ = 1√
−g
∂µ(

√
−ggµν∂ν) is the corresponding

d’Alembert-Beltrami operator. We consider here the nonlocal de Sitter model
√
dS (P (R) = Q(R) =√

R− 2Λ) which is given by the following action: S = 1
16πG

∫ √
−g

(
R−2Λ+

√
R− 2Λ F(□)

√
R− 2Λ

)
d4x.

To solve the corresponding equations of motion, we first solve eigenvalue problem □
√
R− 2Λ = q

√
R− 2Λ,

where q = ζΛ (ζ ∈ R) is an eigenvalue and
√
R− 2Λ is an eigenfunction of operator □. We presented

and discussed several exact cosmological solutions for homogeneous and isotropic universe. One of these
solutions mimics effects that are usually assigned to dark matter and dark energy, see [1]. Some other
solutions are examples of the nonsingular bounce ones in flat, open and closed universe. There are also
singular and cyclic solutions. We also discuss cosmological solutions of the nonlocal gravity model which
is given by P (R) = Q(R) = R − 4Λ (see [2]). This model is also of interest as the limit case of model
P (R) = Q(R) =

√
R− 2Λ for |R| ≪ |2Λ|.

Keywords: nonlocal modified gravity; nonlocal de Sitter Gravity; exact cosmological solutions.
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Abstract. As stated in [1], until 1991, the numerical differentiation of analytical functions was discussed
in several papers. The corresponding formulas for differentiation were mostly obtained by Cauchy’s integral
formula and the application of the trapezoidal rule. In paper [1], new formulas for numerical differentiation
were introduced using Gaussian quadrature rules on the semicircle. In [2] generalized averaged Gaussian
(GAG) quadrature rule on the semicircle are introduced with aim of better estimate of the error of Gaussian
quadrature rule on the semicircle. In this paper we give formula for numerical differentiation of analytic
function using GAG quadrature rules on the semicircle. Numerical examples with comparison of our results
with results from papers published after 1991 are included.

Keywords: orthogonality on the semicircle; generalized averaged Gaussian quadrature rules; numerical
differentiation of analytical functions.
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Abstract. Additive properties of generalized inverses have been studied widely. There are many re-
searches for Moore-Penrose inverse, Drazin inverse, group, core and dual core inverses. Here, we present
our recent results on (b, c)-invertibility of a sum of two elements in rings. We derive necessary and sufficient
conditions for the sum of elements to be (b, c)-invertible. Also, as a special case, we give an explicit formula
for the (b, c)-inverse of a sum and apply these results to matrices.

Keywords: (b, c)-inverse; additive properties.
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Continuity properties for a family of equations related to Schrödinger problem
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Abstract.
We give the spaces of ultradifferentiable functions defined in terms of iterates of the Laguerre operator.

Definition 1. Let h > 0, and α > 0. Then a smooth function f belongs to the space Gα,h
α,h(R

d
+),

if

ηαh (f) := sup
N∈Nd

∥ENf∥L2(Rd
+)

h|N|N !α
<∞. (9)

Next, we introduce P−spaces on positive orthants.

Definition 2. Let α > 0. The P−spaces on positive orthant Rd
+, G

α
α(R

d
+) and gα

α(R
d
+) are defined

to be the union, respectively the intersection of Gα,h
α,h(R

d
+), with respect to h > 0:

Gα
α(R

d
+) =

⋃
h>0

Gα,h
α,h(R

d
+), and gα

α(R
d
+) =

⋂
h>0

Gα,h
α,h(R

d
+).

We consider the inhomogeneous Schrödinger initial value problem{
i∂tu(t, x)− Er

x,cu(t, x) = F (t, x) (t, x) ∈ [0, T ]×Rd
+

u(0, x) = u0(x),
(10)

where Er
x,c are powers of Laguerre operators, r ⩾ 0 and c ∈ C.

We say that the problem (10) is well-posed if the solution u(t, x) depends continuously on the initial
value u0.

We show that for r > 0 and c ∈ C the following is true

(i) If r ⩾ 1, the equation (10) is ill-posed for Schwartz functions on Rd
+, G-type functions and elements

from their dual spaces.

(ii) The equation (10) is well-posed in the setting of suitable P−spaces on orthants and their dual spaces.

Keywords: Schrödinger problem; P−spaces; Laguerre operators; Ultradifferentiable functions.
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A note on inhomogeneous (α, β)-harmonic equation
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Abstract. We study some properties of the Green operator Gα,β for the elliptic operator Lα,β defined
below, when acting on Lp(D). We also study behavior of ∂zu i ∂z̄u where u is the solution of inhomogeneous
equation Lα,βu = g. Here

Lα,β = (1− |z|2)−(α+β+1)

(
(1− |z|2) ∂2

∂z∂z
+ αz

∂

∂z
+ βz

∂

∂z
− αβ

)
where α and β are complex parameters satisfying ℜα+ ℜβ > −1.

The obtained results provide a significant improvement over previous research on the subject).
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University of Belgrade, Faculty of Mathematics

e-mail: bojana@matf.bg.ac.rs
ORCID: 0000-0001-8243-9794

Jelena Radojević
University of Belgrade, Faculty of Civil Engineering & Faculty of Mathematics

e-mail: jradojevic@grf.bg.ac.rs
ORCID: 0009-0001-7275-6654

Abstract. We investigate a generalized kernel-based distance correlation framework for feature screen-
ing in high-dimensional data. Under mild and interpretable conditions, and for a broad class of negative-
definite kernels, we establish theoretical guarantees for the sure screening property. The flexibility of the
proposed approach is demonstrated through an extensive empirical study covering multiple data types.
Simulation results illustrate its robustness and efficiency, while applications to real biomedical datasets
confirm its practical relevance. These results highlight kernel-based distance measures as a powerful tool
for variable selection in complex data.

Keywords: distance correlation; circular data; hyperspherical data; sure screening; model-free selection.
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Sekcija: Matematika i primene - danas

Novel U-empirical moment-generating-function–based tests for exponentiality

Alma Hamza
University of Belgrade, Faculty of Pharmacy & Faculty of Mathematics

e-mail: alma.hamza@pharmacy.bg.ac.rs

Bojana Milošević
University of Belgrade, Faculty of Mathematics

e-mail: bojana@matf.bg.ac.rs
ORCID: 0000-0001-8243-9794

Abstract. We present two novel scale-free classes of goodness-of-fit tests for exponentiality based on U-
empirical moment-generating functions. The tests are constructed using the Puri–Rubin characterization of
the exponential distribution; however, the approach can be applied to any equidistribution characterization.
The limiting distributions of the proposed statistics are derived. In an extensive simulation study, the tests
are compared with several recent powerful competitors. The good performance of the new tests provides
strong motivation for studying broader classes of equidistribution-type characterization-based tests using
the considered integral transformation.
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Around the Boundary Point Principle

Darya Apushkinskaya
RUDN University

e-mail: apushkinskaya@gmail.com
ORCID: 0000-0002-7743-1998

Alexander Nazarov
St. Petersburg Department of Steklov Mathematical Institute of Russian Academy of Sciences,

St. Petersburg State University
e-mail: al.il.nazarov@gmail.com
ORCID: 0000-0001-9174-7000

Abstract. One of the main tool in the qualitative analysis of solutions of elliptic and parabolic
equations is the boundary point principle (also known as the Hopf–Oleinik lemma or the normal derivative
lemma). It plays a key role in the proof of uniqueness theorems for boundary-value problems and also has
some other applications. This principle states that a supersolution of a partial differential equation with
a minimum value at a boundary point must increase linearly away from its boundary minimum provided
the boundary is smooth enough. In the talk we describe the history and discuss the current state of this
powerful statement. The talk is based on the results of the papers [1–4].

Keywords: normal derivative lemma; Hopf–Oleinik lemma; boundary point principle.
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SEKCIJA

Matematika i informatika u obrazovaǌu

Efektivna upotreba projektnih zadataka u nastavi informatike:
izrada po fazama, oceǌivaǌe i formativno oceǌivaǌe

Duxa Vukovi�
Raqunarska gimnazija

Knez Mihailova 6/6, 11000 Beograd
e-mail: dvukovic@rg.edu.rs

Apstrakt. Projektni radovi u nastavi informatike podstiqu uqenike da kroz praktiqan
rad istovremeno stiqu znaǌa i unapre�uju kǉuqne informatiqke vextine. Ovaj rad razmatra
kako da se projektni zadaci postave tako da obuhvataju vixe nivoa slo�enosti, omogu�avaju�i
uqenicima da savladaju vextine razvoja projekta po fazama, od jednostavnijih elemenata do
konaqnog slo�enog projekta. Bi�e izneto nekoliko ideja kako da se vrxi oceǌivaǌe, tako da se
ispita individualni doprinos u timu, a radi potvrde da su svi uqenici savladali predvi�eno
gradivo. Tako�e, bi�e objaxǌeno kako projektni rad mo�e poslu�iti kao sredstvo za for-
mativno oceǌivaǌe, kroz analizu predatih vixe verzija rada sa povratnim informacija za
uqenike. Poseban akcenat bi�e stavǉen na to kako teme projekata mogu biti dizajnirane tako
da uqenici poka�u svoju kreativnost, a ne da se od ǌih oqekuje da samo rexe postavǉeni za-
htev. Projektni radovi su veoma efikasan mehanizam da se savlada nekoliko razliqitih tema u
okviru istog predmeta, qime se xtedi vreme a pove�ava ukupni rezultat nastave i uqeǌa. Kroz
konkretne primere iz oblasti baza podataka i objektno orijentisanog programiraǌa prikazani
su detaǉno razra�eni projektni radovi koji ilustruju ove pristupe.

Kǉuqne reqi: Projektni radovi; Oceǌivaǌe i timski rad; Formativno oceǌivaǌe;
Kreativnost
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Mereǌe i sliqnost kao polazni koncepti euklidske geometrije

Nebojxa Ikodinovi�
Matematiqki fakultet, Univerzitet u Beogradu

e-mail: nebojsa.ikodinovic@matf.bg.ac.rs
ORCID: 0000-0003-3832-760X

Apstrakt. Polazna taqka predavaǌa bi�e donekle paradoksalan obrt: Talesova revolu-
cionarna metoda mereǌa visine egipatskih piramida, s kojom se ra�a prava geometrija, svoje
opravdaǌe dobija tek u xestoj kǌizi Euklidovih Elemenata, kojom se zavrxava zasnivaǌe
planimetrije. Isti je sluqaj sa mnogim savremenim aksiomatskim sistemima, koji su nastali
kasnije, logiqkim sre�ivaǌem Elemenata: izvorni koncepti geometrije – mereǌe i sliqnost –
dolaze na kraju. Upravo po uzoru na ovakve sisteme, u samoj nastavi geometrije ova dva koncepta
bivaju u velikoj meri marginalizovana. Mereǌe se iskǉuquje iz geometrijskih argumentacija
i izostavǉa se svaka priqa o ǌegovom zasnivaǌu (dok u nastavi geometrije potpuno dominiraju
raqunski zadaci), a sliqnost se tretira kao napredna tema svedena u veoma ograniqene okvire
tipiziranih xkolskih zadataka.

Nesklad izme�u prirodnog razvoja matematiqkih ideja i kasnijeg logiqkog sre�ivaǌa tih
ideja predstavǉa jedan od najve�ih izazova u zasnivaǌu nastave matematike. Savremena di-
daktika matematike jasno istiqe da kǉuqne matematiqke koncepte treba pa�ǉivo planirati i
razvijati tokom qitavog xkolovaǌa. Glavni ciǉ predavaǌa jeste da se primenom navedenog prin-
cipa razvije koncept sliqnosti, kroz sve nivoe matematiqkog obrazovaǌa, povezivaǌem novijih
saznaǌa kognitivne nauke, prirodnog razvoja matematiqkih ideja i samih ciǉeva obrazovaǌa
u savremenom druxtvu. Ukratko �e biti prikazan i aksiomatski sistem Birhofa, prevashodno
razvijen za potrebe u nastavi. Izlagaǌe �e pratiti sve�i i raznovrsni zadaci prilago�eni
razliqitim nivoima i ciǉevima uqeǌa matematike.

Kǉuqne reqi: mereǌe; sliqnost; aksiomatski sistem.
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Sekcija: Matematika i informatika u obrazovaǌu

Stavovi nastavnika o primeni vextaqke inteligencije u nastavi
matematike

Radoslav Bo�i�
Uqiteǉski fakultet, Univerzitet Edukons, Sremska Kamenica

e-mail: radoslav.bozic@gmail.com
ORCID: 0000-0003-1128-8823

Apstrakt. Tokom posledǌih nekoliko godina, razvijen je ve�i broj aplikacija, zasnovanih
na vextaqkoj inteligenciji (VI aplikacije), koje su nameǌene rexavaǌu matematiqkih prob-
lema. Ovakve aplikacije su lako dostupne uqenicima. ǋihovo korix�eǌe ima prednosti, ali
predstavǉa i izazov. Tokom 2025. godine, sprovedeno je istra�ivaǌe, koje je imalo za ciǉ da
se ispitaju stavovi nastavnika matematike u osnovnim i sredǌim xkolama u Srbiji o primeni
vextaqke inteligencije u nastavi. Ve�ina ispitanika nije koristila VI aplikacije u nastavi,
ali pokazuju interesovaǌe da se upoznaju sa ovim aplikacijama i da isprobaju ǌihovu primenu
u nastavi. Nastavnici koji su koristili VI aplikacije uoqili su prednosti, ali i nedostatke
ǌihove primene.

Kǉuqne reqi: vextaqka inteligencija; matematika; nastava; stavovi.
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Section: Mathematics and informatics in education

Razvijaǌe divergentnog mixǉeǌa u nastavi matematike

An�elka Simi� Milivojevi�
Gimnazija Branislav Petronijevi� Ub

Fakultet pedagoxkih nauka, Univerzitet u Kragujevcu (doktorand)
e-mail: andjelka.simic@dms.rs

Apstrakt. Iako je u nastavi matematike najqex�i ciǉ pronala�eǌe jednog taqnog rexeǌa,
upravo zadaci koji omogu�avaju vixe pristupa i rexeǌa najvixe podstiqu razvoj divergentnog
mixǉeǌa – sposobnosti generisaǌa velikog broja razliqitih, originalnih i raznolikih ideja
ili rexeǌa za zadati problem, za razliku od konvergentnog mixǉeǌa koje te�i pronala�eǌu
jednog taqnog odgovora. U izlagaǌu �e biti prikazano kako se divergentne sposobnosti uqenika
(fluentnost, fleksibilnost i originalnost) mogu razvijati kroz nestandardne matematiqke
zadatke, kao xto su zadaci sa vixe rexeǌa (MST ), otvoreni zadaci, postavǉaǌe problema
(problem − posing) i aktivnosti tipa uvek–ponekad–nikad (ASN). Razvijaǌe ovih sposobnosti
doprinosi dubǉem razumevaǌu matematiqkih pojmova, kao i razvoju kompetencija za rexavaǌe
problema, kritiqkog mixǉeǌa i kreativnosti. Uloga nastavnika je u vo�eǌu procesa rexavaǌa,
pore�eǌu uqeniqkih ideja i podsticaǌu diskusije koja ohrabruje fleksibilnost i argumen-
tovaǌe. Ciǉ izlagaǌa je da poka�e kako pa�ǉivo odabrani zadaci i otvorena komunikacija u
uqionici mogu postati podsticaj za razvoj kreativnog i fleksibilnog matematiqkog mixǉeǌa,
kao preduslova za razumevaǌe i primenu matematike u svakodnevnom �ivotu.

Kǉuqne reqi: divergentno mixǉeǌe; fleksibilnost; kreativnost; nestandardni zadaci;
nastava matematike.
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Sekcija: Matematika i informatika u obrazovaǌu

Novi standardi u nastavi matematike

Bo�idar Milanovi�
Gimnazija Mladenovac

e-mail: milanovic.boza@gmail.com

Milan Grujin
Xkolska uprava Novi Sad

e-mail: milan.grujin@gmail.com

Apstrakt. U decembru 2024. godine izaxli su novi standardi iz matematike za kraj
prvog ciklusa osnovnog obrazovaǌa, drugog ciklusa osnovnog obrazovaǌa i za kraj sredǌeg
obrazovaǌa. Novi standardi u prvi plan stavǉaju svrhu uqeǌa i funkcionalnost znaǌa koju
uqenici tokom svog obrazovaǌa stiqu i aktivno primeǌuju u mnogobrojnim situacijama xkol-
skog i svakodnevnog �ivota. Standarde postignu�a qine tri osnovne komponente: opxta pred-
metna kompetencija na tri nivoa, specifiqna predmetna kompetencija na tri nivoa i ishodi
obrazovnog ciklusa na tri nivoa. Opxta predmetna kompetencija opisuje glavnu svrhu uqeǌa
matematike. Sa ǌom se uspostavǉa veza izme�u matematike i realnog �ivota. Specifiqna pred-
metna kompetencija 1 odgovara na pitaǌe ,,xta”, specifiqna predmetna kompetencija 2 na pitaǌe
,,kako” i specifiqna predmetna kompetencija 3 na pitaǌe ,,zaxto”. U radu �emo pokuxati da do-
datno objasnimo svaku od specifiqnih predmetnih kompetencija za matematiku. Uspostavi�emo
vezu izme�u specifiqnih predmetnih kompetencija i dvodimenzionalne Blumove taksonomije.
Navex�emo predloge kako bi pojedini ishodi mogli da budu dostignuti na qasovima. Ukaza�emo
na pogodnost novih ishoda i standarda u primeni tokom diferencirane nastave. Poseban osvrt
�emo napraviti na IOP 3. Izvrxi�emo i pore�eǌǌe sa starim standardima i ishodima, kao i
sa standardima zemaǉa u okru�eǌu. Navex�emo neka naxa razmixǉaǌa o izmenama u nastavnim
planovima i programima u osnvonoj i sredǌoj xkoli. Predlo�i�emo neke naqine kako bi te
izmene mogle da se primene u praksi.

Kǉuqne reqi: standard; ishod; kompetencija; diferencijacija.
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Uporedna analiza dva GenAI modela u rexavaǌu zadataka iz
oblasti matematiqkog modeliraǌa
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Apstrakt. U novije vreme sve je ve�i broj istra�ivaǌa usmeren na analizu efikas-
nosti modela generativne vextaqke inteligencije (GenAI) u rexavaǌu matematiqkih prob-
lema. U tom kontekstu, posebna pa�ǌa posve�uje se ispitivaǌu mogu�nosti ovih alata u
domenu matematiqkog modeliraǌa. Nedavne studije ukazuju da besplatna verzija ChatGPT -
a (GPT − 4o) mo�e da poslu�i studentima kao pomo�no sredstvo u procesu validacije rex-
eǌa, iako ǌene performanse jox uvek ne dosti�u �eǉeni nivo. Motivisani tim nalazima, ciǉ
naxeg istra�ivaǌa bio je da testiramo dva alata kojima se u novijoj literaturi pridaje sve
ve�i znaqaj, a koji prema dostupnim podacima posti�u obe�avaju�e rezultate Gemini Pro i
ChatGPT Thinking (GPT − 5). U ovom radu predstavi�emo performanse pomenutih alata u re-
xavaǌu zadataka iz matematiqkog modeliraǌa, pra�enih kroz ciklus modeliraǌa prema modelu
koji su predlo�ili Blum & Leiss. Analiza �e obuhvatiti kvalitativnu, uporednu evaluaciju
rexeǌa xest zadataka koje su studenti qetvrte godine osnovnih akademskih studija matematike
Prirodno-matematiqkog fakulteta u Kragujevcu rexavali u okviru predispitnih obaveza na
predmetu Matematiqko modeliraǌe.

Kǉuqne reqi: matematiqko modeliraǌe; GenAI; Gemini Pro; GPT − 5.
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Sekcija: Matematika i informatika u obrazovaǌu

Analiza logiqkih zagonetki

Dejan Vurdeǉa
Elektrotehniqka xkola ,,Zemun”, Nade Dimi� 4, Zemun

e-mail: dvurdelja@sbb.rs
ORCID: -

Apstrakt. U ovom izlagaǌu bavi�emo se analizom i rexavaǌem dve logiqke zagonetke
koje su tokom istorije izazvale pa�ǌu matematiqara i ǉubiteǉa logike. Prvi deo predstavǉa
Oksfordsku logiqku pitalicu, u kojoj uqesnici imaju delimiqne informacije o obliku i boji
figure ispod koje se krije nagrada. Kroz korak po korak eliminaciju i logiqko zakǉuqivaǌe
pokazuje se kako iz poqetne neizvesnosti dolazimo do jedinstvenog rexeǌa. Drugi deo izlagaǌa
bi�e posve�en Pinokijevoj zagonetki, zadatku sa matematiqke olimpijade, u kojem je potrebno
analizirati istinitost jedne izjave, pod pretpostavkom da Pinokio uvek govori neistinu. Kroz
pa�ǉivo razmatraǌe razliqitih interpretacija i logiqkih posledica, pokaza�emo kako se
dolazi do taqnog zakǉuqka.
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Comparative analaysis in successful solving of mathematical logical problems

Edin Lid-an
Third gymnasium Sarajevo, Bosnia and Herzegovina

e-mail: lidan.edin@gmail.com
ORCID: 0009-0005-1621-9642

Tatjana Stanković
Belgrade Business and Arts Academy of Applied Studies, Serbia

e-mail: tatjana.stankovic@bpa.edu.rs
ORCID: 0009-0008-2846-4444

Abstract. We are witnessing daily advances in the development of artificial intelligence. While some
sources are predicting that by 2060 year artificial intelligence will surpass human intelligence [2], others
are are claiming that artificial intelligence will never be able to exceed human creativity but it will help
in enhancing and expanding of human creativity [1]. So, the question arises whether reasoning is going to
have same future as creativity or not. In this paper, we explore the reasoning abilities of tools based on
generative artificial intelligence [3], [4], specifically ChatGPT, in solving mathematical problems. We also
conduct a comparative analysis of the success rates of students and ChatGPT in solving these tasks.

Keywords: mathematical logical problems; generative artificial intelligence;ChatGPT; teaching of
mathematics.
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Abstract. The contemporary educational landscape is undergoing a profound transformation driven
by advancements in AI. Mathematics, as a discipline with structured logic and clear progressions, has
become a primary domain for the application of AI-driven educational technologies. This paper provides
a comparative analysis of how diverse regions and countries around the world are adopting and adapting
AI tools for the teaching and learning of mathematics. By examining national strategies, key platforms,
and focal points of implementation, distinct models emerge: state-driven systemic integration, teacher-
empowerment approaches, and grassroots adoption. The analysis reveals that while the core technologies
of adaptive learning and personalized tutoring are similar, their application is profoundly shaped by local
educational policies, cultural values, and socioeconomic contexts. Commonalities are identified, particularly
a global shift towards viewing AI as a tool for augmenting, rather than replacing, educators. However,
significant challenges persist, including concerns about educational equity, the erosion of critical thinking,
and the urgent need for comprehensive teacher professional development and ethical frameworks. Our
analysis indicates that the success of any initiative is less contingent on the specific technology and more
on its alignment with a supportive educational ecosystem. This ecosystem necessitates continuous teacher
professional development, robust evidence-gathering, and ethical policies that prioritize enhancing human
instruction over automation. Future research should pursue longitudinal studies on the long-term impact
of AI on mathematical reasoning and investigate the role of generative AI in fostering Cognitive skills,
mathematical creativity and collaborative problem-solving.

Keywords: Artificial intelligence;Digitally-supported education; Educational policies.
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Abstract. In silico clinical trials are set to transform medicine by enabling virtual testing and simula-
tion, which streamline the development of medical devices and pharmaceuticals while reducing costs and
duration. The SILICOFCM platform offers a innovative, multi-modular approach designed to optimize
overall heart function and monitor the effectiveness of pharmacological treatments, aiming to decrease
dependence on animal and human trials. The overarching goal of the STRATIFYHF project is to develop
and clinically validate an innovative AI-driven Decision Support System (DSS) to predict heart failure
risk, support early diagnosis, and forecast disease progression—offering a paradigm shift in heart failure
management across primary and secondary care. The DSS integrates patient-centered data from existing
and emerging technologies, a digital patient library, and AI-based algorithms combined with computational
modeling. Through workflows dedicated to improving heart performance and evaluating pharmacological
effects, SILICOFCM and STRATIFYHF are paving new pathways to accelerate drug development and
clinical testing. SGABU project has increased scientific, technological and innovation capacity of Serbia
as a Widening country in the domain of multiscale modelling and medical informatics in biomedical en-
gineering. The training activities such as workshops, collaborative academic and industrial activities are
completed. Collaborative academic activities included peer-reviewed scientific publication, joint conference
publication and joint project proposals. The partners explored opportunities in the four main applications
of the SGABU platform: Bone modelling, Cardiovascular disease modelling, Cancer modelling, Tissue engi-
neering. Partners developed teaching material and knowledge framework as well as computational resources
in parallel with models integration into the SGABU platform. Collection of data and multiscale models
and solutions is completed in parallel with their integration into unified SGABU computational platform
and creation of learning material. It involves: (i) the testing and validation methods for the multiscale
models integrated into the SGABU platform and (ii) the evaluation and refinement of the final platform
with all the integrated components through system testing, and usability assessment. All three projects
SILICOFCM, STRATIFYHF, SGABU included AI modules for scientific research and education.

Keywords: insilico clinical trials, cancer, cardiovascular, bone, tissue engineering, AI.
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Abstract. The basis of every educational system is the mother tongue and mathematics. Paradox: AI
exists and was created thanks to mathematics, but it does not know how to apply mathematics. This is
not about solving problems, algebra, or geometry. The point is that mathematics serves to develop logical,
critical, and creative thinking. If a gym is a place to train the body, then mathematics is an area to train
the brain. Why is this "gym" denied to AI?

The question arises: why are all artificial intelligences developed based on a large language base (LLM)?
If the development of probability was influenced by gamblers, and if statistics is often a science that can lie,
depending on the starting parameters, what does that say about the development of artificial intelligence?
Why are fast and desirable answers, given based on probability and occurrence statistics, considered more
important than correct answers? Let us remember: a lie repeated 100 times becomes truth!

Why are milliards spent on training and developing AI, yet none of them has been assigned a mathe-
matician to teach it the application of mathematics and the development of logical and critical thinking?

The fact is that the language of mathematics is universal worldwide. It means the same everywhere,
only read differently. Why is the understanding and application of something that is common and the same
for everyone, mathematics, denied in a large linguistic base?

I tested five artificial intelligences - ChatJPT, Gemini, DeepSeek, Grok, Claude - and all failed three
simple tests! The solutions to the tasks are not important, what matters is that they all showed weakness
when it comes to logical thinking and giving correct answers. Is the development of AI, based on a large
linguistic base, probability, and statistics, good for AI and humanity? The answer from all five is: no!

This is a call and a warning that the development of educational systems and the application of
mathematics does not mean memorizing data, but insisting on logical, critical thinking and understanding,
especially regarding the use of AI. At the same time, this is an attempt by a mathematician to influence
the correction of AI development while there is still time. The question is whether those who develop AI
will listen to mathematicians, or are they too focused on speed and commercial applicability.

Complex problems often have simple solutions, and those are the most beautiful. Proposed solutions:

• Globally determine a minimal set of rules that every AI should follow;

• Educate people through education systems and media about the use of AI;

• Continue developing AI that will deal with facts, not just probable and statistically acceptable data.

Keywords: Artificial Intelligence; Applied Mathematics; Logical Thinking; Critical Thinking; Education.
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Apstrakt. Inovacije u nastavi matematike i informatike su značajne u procesu modernizacije visokog
obrazovanja i prilagod-avanja potrebama digitalnog doba. Iako postoje razlike u sadržaju i metodologiji, obe
discipline imaju za cilj podsticanje razvoja analitičkog razmišljanja, pristupa rešavanju problema i sposob-
nosti primene znanja u realnim situacijama. U obrazovnim trendovima upotreba digitalne tehnologije,
tehnika aktivnog učenja i sistema procene koji podržavaju personalizovano i interaktivno učenje postaju
sve značajnije. Studenti su motivisaniji i bolje razumeju složene koncepte kada se koriste inovativne tehnike
poput gejmifikacije, onlajn i hibridnih modela, učenja zasnovanog na projektima, veštačke inteligencije i
analitike učenja. Matematika koristi kreativnost za stvaranje praktičnih primena i vizuelizaciju apstraktnih
koncepata, dok računarstvo koristi iste koncepte za unapred-enje tehničkih i programerskih veština stude-
nata. Da bi se odredili prioriteti u razvoju modela nastave, tehnologije i pedagoških pristupa, u ovoj studiji
se koristi AHP tehnika za analizu i rangiranje glavnih indikatora inovacija u nastavi obe discipline. Priku-
pljeni rezultati omogućavaju temeljno razumevanje elemenata koji najviše utiču na efikasnost i kvalitet
obrazovnog procesa u digitalnoj sferi.

Ključne reči: inovacije u nastavi, digitalne tehnologije, aktivno učenje, AHP metoda
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Apstrakt. Izraz ,,demokratski pristup nastavi matematike" obično upućuje na pristup podučavanju
matematike koji se zasniva na demokratskim principima - uvažavanju učenika, zajedničkom donošenju od-
luka, otvorenoj komunikaciji i aktivnom učešću svih u procesu učenja. Nastava matematike zasniva se na
principima saradnje, učešća učenika, kritičkog mišljenja, inkluzije i dijaloga. U takvom okruženju učenici
zajedno istražuju matematičke ideje, razmenjuju strategije i zajednički dolaze do rešenja, što razvija kooper-
ativne veštine i osećaj zajedničke odgovornosti. U praksi bi to značilo: da učenici mogu učestvovati u izboru
zadataka, metoda rada ili projekata. Aktivnim učešćem u izboru metoda rada i načina prezentacije rešenja,
učenici postaju ko-kreatori procesa učenja i razvijaju dublje razumevanje matematičkih koncepata. Pod-
sticanje kritičkog mišljenja omogućava im da promišljaju o postupcima, analizirajuargumente i povezuju
matematiku sa realnim situacijama. Pravila rada u učionici zajedno kreiraju učenici i nastavnici. Pod-
stiče se diskusija, postavljanje pitanja, rešavanje problema u malim grupama, uvažava se različit način
razmišljanja i argumentovanja. Naglasak nije samo na tačnom odgovoru, već i na procesu. Učenici mogu
predlagati i braniti različite strategije rešavanja. Učenje se odvija u saradničkom okruženju tako što se
organizuju matematičke rasprave, zajedničko modelovanje problema, razvija se sposobnost pregovaranja,
objašnjavanja i slušanja tud-ih ideja. Demokratizacija nastave ogleda se i u jačanju inkluzije, jer svaki
učenik dobija priliku da doprinese i bude prepoznat bez obzira na nivo predznanja. Nastavnik vodi računa
o prilagod-avanju zadataka različitim nivoima znanja. Njegov zadatak je i podsticanje svih učenika da
učestvuju, bez straha od greške. Vodi računa o poštovanju različitih kulturnih i socijalnih pozadina. Nas-
tavnik u ovom procesu nije ,,autoritet koji zna sve" već vodič koji: postavlja problemske situacije, podstiče
kritičko mišljenje i ohrabruje saradnju.

Zašto je važan demokratski pristup u nastavi matematike?
Demokratski pristup u nastavi matematike važan je zato što:

• razvija logičko i kritičko mišljenje,

• jača samopouzdanje učenika,

• podstiče radoznalost,

• omogućava da učenici preuzmu odgovornost za sopstveno učenje,

• priprema ih za aktivno učešće u društvu.

Kroz stalni dijalog - izmed-u učenika i nastavnika, ali i med-u samim učenicima - grade se poverenje,
otvorenost i kultura učenja koja podržava različite perspektive i puteve do rešenja. Prikaz aktivnosti u
nastavi matematike za razvijanje kompetencije ,,Autonomne veštine učenja" na osnovnom i naprednom
nivou: Istražujemo zajedno. Matematičko problem za učenike 6. razreda osnovne škole je: ,,Minimalna plata
- može li se od nje živeti?"

Ključne reči: saradnja; aktivno učešće; kritičko mišljenje; uvažavanje različitosti; dijalog.
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Apstrakt. Rad se bavi značajem pojma proporcije u nastavi matematike u osnovnoj školi, njenim
mestom u nastavnom programu i didaktičkim pristupima koji podstiču dublje razumevanje ovog matem-
atičkog pojma. Proporcija, kao jednakost dva odnosa, ima važnu ulogu u razvoju logičkog mišljenja, sposob-
nosti zaključivanja i primene matematike u svakodnevnom životu. U radu se ističe potreba za postepenim
uvod-enjem pojma kroz realne primere, vizuelizaciju i iskustveno učenje, pre nego što se pred-e na formalni
matematički zapis. Poseban akcenat stavljen je na različite metodičke oblike rada – rad u grupama, istraži-
vačke zadatke, upotrebu digitalnih alata i projektne aktivnosti – koji omogućavaju učenicima da povežu
teoriju sa praksom. Zaključuje se da poučavanje proporcije ne treba da se svede samo na mehaničko
rešavanje zadataka, već da doprinese razvoju sposobnosti modelovanja, analitičkog mišljenja i primene
matematičkih odnosa u realnim situacijama.

Ključne reči: proporcija; nastava metematike; razmera; logičko mišljenje; praktična primena.
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Apstrakt. Ovo izlaganje predstavlja didaktičku studiju slučaja takmičenja "Četiri glave, jedan kod“ ,
realizovanog povodom Code Week manifestacije.[1] Takmičenje je imalo za cilj unapred-enje algoritamskog
razmišljanja, preciznosti u praćenju uputstava i timskog rada kod učenika 3. i 5. razreda, u skladu sa
ciljevima Nastavnog plana i programa.[2] Radionica, vod-ena od strane nastavnice matematike i učiteljice,
organizovana je kroz Model Rotacije Uloga u mešovitim timovima, primenjujući principe usvojene na
stručnom usavršavanju.[3] Timovi su formirani nasumičnim izvlačenjem kartica radi postizanja objektivne
i funkcionalne saradnje.

Ključ modela je rotacija četiri funkcionalne uloge, čime se simuliraju sve faze razvoja programa: Pos-
matrač (strateško planiranje), Prenosilac (verbalizacija algoritma/kodiranje), Robot (precizna egzekucija)
i Analitičar (pronalaženje i ispravljanje grešaka).

Takmičenje je obuhvatilo četiri igre progresivne kompleksnosti: od vizuelne komunikacije ("Kodiraj
sliku“), preko složenog sekvenciranja ("Kodiraj most“), do grupnog rešavanja problema na mapi gde se
ocenjivala brzina i tačnost rešenja ("Kodiraj zeca“). Najkompleksniji zadatak, "Kodiraj sendvič“, zahtevao
je od tima da napiše algoritam/program za izradu sendviča.

Evaluacija je vršena od strane žirija sastavljenog od roditelja, koji su tačnost izvod-enja ocenjivali
definisanom skalom (5/3/1). Rezultati pokazuju izuzetno visok nivo motivacije i efikasnost modela u razvoju
aktivne saradnje i logičkih kompetencija u kompetitivnom okruženju. Predstavljanje ovog modela je u
skladu sa ciljevima Simpozijuma za unapred-enje nastave.

Ključne reči: Algoritamsko razmišljanje; Rotacija uloga; Takmičarski model; Unplugged; Matematika
i informatika u obrazovanju.
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Apstrakt. Razvoj veštačke inteligencije značajno menja način na koji se vrši analiza tržišta i donose
ekonomske odluke [1, 2]. Jedan od ključnih matematičkih alata u toj analizi jeste diferencijalni račun
koji omogućava proučavanje stope promene ekonomskih veličina kao što su ponuda i tražnja. Primena
izvoda omogućava kvantifikaciju odnosa izmed-u cene i količine što predstavlja osnovu za analizu elastičnosti
tržišnih funkcija [3]. Metoda procene elastičnosti funkcija ponude i tražnje zavisi od oblika u kom su te
funkcije zadate [4, 5].

U eri veštačke inteligencije i naučno-tehnološkog razvoja, pojavljuju se mnogobrojni alati poput Geoge-
bre, Desmos-a, ChatGPT-a, Gemini-ja itd. koji pružaju mogućnost dinamičke vizuelizacije funkcija, jednos-
tavnog odred-ivanja izvoda funkcije kao i kreiranje simulacija promena parametara u realnom vremenu [6].
Ovakav digitalni pristup povezuje ekonomiju, matematiku i informacione tehnologije, doprinoseći razvoju
med-upredmetnih kompetencija kao što su kritičko mišljenje, digitalna pismenost i analitičko rasud-ivanje.

Iskustva iz nastavne prakse u visokom obrazovanju pokazuju da studenti ekonomskih usmerenja često
imaju ograničeno razumevanje primene diferencijalnog računa u ekonomskim kontekstima [5]. Stoga je
neophodno jačati povezanost matematičkih koncepata sa realnim ekonomskim primerima i tržišnim mode-
lima, čime se podstiče funkcionalno razumevanje i razvija analitički pristup rešavanju ekonomskih problema.

Ključne reči: diferencijalni račun; ponuda i tražnja; elastičnost; veštačka inteligencija; nastava
matematike.
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Apstrakt. Proces pisanja dokaza u prirodnoj dedukciji je uglavnom pravolinijski, sa izuzecima primene
pravila koja dovode do grananja u dokazima. Na papiru se gradi stablo dokaza, a za potrebe pisanja
matematičkih udžbenika potrebno je pažljivo prepisati dati dokaz u LATEX format. Kako se dužina dokaza
može uvećavati poprilično brzo, kako matematičar napreduje i savladava dokaze težih teorema, javlja se rizik
od pravljenja grešaka prilikom kucanja poprilično komplikovanog LATEX koda koji se koristi za generisanje
stabla dokaza.

Sa idejom olakšavanja ovog procesa i povećanja sigurnosti u generisanje LaTeX dokaza u prirodnoj
dedukciji, kreiran je dokazivač Theodor koji će biti prikazan u ovom radu. Interaktivni dokazivač teorema
Theodore, koristi isključivo pravila prirodne dedukcije, i može dokazivati teoreme logike prvog reda. Napisan
je u jeziku Haskell i izvršava se u interaktivnom okruženju GHCi.

U toku rada dokazivača, tekući cilj dokaza se transformiše dok ne dod-emo do praznog cilja. Na kraju
rada dokazivača automatski se kreira LATEX drvo dokaza u prirodnoj dedukciji na osnovu interaktivno
kreiranog dokaza u stilu uobičajenom za matematičke udžbenike.

Ključne reči: interaktivno dokazivanje teorema; prirodna dedukcija; LATEX
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Section: Mathematics and informatics in education

Olympiad USA

Mirjana Katić
e-mail: direktor@mg.edu.rs
Matematička gimnazija

Kraljice Natalije 37, Beograd

Bojana Matić
e-mail: bojanamate@gmail.com

Matematička gimnazija
Kraljice Natalije 37, Beograd

Apstrakt. Olympiad USA je med-unarodno matematičko takmičenje koje okuplja učenike osnovnih i
srednjih škola iz različitih zemalja sveta i organizuje se svake godine. Učesnici rešavaju zahtevne zadatke
koji proveravaju duboko razumevanje matematičkih koncepata, logičko razmišljanje i kreativnost u pristupu
problemima. Cilj takmičenja je podsticanje ljubavi prema matematici i razmena znanja med-u mladim
talentima na globalnom nivou.

Ključne reči: Takmičenje, matematika, zadaci.

Bibliografija

[1] https://olympiadusa.org/
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Sekcija: Matematika i informatika u obrazovaǌu

Primene nejednakosti izmed-u aritmetičke i geometrijske sredine u geometriji

Miodrag Mateljević
Univerzitet u Beogradu - Matematički fakultet, Studentski trg 16, Beograd

e-mail: miodrag@matf.bg.ac.rs
ORCID: 0000-0002-9226-0023

Marek Svetlik
Univerzitet u Beogradu - Matematički fakultet, Studentski trg 16, Beograd

e-mail: marek.svetlik@matf.bg.ac.rs
ORCID: 0009-0005-0213-2167

Apstrakt. U ovom izlaganju razmatramo primenu nejednakosti izmed-u aritmetičke i geometrijske
sredine (A-G nejednakosti) na rešavanje nekih izoperimetrijskih problema u ravni. Pokazujemo da

• u klasi svih trouglova datog obima najveću površinu ima pravilan trougao;

• u klasi svih četvorouglova datog obima najveću površinu ima kvadrat;

• u klasi svih mnogouglova čiji je broj stranica jednak datom prirodnom broju n i obim jednak datom
pozitivnom realnom broju l najveću površinu ima pravilni mnogougao.

Posebno, izvodimo Bretšnajderovu formulu za površinu četvorougla, a zatim korišćenjem iste pokazujemo
da u klasi svih četvorouglova čije su stranice jednake datim dužima, najveću površinu ima tetivni četvor-
ougao.

Ključne reči: A-G nejednakost; izoperimetrijski problem; Bretšnajderova formula.
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Section: Mathematics and informatics in education

Primeri primene vektorskog računa u dinamici rotacije

Tamara Mišković
Gimnazija ,,Veljko Petrović", Sombor
e-mail: somborskiimpuls@yahoo.com

Dušan Mišković
Gimnazija ,,Veljko Petrović", Sombor
e-mail: somborskiimpuls@yahoo.com

Apstrakt. Vektorski račun predstavlja fundamentalni matematički alat u klasičnoj mehanici,
omogućavajući precizan opis kretanja i sila u trodimenzionalnom prostoru. Ovaj rad analizira primenu
vektorskih operacija u rešavanju problema dinamike, sa fokusom na Drugi Njutanov zakon F = ma kao
osnovnu vektorsku diferencijalnu jednačinu. Takod-e, analizira se uloga vektorskog proizvoda u definisanju
momenta sile M = r×F i momenta impulsa L = r×p koji su ključni za razumevanje rotacione dinamike
čvrstog tela. Cilj rada je da, kroz konkretne primere, demonstrira kako apstraktni matematički aparati
vektorskog računa direktno korespondiraju sa merljivim fizičkim veličinama i olakšavaju rešavanje kom-
pleksnih problema dinamike.

Ključne reči: vektorski račun; dinamika; sila; moment sile; moment impulsa.

Bibliografija
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Sekcija: Matematika i informatika u obrazovaǌu

Unapred-ivanje razumevanja dokaza teorema uz pomoć interaktivnih dokazivača

Sana Stojanović D- urd-ević
Matematički fakultet, Univerzitet u Beogradu

e-mail: sana.stojanovic.djurdjevic@matf.bg.ac.rs
ORCID: 0000-0002-5386-9100

Andrija Urošević
Matematički fakultet, Univerzitet u Beogradu

e-mail: andrija.urosevic@matf.bg.ac.rs
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Filip Marić
Matematički fakultet, Univerzitet u Beogradu

e-mail: filip.maric@matf.bg.ac.rs
ORCID: 0000-0001-7219-6960

Apstrakt. Osnovni koncepti matematike i njihova svojstva se standardno opisuju teoremama.
Razumevanje dokaza teorema, kao i kreiranje dokaza teorema je često neophodno za uspešno usvajanje
znanja i praćenje gradiva. U poslednjih par decenija se sve češće koriste interaktivni dokazivači teorema,
programi namenjeni detaljnom zapisivanju i dokazivanju teorema koji garantuju, odnosno proveravaju, ko-
rektnost napisanih dokaza. Preciznost koja je neophodna za rad sa interaktivnim dokazivačima i povratne
informacije koje se dobijaju, mogu imati veliki benefit za razumevanje matematičkih koncepata i primene
osnovnih logičkih pravila. Pažljiv odabir matematičkih i informatičkih oblasti može biti korišćen da stu-
denti savladaju osnove formalnog dokazivanja teorema, bez prethodnog predznanja iz kurseva matematičke
logike.

Ovaj pristup je korišćen u okviru kursa "Uvod u interaktivno dokazivanje teorema", na četvrtoj godini
Matematičkog fakulteta uz interaktivni dokazivač teorema Isabelle. Pozitivni rezultati kursa su vidljivi
kroz veliki skup seminarskih radova, med-u kojima su formalizovani zadaci sa rešenjima sa matematičkih
olimpijada, kao i verifikovani odred-eni algoritmi i strukture podataka.

Ključne reči: razumevanje dokaza, formalni dokazi, interaktivno dokazivanje teorema;
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SEKCIJA

Nauqnoistra�ivaqki i struqni rad studenata

Primena diferencijalne geometrije u informacionim naukama

Nataxa �ur�evi�
Univerzitet u Beogradu - Poǉoprivredni fakultet

e-mail: djurdjevic.natasa.naca@gmail.com
ORCID: 0000-0002-0885-4735

Apstrakt. Diferencijalna geometrija ima xirok spektar praktiqnih primena kako u
prirodnim, tako i u druxtvenim naukama. Diferencijalna geometrija analizira geometriju ob-
jekata koriste�i tenzorska poǉa na diferencijabilnoj mnogostrukosti. Ovo oru�e se analogno
mo�e primeniti na statistiqkim mnogostrukostima. Rao je 1945. uveo Rimanovu metriku na
statistiqku mnogostrukost korix�eǌem Fixerove informacione matrice i raqunao geometri-
jska rastojaǌa izme�u dve distribucije za razliqite statistiqke modele, dok je Amari uveo
jednoparametarsku familiju afinih koneksija. tzv. α-koneksije. Naime, kako podacima mo�e
biti pridru�ena familija raspodela verovatno�e, u okviru diferencijalne geometrije se
razvija informaciona geometrija, kao ǌena grana koja istra�uje informacione nauke. Ona za-
pravo prouqava geometriju odluqivaǌa. Za informacionu geometriju najbitniji aspekti difer-
encijalne geometrije su oni koji nam omogu�avaju da uzmemo problem iz razliqitih oblasti,
kao xto su statistika, informaciona teorija, teorija kontrole... vizuelizujemo ih geometri-
jski i razvijemo novi alat kojim mo�emo proxiriti i razviti ove oblasti. Iz tog razloga
se neprekidno vrxe daǉa istra�ivaǌa u oblasti diferencijalne geometrije kako bi se ova
teorija unapredila i bila xto preciznija. U maxinskom uqeǌu razliqiti visokodimenzioni
prostori, kao xto su prostori podaka ili parametarski prostori, mogu biti tretirani kao
mnogostrukosti, pa se u zavisnosti od problema koji treba rexiti i vrste generativnog modela
uvode i ispituju razliqite metrike, dok u konceptu krivine le�i osnova za istra�ivaǌe dobre
generalizacije modela. Zapravo, dokazano je da maǌe skalarne krivine na slici loss funkcije
uzrokuju ve�u robustnost. Zato, ako �elimo da upravǉamo latentnim prostorom, a da istovre-
meno saquvamo geometrijsku strukturu datih podataka, ne treba pretpostavǉati da je ovaj pros-
tor euklidski, umesto toga treba koristiti alat diferencijalne geometrije.

Kǉuqne reqi: diferencijalna geometrija; metriqki tenzor; afina koneksija; statistiqka
mnogostrukost; informaciona mnogostrukost.
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Sekcija: Nauqnoistra�ivaqki i struqni rad studenata

Uqeǌe programskih jezika uz pomo� ChatGPT

Milox Pavlovi�
Matematiqki fakultet, Univerzitet u Beogradu, Studentski Trg 16, Beograd

e-mail: milosshark2504@gmail.com

dr Sana Stojanovi� �ur�evi�
Matematiqki fakultet, Univerzitet u Beogradu, Studentski Trg 16, Beograd

e-mail: sana.stojanovic.djurdjevic@matf.bg.ac.rs

Apstrakt. Razvoj vjextaqke inteligencije u posǉedǌim godinama sna�no je uticao na svi-
jet programiraǌa. Uloga qovjeka u pojedinim zadacima se smaǌuje, dok AI alati sve qex�e
preuzimaju dio procesa. Industrijske primjene su mnogostruke, me�utim prirodno se name�e
i pitaǌe uloge ovih alata u edukativnom procesu. Ovo pitaǌe je posebno va�no i jox uvijek
nema ustaǉenih obrazaca na koji naqin uqenici i studenti treba da koriste pomo� vjextaqke
inteligencije, posebno ChatGPT-a kao trenutno najpopularnijeg modela. Ciǉ ovog rada jeste
da pru�i upravo jedan takav obrazac koji bi trebao da olakxa i ubrza proces uqeǌa novog
programskog jezika.

Ono xto je posebno va�no odmah naglasiti jeste da ChatGPT treba posmatrati iskǉuqivo
kao personalnog asistenta. On nije i ne mo�e biti zamjena ǉudskom faktoru. Razlog za to
nije samo etiqke prirode, ve� qiǌenica da ChatGPT ne nudi 100% ispravna rjexeǌa. Naivna,
copy-paste upotreba privremeno daje qak i znaqajno boǉe rezultate, no to je samo privid [1].
Dugoroqno, korisnik tim pristupom ne samo da ne usvaja dovoǉnu koliqinu znaǌa ve� i znaqa-
jno limitira svoje sposobnosti kritiqkog razmixǉaǌa. Osim toga nekontrolisana i pogrexna
upotreba ChatGPT-a i sliqnih alata pove�ava rizik od plagiraǌa i prepisivaǌa, xto za sobom
povlaqi niz drugih problema.

Sa druge strane, jasno je da ChatGPT ima mo�ne funkcionalnosti koje se mogu iskoristiti
i u procesu uqeǌa. Jedna od prednosti je interaktivnost koju nudi i visoka preciznost rada
sa qiǌenicama s obzirom na to da je treniran na ogromnim skupovima podataka. Korisnik mo�e
dobiti odgovor na svako pitaǌe, postavǉati potpitaǌa i usmjeravati komunikaciju. Model
uqeǌa koji predstavǉamo oslaǌa se upravo na takav, dijaloxki pristup, uz pa�ǉivo odabrana
pitaǌa i kritiqko tumaqeǌe odgovora.

Iako uqeǌe novog programskog jezika nije jednako texko za iskusne programere i poqetnike,
postoje oblasti koje svi moraju savladati: leksika, sintaksa i semantika. Na pitaǌa o leksici i
sintaksi ChatGPT uglavnom pru�a korektne odgovore, iako postoji odre�en rizik od polutaqnih
ili qak i potpuno pogrexnih odgovora. Pitaǌa vezana za semantiku su ve� znaqajno te�a za AI i
zahtjevaju dubǉe promixǉaǌe i logiqko razumijevaǌe. Ono gdje se ChatGPT pokazao korisnim
jeste prilikom izdvajaǌa nekih kanonskih grexaka, gdje pru�a relativno dobro struktuiran
i detaǉno zakomentarisan kod, te mo�e sugerisati upotrebu efikasnijih algoritama i boǉih
struktura podataka. Detaǉnije o prednostima i manama iz iskustva studenata po pitaǌu uqeǌa
programiraǌa uz pomo� ChatGPT-a mo�ete na�i u [2].

Kǉuqne reqi: programski jezici, ChatGPT, interaktivno uqeǌe
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Interaktivna leksiqka i sintaksna analiza kratkih tekstova na
srpskom jeziku

Lazar Vasovi�
Matematiqki fakultet, Univerzitet u Beogradu, Studentski trg 16, Beograd

e-mail: pd212006@alas.matf.bg.ac.rs
ORCID: 0009-0005-9231-3198

Apstrakt. Leksiqka analiza predstavǉa proces identifikovaǌa osnovnih jeziqkih je-
dinica, dok sintaksna analiza odre�uje ǌihove me�usobne odnose u okviru reqenice prirodnog
jezika. U radu je predstavǉen interaktivni sistem za leksiqku i sintaksnu analizu kratkih tek-
stova na srpskom jeziku, zasnovan na kombinaciji jeziqkih pravila i statistiqkih metoda. Pro-
gram omogu�ava unos teksta putem jednostavnog korisniqkog interfejsa, nakon qega automatski
segmentixe reqi, prepoznaje ǌihovu vrstu i druge gramatiqke kategorije (npr. pade�, rod,
broj, osnovni oblik i sliqno), a naposletku hijerarhijski strukturira reqeniqne elemente.
Poseban akcenat stavǉen je na vizuelni prikaz i interaktivnost, pa su korisniku omogu�eni
detaǉni pregled, ispitivaǌe, kao i eventualna ispravka rezultata analize. Rezultati pokazuju
da sistem uspexno obra�uje kratke tekstove razliqite slo�enosti i pru�a pouzdanu osnovu za
daǉu semantiqku analizu ili primenu u obrazovnim i istra�ivaqkim okru�eǌima. Program je
konkretnu primenu naxao kao pomo�ni alat u realizaciji jednog studijsko-istra�ivaqkog rada
na Filoloxkom fakultetu Univerziteta u Beogradu.

Kǉuqne reqi: obrada prirodnih jezika; srpski jezik; leksiqka analiza; sintaksna analiza.
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Sekcija: Nauqnoistra�ivaqki i struqni rad studenata

Modifikacija testa jednakosti regresionoih krivih na
cirkularnim podacima

Duǌa Proki�
Matematiqki fakultet, Univerzitet u Beogradu, Studentski trg 16, Beograd, Srbija

Fakultet organizacionih nauka, Univerzitet u Beogradu, Jove Ili�a 154, Beograd, Srbija
e-mail: dunja.prokic@fon.bg.ac.rs

Apstrakt. Poseban izazov predstavǉa modelovaǌe odnosa izme�u linearnih i cirkularnih
promenǉivih, kada je ciǉ istra�ivaǌa da se kvantifikuje specifiqan obrazac zavisnosti koji
nije mogu�e adekvatno opisati standardnim linearnim tehnikama. U okviru predavaǌa bi�e
predstavǉen test jednakosti regresionih krivih u linearno-cirkularnom sluqaju iz rada [1],
kao i modifikacija predlo�ene test statistike prilago�ena nebalansiranim podacima. Em-
pirijska analiza i simulacioni eksperimenti pokazuju ponaxaǌe, mo� i robusnost testova u
razliqitim uslovima, uz ǌihovo me�usobno pore�eǌe radi procene relativne efikasnosti.

Kǉuqne reqi: cirkularni podaci; cirkularna regresija; neparametarski testovi; ANCOV A
testovi.
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Proveravanje modela kvantnih programa korišćenjem kvantnih Markovljevih
lanaca
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e-mail: pd242007@alas.matf.bg.ac.rs
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Apstrakt. U modelovanju i verifikaciji softvera čije ponašanje zavisi od slučajnih dogad-aja, koriste se
teorija Markovljevih lanaca i logički jezik PCTL (Probabilistic CTL), koji predstavlja ekstenziju logičkog
jezika CTL (Computational Tree Logic), koji se koristi u poznatim alatima za proveravanje modela kao što
su NuSMV [1]. Za potrebe modelovanja i verifikacije kvantnih algoritama i protokola, u radu [2] su prikazani
kvantni Markovljevi lanci i logički jezik QCTL (Quantum CTL). Takod-e je definisana nadoperatorska mera
kao kvantni ekvivalent verovatnosne mere, a potom su postojeće tehnike za proveravanje ispravnosti iskaza
u jeziku PCTL adaptirane i prevedene u algoritam za proveravanje isparavnosti iskaza u jeziku QCTL.
Opisane tehnike su implementirane u alatu IscasMC [3].

U okviru ovog izlaganja biće prikazane teorijske osnovne kvantnih Markovljevih lanaca, algoritmi za
proveravanje ispravnosti QCTL formula, kao i primene tih tehnika na postojećim kvantnim algoritmima.
Biće prikazano kako se može proveriti ispravnost Groverovog algoritma pretrage [4] pomoću kvantnih
Markovljevih lanaca. Groverov algoritam pretrage je kvantni algoritam za nalaženje elementa u nizu koji
ispunjava neki uslov i radi u vremenu O(

√
N), gde je N dužina niza, pod pretpostavkom da je kvantno

kolo koje odred-uje da li element zadovoljava uslov pretrage dato kao crna kutija na početku.

Ključne reči: kvantni Markovljevi lanci; QCTL; kvantno računarstvo; proveravanje modela; nadoperatorska
mera
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Radionice kreativne matematike
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Apstrakt. Na ovom predavanju ćemo pokazati kako se matematika može učiti na kreativan i zabavan
način kroz organizovanje radionica koje mogu u celini ili delovima biti korišćene i kao aktivnost na redovnom
času.

Kroz radionicu Matematičke igre i strategije učenicima se približavaju takmičarski zadaci, a same
naučene strategije učenici mogu primeniti i kasnije prilikom pokretanja sopstvenog biznisa za analizu
poteza konkurencije i za pronalazak adekvatnog odgovora. Učenici dobijaju bombone i 5 matematičkih
igara. Potrebno je da kroz igru bombonama otkriju koji od dva igrača ima pobedničku strategiju u svakoj
igri.

Radionica matematička bojanka približava učenicima teoriju grafova i kroz teoremu o četiri boje
pokazuje zašto nauci ne treba verovati zdravo za gotovo, čime se učenici uče kritičkom razmišljanju. Učenici
dobijaju neme karte nekog kontinenta i graf koji ih predstavlja. Potrebno je da ih oboje sa 4 boje, tako da
svaka dva čvora grafa povezana istom granom ne budu obojena istom bojom, a na karti dve države koje se
graniče budu obojene različitim bojama. Na kraju se učenici upoznaju sa samom teoremom kroz kratko
predavanje.

Na radionici matematika i moda učenici uče osnovna pravilia kombinatorike kroz sastavljanje odevnih
kombinacija od sličica odevnih predmeta. Učenici dobijaju radne listove sa odevnim predmetima koje treba
da iseku i zatim pomoću njih da reše zadatke iz kombinatorike sa radnog lista. Time učenici primenjujući
matematiku uče kako da iskoriste odevne predmete na što bolji način. Kroz ovu radionicu učenici se uče i
finansijskoj pismenosti, koja je u današnje vreme veoma važna. Ovo predavanje je zasnovano na radionicama
koje sam držao u Naučnom klubovima u Beogradu i Novom Sadu(u okviru festivala maj mesec matematike)
i Osnovnoj školi „Jovan Grčić Milenko“ u Beočinu.

Dodatna inspiracija za aktivnosti potekla je iz edukativnih materijala koje autor već duže vreme
objavljuje na Instagram profilu @aca.matematicar, sa ciljem popularizacije matematike i približavanja
matematičkih ideja široj publici.

Radionica matematičke igre i strategije je realizovana sa učenicima sedmog i osmog razreda osnovne
škole, a ostale dve sa učenicima drugog razreda srednje škole.

Cilj predavanja je da pokažemo uspešne načine za popularizaciju matematike i inspirišemo kolege da
urade slične aktivnosti, kao i da ukažemo na važnost osamrevenjivanja metoda nastave.

Ključne reči: kombinatorika; matematičke igre; teorija grafova; metodika matematike; matematičke
radionice.
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Morfologija galaksija u kosmološkoj simulaciji IllustrisTNG: Novi prag klasifikacije
i reprodukcija morfologija-gustina relacije
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Apstrakt. Kosmološke simulacije, poput IllustrisTNG, predstavljaju idealan alat za povezivanje teori-
jskih modela i astronomskih posmatranja. Med-utim, morfološka klasifikacija u simulacijama često zahteva
složene i računarski skupe metode kao što su višekomponentne kinematičke analize ili generisanje i obradu
sintetičkih posmatranja. Samim tim, ovakve metode su često ograničene na male poduzorke, što značajno
umanjuje njihovu upotrebljivost za šira statistička istraživanja. U ovom radu istražujemo da li se jednos-
tavan i javno dostupan katalog "Stellar Circularities, Angular Momenta, Axis Ratios" može iskoristiti kao
dovoljno pouzdan i efikasan alat za grubu morfološku klasifikaciju galaksija. Ovaj katalog daje informa-
cije o udelima diska i ovala zvezdane komponente. Najpre, u okviru TNG50 simulacione kutije, vršimo
validaciju parametara iz pomenutog kataloga cirkularnosti pored-enjem sa detaljnijom petokomponentnom
kinematičkom dekompozicijom iz drugog kataloga. Nalazimo da udeo ovala iz kataloga cirkularnosti na-
jbolje opisuje ukupnu sfernu komponentu, dok udeo diska zapravo odgovara tankom disku, i često potcen-
juje stvarni ukupni udeo diska. Razumevanjem parametara iz kataloga cirkularnosti, prelazimo na analizu
TNG100 simulacione kutije na crvenom pomaku z = 0, odnosno u današnjem Univerzumu. Na osnovu
distribucije udela diska Fdisk za galaksije u opsegu masa 10 ⩽ log(M⋆/M⊙) ⩽ 12 identifikujemo prag za
klasifikaciju galaksija na rane i kasne tipove (odnosno, na eliptične i diskolike galaksije, respektivno), koji
iznosi Fdisk = 0.25. Ovaj prag je niži od uobičajeno korišćenog Fdisk = 0.4 i bolje obuhvata galaksije
kasnog tipa sa umereno izraženim diskovima, koje bi prema višem pragu bile pogrešno svrstane u rane
tipove. Dodatno, definišemo i treću, odnosno nepravilnu/kompleksnu klasu galaksija, kod kojih je zbir poz-
natih udela značajno manji od jedinice. Kao ključni test našeg pristupa, ispitujemo da li ova jednostavna
klasifikacija može reprodukovati poznatu morfologija–gustina relaciju deleći okruženje u kojem se galaksije
nalaze na polje, grupe i jata. Uočavamo jasan i očekivan trend koji se poklapa sa posmatranjima: kasni
tipovi galaksija su dominantni u retkim sredinama, dok su rani i nepravilni tipovi dominantni u gušćim
sredinama. Iako preliminaran rezultat, ovo predstavlja dokaz da je naša jednostavna klasifikacija dovoljno
pouzdana.

Ključne reči: galaksije; kinematika; IllustrisTNG; morfologija; klasifikacija.
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Apstrakt. Precizno planiranje radioterapije zračenja tumora zahteva odred-ivanje parametara koji
utiču na apsorbovanu dozu zračenja u tumoru i okolnim tkivima. Ručno pronalaženje i podešavanje ovih
parametara je često vrlo sporo i ne dovodi do zadovoljavajućih rešenja, zato su u relevantnoj literaturi
korišćene metaheurističke metode za optimizaciju. Kao primer navodimo genetski algoritam (Genetic Al-
gorithm, GA) [1] i optimizacija kolonijom čestica (Particle Swarm Optimization, PSO) [2]. U ovom radu
primenjene su tri metaheurističke metode i to, GA, PSO i tabu pretraživanje (Tabu Search, TS), sa ciljem
da se što efikasnije i automatizovano pronad-u pet ključnih ulaznih parametara [3] u Monte Carlo sim-
ulacijama FOTELP-VOX programa za simuliranje zračenja karcinoma oka [4]. Korišćena mera kvaliteta
radioterapije predstavlja odstupanje dobijene doze raspodele zračenja od preporučene.

Dobijeni rezultati ukazuju da se korišćenjem PSO algoritma dostiže najmanja apsolutna razlika izmed-u
preporučene doze i dobijene doze u najkraćem mogućem periodu. TS algoritam postiže rezultate bliske
PSO-u uz stabilniju konvergenciju parametara, ali zahteva duže vreme izvršavanja. GA postiže najlošije
rezultate med-u ispitivanim metaheurstičkim metodama. Sve tri metode značajno nadmašuju analitičko
traženje parametara i ručno pokretanje simulacija, i vremenski (naročito zbog mogućnosti paralelizacije) i
po dobijenoj grešci.

Rezultati su dobijeni tokom letnje istraživačke prakse u Matematičkom institutu SANU, pod men-
torstvom Milene Živković, Filipa Andrića, Tatjane Davidović i Dragutina Ostojića.

Ključne reči: Monte Karlo simulacije; optimizacija parametara; genetski algoritam; tabu pretraga;
optimizacija kolonijom čestica.
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Apstrakt. U ovom radu odred-uje se pozicija tačke M u prostoru iz koje se tri tačke A, B, C u
jednoj ravni vide pod istim uglom. Takve tačke, ako postoje, nalaze se u preseku tri torusa. U radu će se
pokazati da se koordinate takvih tačaka mogu odrediti rešavanjem tri odgovarajuće algebarske jednačine
sa tri promenljive. Rešivost sistema takvih algebarskih jednačina se razmatra primenom Grebnerovih baza
[1]. Specijalno, ukoliko je takva tačka M u ravni trougla ABC, dobijamo jedan način odred-ivanja Ferma
Toričelijeva tačke [2,3].

Ključne reči: Ferma Toričelijeva tačka; Grebnerove baze; torusi; vizuelizacija.
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Apstrakt. U ovom radu je data jedna internet aplikacija za automatsko dokazivanje polinomskih
nejednakosti. Serverska strana aplikacije je implementirana u programskom jeziku Python korišćenjem
biblioteke SymPy [1], dok je klijentska strana aplikacije realizovana korišćenjem radnog okvira Angular.
Komunikacija izmed-u klijentske i serverske strane aplikacije je ostvarena primenom radnog okvira Flask.
Korisnik unosi polinomsku nejednakost i interval nad kojim se zadata nejednakost dokazuje. Sistem prvo
testira da li nejednakost važi u odred-enim diskretnim tačkama zadatog intervala. Ukoliko se pronad-e neka
tačka u kojoj zadata nejednakost ne važi, korisnik dobija obaveštenje da postoji kontraprimer. Ako nije
pronad-en kontraprimer, sistem pokušava da dokaže nejedakost primenom Šturmove teoreme [2,3] i pri tome
se ispisuje detaljno ceo postupak dokazivanja. U radu je opisana i primena sistema u dokazivanju mikso-
vano trigonometrijsko polinomskih i miksovano eksponencijalno polinomskih nejednakosti jer se, prema
[4,5], dokazivanje nejednakosti iz ovih klasa nad realnim konačnim intervalima može svesti na dokazivanje
polinomskih nejednakosti.

Ključne reči: Šturmova teorema; polinomske nejednakosti; automatsko dokazivanje nejednakosti;
veštačka inteligencija.
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Apstrakt. Rad se bavi problemom odabira lokacije studentskog stana primenom integrisanog višekri-
terijumskog pristupa koji kombinuje metode DEA (Data Envelopment Analysis), MACBETH (Measur-
ing Attractiveness by a Categorical Based Evaluation Technique) i OPA (Ordinal Priority Approach).
Cilj istraživanja je da se razvije sveobuhvatan metodološki okvir koji omogućava objektivno i racionalno
donošenje odluka u složenim uslovima, gde su prisutni i kvantitativni i kvalitativni kriterijumi. DEA metoda
omogućava procenu relativne efikasnosti alternativa, MACBETH transformiše verbalne ocene eksperata u
numeričke vrednosti atraktivnosti, dok OPA metod omogućava odred-ivanje težina na osnovu ordinalnih
preferencija. Na primeru odabira studentskog stana na opštini Voždovac, primenjeni integrisani model
omogućava rangiranje alternativnih lokacija prema više kriterijuma kao što su cena zakupa, udaljenost
od fakulteta, dostupnost javnog prevoza, površina i kvalitet stanovanja. Rezultati istraživanja potvrd-uju
da kombinacija kvantitativnih i kvalitativnih pristupa značajno povećava pouzdanost odluke i doprinosi
boljem razumevanju faktora koji utiču na izbor stambene lokacije kod studentske populacije. Dobijeni
model može imati širu primenu u urbanističkom planiranju, obrazovnim institucijama i tržišnim analizama
nekretnina.

Ključne reči: lokacijski problemi, DEA metoda, MACBETH metoda, OPA metoda, višekriterijumsko
odlučivanje.
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Apstrakt. Cilj ovog rada je da prikaže mogućnosti primene softverskog alata GeoGebra u savremenoj
nastavi matematike, sa posebnim naglaskom na geometriju i didaktički potencijal. U prvom delu rada dat
je istorijski pregled razvoja matematike: od praistorijskih korena, preko civilizacija Mesopotamije i Egipta,
do antičke Grčke, sa posebnim osvrtom na doprinos Talesa iz Mileta. Drugo poglavlje primarno predstavlja
pregled dosadašnjih istraživanja, čija tematika je u korelaciji sa temom ovog rada. Treće poglavlje donosi
detaljan opis funkcionalnosti GeoGebre, uključujući alate za konstrukciju i analizu, kao i mogućnosti Ge-
oGebra učionice i GeoGebra ispita, koji omogućavaju interaktivno učenje i formativno praćenje napretka
učenika. U četvrtom poglavlju prikazan je didaktički potencijal GeoGebre kroz niz dinamičkih apleta
izraženih na srpskom jeziku, namenjenih vizuelizaciji osnovnih geometrijskih pojmova i ilustraciji Taleso-
vih teorema. Poseban segment posvećen je prikazu primene GeoGebre u mlad-im razredima osnovne škole.
Rad time ukazuje na značaj integracije digitalnih alata u nastavni proces i potvrd-uje da GeoGebra može
predstavljati snažan resurs u modernizaciji i unapred-enju nastave matematike.

Ključne reči: GeoGebra; nastava matematike; Talesove teoreme; digitalne tehnologije u obrazovanju.
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Abstract. In this paper the Particle Swarm Optimization (PSO) method is implemented to solve
the Obnoxious p-median problem (Op-med). The goal of the Op-med problem is to find locations of p
centers such that the sum of the distances from the users to their closest centers is maximized. In order to
improve the basic PSO, two new ideas are introduced: adding random matrices which additionally diversify
the exploration of the solution space, as well as an exploitation loop. Adding the random matrices adds
to the diversification of the solution by randomizing the social and cognitive aspect of the method. The
exploitation loop explores the region identified as the best in detail with a PSO method that doesn’t have
a social aspect. Testing was done on modified pmed instances from the ORLIB library, which include up to
200 nodes, and the results of the proposed method are compared to ones obtained by the CPLEX solver.
The paper additional explores the behavior of the method when the swarm is enlarged, as well as when
more PSO iterations are added. Testing has shown that a larger swarm gives much better improvements
than adding additional iterations.

Keywords: combinatorial optimization, particle swarm optimization method, the obnoxious p-median
problem.
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Abstract. The problem of solving nonlinear equations, whether algebraic or transcendental, is one of
the fundamental problems in numerical analysis. This problem involves finding the roots of a continuous
function, i.e. the intersections of the graph of a function with the x-axis. In this paper, we will focus only
on finding the real roots of a function. Among the methods for solving nonlinear equations, the bisection
method, based on the Intermediate Value Theorem, has been chosen. In this paper, we will present examples
of the application of the bisection method in solving algebraic and transcendental equations, then in solving
the problem of black-body radiation and in solving the problem of the motion of point-like particles.
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Abstract. GraalVM [1, 2] is a high-performance runtime that supports ahead-of-time (AOT) compi-
lation through its Native Image technology, enabling Java applications to be transformed into compact,
standalone executables with fast startup and reduced memory usage [3]. As part of the AOT pipeline,
the compiler determines the layout of methods inside the final executable. The order in which methods
are placed in the .text section affects spatial locality and consequently impacts memory footprint, TLB
efficiency, and the frequency of page faults. Modern compilers employ heuristics and profile-guided op-
timizations (PGO) to arrange methods in a way that improves locality and overall execution efficiency,
making method layout an important factor in runtime performance, especially for memory-constrained or
latency-sensitive workloads.

This work analyzes, compares, and extends several method layout algorithms implemented in the
GraalVM Native Image compiler. We evaluate heuristic-based, profile-driven, and randomized approaches
across a representative benchmark suite and investigate their impact on memory footprint and startup per-
formance [4]. To enable fine-grained evaluation, we introduce extended measurement support that reports
memory usage of the .text section [4]. The results highlight the performance sensitivity to method order-
ing and provide a deeper understanding of how code layout influences native executable characteristics.
The contributions include a clarified and simplified view of existing layout strategies, new measurement
capabilities, and a comprehensive comparison that lays the groundwork for further research on code layout
optimization in AOT compilers.

Keywords: GraalVM; profile-guided optimization; Java; method layout; performance optimization.
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